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Since �` = 0 on the prime phase space, choose ` = @v
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We Want to Compute the Poisson Bracket
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<latexit sha1_base64="23Bo39krG8r44HX60xqph5sqSeE=">AAADHnicbZFda9swFIZl76vLPpquu9uNWBgMNkwcwtqbQSHQbVBKBktbiIKR5eNWVJKNJGdkwrvez9iv2d3Y7Xa/HzI5H5AmOyD55X1eWeKctBTc2G73TxDeun3n7r2d+60HDx893m3vPTkzRaUZjFghCn2RUgOCKxhZbgVclBqoTAWcp9eDhp9PQRteqE92VsJE0kvFc86o9VbS/kockVUSv272Hqnf4j4pOX5Hck2ZIyXVll ORuGkS1+QLWJrE62avJoX/fXO7m+PaW46ki+D8cyPCqMDDOnFxr37FIhYl7U436s4Lb4t4KTpoWcNkL/hGsoJVEpRlghozjrulnbjmSUxA3SKVgZKya3oJYy8VlWAmbt6oGr/wTobzQvulLJ676ycclcbMZOqTktors8ka839sXNn8cOK4KisLii0uyiuBbYGbruOMa2BWzLygTHP/VsyuqG+x9bNpEQ0KPrNCSqoyR3IquZhlkNNKWN9Nk690i6zn2GntFi09rTfRYIUGW+hkhU620PEKHW+iKTRoSjWUhotCee5nF29Oaluc9aL4TdT/2O8cfVhOcQc9Q8/RSxSjA3SE3qMhGiGG/gatYD94Gn4Pf4Q/w1+LaBgsz+yjGxX+/geuOAT3</latexit>

{µ1, µ2} = 4⇡G
@v1⇣1@v2⇣2

�1�2
P12 + c.c.

<latexit sha1_base64="0hmyqCaH66xedLZAFxjNB16m2vM="></latexit>

{⇣̄1, ⇣2} = 4⇡G�1�2 P12

[Sachs ’62, Gambini-Restuccia ’78, Penrose ’80, Torre ’86, Goldberg-
Robinson-Soteriou ‘96, Ashtekar ’00, Lewandowski ’04, Reisenberger 
’07 ’12 ’17 ’18, Wieland ’17 ’19 ‘21, LC-Freidel-Leigh ’23]

<latexit sha1_base64="/o62nWqBeCnzOd6o/e0kn564L+I="></latexit>

P12 ⇠ ✓(v1 � v2)�
(2)(z1 � z2)

<latexit sha1_base64="dhjIc/Dywbx/AfWj6KYZPhVfmD4="></latexit>

Ultralocal Structure on the Cut *Teste
Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions



Kinematical Poisson Brackets

<latexit sha1_base64="OWTtM1UFj634Z+rI9oRI+TKTYoI="></latexit>

{⌦1, µ2} = 8⇡G �(3)(x1 � x2)

<latexit sha1_base64="3/kCqvP417mbAJl1fnIVfSEpXVc="></latexit>

{µ1, ⇣2} = �4⇡G
@v1⇣1
�1

�2P12

<latexit sha1_base64="23Bo39krG8r44HX60xqph5sqSeE=">AAADHnicbZFda9swFIZl76vLPpquu9uNWBgMNkwcwtqbQSHQbVBKBktbiIKR5eNWVJKNJGdkwrvez9iv2d3Y7Xa/HzI5H5AmOyD55X1eWeKctBTc2G73TxDeun3n7r2d+60HDx893m3vPTkzRaUZjFghCn2RUgOCKxhZbgVclBqoTAWcp9eDhp9PQRteqE92VsJE0kvFc86o9VbS/kockVUSv272Hqnf4j4pOX5Hck2ZIyXVll ORuGkS1+QLWJrE62avJoX/fXO7m+PaW46ki+D8cyPCqMDDOnFxr37FIhYl7U436s4Lb4t4KTpoWcNkL/hGsoJVEpRlghozjrulnbjmSUxA3SKVgZKya3oJYy8VlWAmbt6oGr/wTobzQvulLJ676ycclcbMZOqTktors8ka839sXNn8cOK4KisLii0uyiuBbYGbruOMa2BWzLygTHP/VsyuqG+x9bNpEQ0KPrNCSqoyR3IquZhlkNNKWN9Nk690i6zn2GntFi09rTfRYIUGW+hkhU620PEKHW+iKTRoSjWUhotCee5nF29Oaluc9aL4TdT/2O8cfVhOcQc9Q8/RSxSjA3SE3qMhGiGG/gatYD94Gn4Pf4Q/w1+LaBgsz+yjGxX+/geuOAT3</latexit>

