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Motivations

Entropy via the Euclidean path integral

» Standard quantum system:

4
5
7 = Tr(e_ﬁH) = /qu_SE —
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dS
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» Gravitational system?

guUess.
_ —BH\ __ S
(Hamiltonian in gravity Z = TI'(EZ ) — /Dge .

is a boundary term) Sl Iy /,

boundary conditions
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Indeed, for the Euclidean black hole:

7 =Tr(e PH) e 5

— S =_—Sr+ dSE _ Ahorizon Bekenstein-Hawking
E dp 4G entropy

Note: this is a special case! p = e PH equilibrium state

4

time-translation symmetry!
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Motivations

Without time-translation symmetry? Which boundary conditions?

Guess: the boundary conditions relevant to computing some gravitational quantity are given by whatever path integral
would compute the analogue quantity in a non-gravitational theory

1
Replica trick: SUN(pR) = —Tl"(pR In PR) = lim — In Tr(p%)

n—1 n —

ier!
casier: which boundary conditions
Y7 for a gravitational system?

GRAVITY

sew

closed manifold
= BCs for the gravitational path integral



Motivations

Lewkowycz, Maldacena (2013)

A

= Sp = é Ryu-Takayanagi formula
semiclassical (first derived in AdS/CFT)
approx.

» Holography does not enter the derivation, but

> It is required for the interpretation as standard entropy, i.e. Sp = —Tr(pR In pR)




Motivations

Radiation

Flat
s Matter No Gravity

AdS
Gravity