{µ1, µ2} = 4⇡G
@v1⇣1@v2⇣2

�1�2
P12 + c.c.

<latexit sha1_base64="0hmyqCaH66xedLZAFxjNB16m2vM="></latexit>

{⇣̄1, ⇣2} = 4⇡G�1�2 P12

[Sachs ’62, Gambini-Restuccia ’78, Penrose ’80, Torre ’86, Goldberg-
Robinson-Soteriou ‘96, Ashtekar ’00, Lewandowski ’04, Reisenberger 
’07 ’12 ’17 ’18, Wieland ’17 ’19 ‘21, LC-Freidel-Leigh ’23]

<latexit sha1_base64="dhjIc/Dywbx/AfWj6KYZPhVfmD4="></latexit>

Ultralocal Structure on the Cut

<latexit sha1_base64="5tY/octvwx3PKAEynYwkQ5lQCL4="></latexit>

Non-Commutativity on Null Lines

<latexit sha1_base64="6FxfuwDaSGm56P58BhfO6IdrYu0="></latexit>

P12 ⇠ ✓(v1 � v2)�
(2)(z1 � z2)

*Te-
Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions



Kinematical Poisson Brackets

<latexit sha1_base64="OWTtM1UFj634Z+rI9oRI+TKTYoI="></latexit>

{⌦1, µ2} = 8⇡G �(3)(x1 � x2)

<latexit sha1_base64="3/kCqvP417mbAJl1fnIVfSEpXVc="></latexit>

{µ1, ⇣2} = �4⇡G
@v1⇣1
�1

�2P12

<latexit sha1_base64="23Bo39krG8r44HX60xqph5sqSeE=">AAADHnicbZFda9swFIZl76vLPpquu9uNWBgMNkwcwtqbQSHQbVBKBktbiIKR5eNWVJKNJGdkwrvez9iv2d3Y7Xa/HzI5H5AmOyD55X1eWeKctBTc2G73TxDeun3n7r2d+60HDx893m3vPTkzRaUZjFghCn2RUgOCKxhZbgVclBqoTAWcp9eDhp9PQRteqE92VsJE0kvFc86o9VbS/kockVUSv272Hqnf4j4pOX5Hck2ZIyXVll ORuGkS1+QLWJrE62avJoX/fXO7m+PaW46ki+D8cyPCqMDDOnFxr37FIhYl7U436s4Lb4t4KTpoWcNkL/hGsoJVEpRlghozjrulnbjmSUxA3SKVgZKya3oJYy8VlWAmbt6oGr/wTobzQvulLJ676ycclcbMZOqTktors8ka839sXNn8cOK4KisLii0uyiuBbYGbruOMa2BWzLygTHP/VsyuqG+x9bNpEQ0KPrNCSqoyR3IquZhlkNNKWN9Nk690i6zn2GntFi09rTfRYIUGW+hkhU620PEKHW+iKTRoSjWUhotCee5nF29Oaluc9aL4TdT/2O8cfVhOcQc9Q8/RSxSjA3SE3qMhGiGG/gatYD94Gn4Pf4Q/w1+LaBgsz+yjGxX+/geuOAT3</latexit>

{µ1, µ2} = 4⇡G
@v1⇣1@v2⇣2

�1�2
P12 + c.c.

<latexit sha1_base64="0hmyqCaH66xedLZAFxjNB16m2vM="></latexit>

{⇣̄1, ⇣2} = 4⇡G�1�2 P12

[Sachs ’62, Gambini-Restuccia ’78, Penrose ’80, Torre ’86, Goldberg-
Robinson-Soteriou ‘96, Ashtekar ’00, Lewandowski ’04, Reisenberger 
’07 ’12 ’17 ’18, Wieland ’17 ’19 ‘21, LC-Freidel-Leigh ’23]

<latexit sha1_base64="dhjIc/Dywbx/AfWj6KYZPhVfmD4="></latexit>

Ultralocal Structure on the Cut

<latexit sha1_base64="5tY/octvwx3PKAEynYwkQ5lQCL4="></latexit>

Non-Commutativity on Null Lines

<latexit sha1_base64="6FxfuwDaSGm56P58BhfO6IdrYu0="></latexit>

P12 ⇠ ✓(v1 � v2)�
(2)(z1 � z2)

*Te-
<latexit sha1_base64="+hWRB/C6No+C8AGqNfBqKDoQF+E="></latexit>

µ Crucial: Spin-0&2 Non-Perturbative Mixing
Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions



Kinematical Poisson Brackets

<latexit sha1_base64="OWTtM1UFj634Z+rI9oRI+TKTYoI="></latexit>

{⌦1, µ2} = 8⇡G �(3)(x1 � x2)

<latexit sha1_base64="3/kCqvP417mbAJl1fnIVfSEpXVc="></latexit>

{µ1, ⇣2} = �4⇡G
@v1⇣1
�1

�2P12

<latexit sha1_base64="23Bo39krG8r44HX60xqph5sqSeE=">AAADHnicbZFda9swFIZl76vLPpquu9uNWBgMNkwcwtqbQSHQbVBKBktbiIKR5eNWVJKNJGdkwrvez9iv2d3Y7Xa/HzI5H5AmOyD55X1eWeKctBTc2G73TxDeun3n7r2d+60HDx893m3vPTkzRaUZjFghCn2RUgOCKxhZbgVclBqoTAWcp9eDhp9PQRteqE92VsJE0kvFc86o9VbS/kockVUSv272Hqnf4j4pOX5Hck2ZIyXVll ORuGkS1+QLWJrE62avJoX/fXO7m+PaW46ki+D8cyPCqMDDOnFxr37FIhYl7U436s4Lb4t4KTpoWcNkL/hGsoJVEpRlghozjrulnbjmSUxA3SKVgZKya3oJYy8VlWAmbt6oGr/wTobzQvulLJ676ycclcbMZOqTktors8ka839sXNn8cOK4KisLii0uyiuBbYGbruOMa2BWzLygTHP/VsyuqG+x9bNpEQ0KPrNCSqoyR3IquZhlkNNKWN9Nk690i6zn2GntFi09rTfRYIUGW+hkhU620PEKHW+iKTRoSjWUhotCee5nF29Oaluc9aL4TdT/2O8cfVhOcQc9Q8/RSxSjA3SE3qMhGiGG/gatYD94Gn4Pf4Q/w1+LaBgsz+yjGxX+/geuOAT3</latexit>

{µ1, µ2} = 4⇡G
@v1⇣1@v2⇣2

�1�2
P12 + c.c.

<latexit sha1_base64="0hmyqCaH66xedLZAFxjNB16m2vM="></latexit>

{⇣̄1, ⇣2} = 4⇡G�1�2 P12

[Sachs ’62, Gambini-Restuccia ’78, Penrose ’80, Torre ’86, Goldberg-
Robinson-Soteriou ‘96, Ashtekar ’00, Lewandowski ’04, Reisenberger 
’07 ’12 ’17 ’18, Wieland ’17 ’19 ‘21, LC-Freidel-Leigh ’23]

<latexit sha1_base64="dhjIc/Dywbx/AfWj6KYZPhVfmD4="></latexit>

Ultralocal Structure on the Cut

<latexit sha1_base64="5tY/octvwx3PKAEynYwkQ5lQCL4="></latexit>

Non-Commutativity on Null Lines

<latexit sha1_base64="6FxfuwDaSGm56P58BhfO6IdrYu0="></latexit>

P12 ⇠ ✓(v1 � v2)�
(2)(z1 � z2)

*Te-
<latexit sha1_base64="+hWRB/C6No+C8AGqNfBqKDoQF+E="></latexit>

µ Crucial: Spin-0&2 Non-Perturbative Mixing
Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions

<latexit sha1_base64="IGTMWU8c4Z4zEyLhRPQYDN8rhSk="></latexit>

Ultralocality of Carrollian Physics



Dressing Time
<latexit sha1_base64="3AtylR6NKS9eKKDSfOOBogIEc14="></latexit>

We Want µ = 0, but it is a Dynamical Variable, we must Trade it
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Dressing Time
<latexit sha1_base64="3AtylR6NKS9eKKDSfOOBogIEc14="></latexit>

We Want µ = 0, but it is a Dynamical Variable, we must Trade it

<latexit sha1_base64="s1bQ6OllN3Ah0TXxCCbx0H91epA="></latexit>

Consider a di↵eo V : v ! V (v,�)
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Dressing Time
<latexit sha1_base64="3AtylR6NKS9eKKDSfOOBogIEc14="></latexit>

We Want µ = 0, but it is a Dynamical Variable, we must Trade it

<latexit sha1_base64="u2DIjga07cfTd8iVMZoZS7H30Nw="></latexit>

) C = (@vV )2C̃ � V

<latexit sha1_base64="27niugS2bRHReb44a1VcxiWETIQ="></latexit>

⌦ = ⌦̃ � V �ab = @vV (�̃ab � V ) µ = @vV (µ̃ � V ) +
@2
vV

@vV

<latexit sha1_base64="s1bQ6OllN3Ah0TXxCCbx0H91epA="></latexit>

Consider a di↵eo V : v ! V (v,�)

Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions



Dressing Time
<latexit sha1_base64="3AtylR6NKS9eKKDSfOOBogIEc14="></latexit>

We Want µ = 0, but it is a Dynamical Variable, we must Trade it

<latexit sha1_base64="u2DIjga07cfTd8iVMZoZS7H30Nw="></latexit>

) C = (@vV )2C̃ � V

<latexit sha1_base64="27niugS2bRHReb44a1VcxiWETIQ="></latexit>

⌦ = ⌦̃ � V �ab = @vV (�̃ab � V ) µ = @vV (µ̃ � V ) +
@2
vV

@vV

<latexit sha1_base64="s1bQ6OllN3Ah0TXxCCbx0H91epA="></latexit>

Consider a di↵eo V : v ! V (v,�)

<latexit sha1_base64="9BM99xo7HcBxprvtaQc0k0ZrfrE="></latexit>

µ̃ = 0 , µ =
@2
vV

@vV

<latexit sha1_base64="odpzoy00kmAVRg7bYwwUvmwiv4s="></latexit>

Dressing Time

Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions



Dressing Time
<latexit sha1_base64="3AtylR6NKS9eKKDSfOOBogIEc14="></latexit>

We Want µ = 0, but it is a Dynamical Variable, we must Trade it

<latexit sha1_base64="u2DIjga07cfTd8iVMZoZS7H30Nw="></latexit>

) C = (@vV )2C̃ � V

<latexit sha1_base64="27niugS2bRHReb44a1VcxiWETIQ="></latexit>

⌦ = ⌦̃ � V �ab = @vV (�̃ab � V ) µ = @vV (µ̃ � V ) +
@2
vV

@vV

<latexit sha1_base64="s1bQ6OllN3Ah0TXxCCbx0H91epA="></latexit>

Consider a di↵eo V : v ! V (v,�)

<latexit sha1_base64="9BM99xo7HcBxprvtaQc0k0ZrfrE="></latexit>

µ̃ = 0 , µ =
@2
vV

@vV

<latexit sha1_base64="odpzoy00kmAVRg7bYwwUvmwiv4s="></latexit>

Dressing Time

<latexit sha1_base64="CHU0F2a64BdyE8I3ypT8p4kOi9s="></latexit>

Non-Expanding Horizons µ̃ = ̃ = 0, Dressing Time=A�ne Time

Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions



Dressing Time
<latexit sha1_base64="s+rmvzJVHh1GLwDGXJxd+xbHxgY="></latexit>

Trade µ $ V

Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions

[The Internal Clock, a Specific Dynamical Frame: Rovelli ’91, 
Carrozza-Hoehn ’21, Goeller-Hoehn-Kirklin ‘22]



Dressing Time

<latexit sha1_base64="rXoD37PkQNt9Tt545TyFG43iW+k="></latexit>

⌦can =
1

8⇡G

Z

N
"(0)N

⇣
�
�
1
2⌦�

ab
�
^ �qab � �µ ^ �⌦

⌘

<latexit sha1_base64="s+rmvzJVHh1GLwDGXJxd+xbHxgY="></latexit>

Trade µ $ V

Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions

[The Internal Clock, a Specific Dynamical Frame: Rovelli ’91, 
Carrozza-Hoehn ’21, Goeller-Hoehn-Kirklin ‘22]



Dressing Time

<latexit sha1_base64="rXoD37PkQNt9Tt545TyFG43iW+k="></latexit>

⌦can =
1

8⇡G

Z

N
"(0)N

⇣
�
�
1
2⌦�

ab
�
^ �qab � �µ ^ �⌦

⌘

<latexit sha1_base64="s+rmvzJVHh1GLwDGXJxd+xbHxgY="></latexit>

Trade µ $ V

<latexit sha1_base64="P2gZjJFZlxBviz34jN6tdxT1hI4="></latexit>

Using the Dressing Time: �⌦ = �⌦̃ � V + �V @V ⌦̃ � V �µ = @v
@v�V

@vV

Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions

[The Internal Clock, a Specific Dynamical Frame: Rovelli ’91, 
Carrozza-Hoehn ’21, Goeller-Hoehn-Kirklin ‘22]



Dressing Time

<latexit sha1_base64="rXoD37PkQNt9Tt545TyFG43iW+k="></latexit>

⌦can =
1

8⇡G

Z

N
"(0)N

⇣
�
�
1
2⌦�

ab
�
^ �qab � �µ ^ �⌦

⌘

<latexit sha1_base64="s+rmvzJVHh1GLwDGXJxd+xbHxgY="></latexit>

Trade µ $ V

<latexit sha1_base64="baBoYLqrAsjvxARhTi9YlTJFyP8="></latexit>

⌦can =
1

8⇡G

Z

N
"(0)N

⇣
@vV �( 12 ⌦̃�̃

ab) ^ �q̃ab � V � �V ^ �(@vV C̃) � V
⌘
+

Z

C
(. . . )

<latexit sha1_base64="P2gZjJFZlxBviz34jN6tdxT1hI4="></latexit>

Using the Dressing Time: �⌦ = �⌦̃ � V + �V @V ⌦̃ � V �µ = @v
@v�V

@vV

Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions

[The Internal Clock, a Specific Dynamical Frame: Rovelli ’91, 
Carrozza-Hoehn ’21, Goeller-Hoehn-Kirklin ‘22]



Dressing Time

<latexit sha1_base64="60gUtq0HqDCH0sQSPyyBipJF/zM="></latexit>

Spin-0 Sector: The Constraint is the Symplectic Pair of the Dressing Time

<latexit sha1_base64="dzJ1PtmBy9ofRAxAy1fPqWHw2DM="></latexit>

⌦can =
1

8⇡G

Z

N
"(0)N

⇣
@vV �( 12 ⌦̃�̃

ab) ^ �q̃ab � V � �V ^ �(@vV C̃) � V
⌘
+

Z

C
(. . . )

<latexit sha1_base64="rXoD37PkQNt9Tt545TyFG43iW+k="></latexit>

⌦can =
1

8⇡G

Z

N
"(0)N

⇣
�
�
1
2⌦�

ab
�
^ �qab � �µ ^ �⌦

⌘

<latexit sha1_base64="s+rmvzJVHh1GLwDGXJxd+xbHxgY="></latexit>

Trade µ $ V

<latexit sha1_base64="P2gZjJFZlxBviz34jN6tdxT1hI4="></latexit>

Using the Dressing Time: �⌦ = �⌦̃ � V + �V @V ⌦̃ � V �µ = @v
@v�V

@vV

Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions

[The Internal Clock, a Specific Dynamical Frame: Rovelli ’91, 
Carrozza-Hoehn ’21, Goeller-Hoehn-Kirklin ‘22]



Boost Charge
<latexit sha1_base64="0jZF7JINZm1OWN39keBLkrT3J0k="></latexit>

Q0
f̃
(C) =̂ 1

8⇡G

Z

C
"̃(0)C

⇣
⌦̃@V f̃ � f̃@V ⌦̃

⌘<latexit sha1_base64="bBmCNJjYXA88PJQp3uLOFt3HhZo="></latexit>

Dressing Time: C̃ = @2
V ⌦̃+ ⌦̃

⇣
�̃2 + 8⇡G T̃mat

V V

⌘
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Boost Charge
<latexit sha1_base64="0jZF7JINZm1OWN39keBLkrT3J0k="></latexit>

Q0
f̃
(C) =̂ 1

8⇡G

Z

C
"̃(0)C

⇣
⌦̃@V f̃ � f̃@V ⌦̃

⌘<latexit sha1_base64="bBmCNJjYXA88PJQp3uLOFt3HhZo="></latexit>

Dressing Time: C̃ = @2
V ⌦̃+ ⌦̃

⇣
�̃2 + 8⇡G T̃mat

V V

⌘

<latexit sha1_base64="LK3lCXrTrDYyfCINOPh2uuTnKqM="></latexit>

Specialize to Boosts f̃T@V = (V � T )@V
[Useful in the Crossed Product: Connes ’73, Connes-Rovelli 
’94, Witten ’21, Jensen-Sorce-Speranza ’23, Klinger-Leigh ’23]

Motivations                 Geometry & Dynamics                 Symplectica                 Boost Charge                 Perturbation                 Atomic                 Conclusions



Boost Charge
<latexit sha1_base64="0jZF7JINZm1OWN39keBLkrT3J0k="></latexit>

Q0
f̃
(C) =̂ 1

8⇡G

Z

C
"̃(0)C

⇣
⌦̃@V f̃ � f̃@V ⌦̃

⌘<latexit sha1_base64="bBmCNJjYXA88PJQp3uLOFt3HhZo="></latexit>

Dressing Time: C̃ = @2
V ⌦̃+ ⌦̃

⇣
�̃2 + 8⇡G T̃mat

V V

⌘

<latexit sha1_base64="DsiUfZE/Zb3YGT8bYaA6JhMuVSQ="></latexit>

At the Cut CT
<latexit sha1_base64="cdOBNYIIoASltaeKZFrDM5xdP4c="></latexit>

Q0
T (CT ) =̂

1

8⇡G

Z

C
"̃(0)C ⌦̃ ' AC > 0

<latexit sha1_base64="LK3lCXrTrDYyfCINOPh2uuTnKqM="></latexit>

Specialize to Boosts f̃T@V = (V � T )@V
[Useful in the Crossed Product: Connes ’73, Connes-Rovelli 
’94, Witten ’21, Jensen-Sorce-Speranza ’23, Klinger-Leigh ’23]
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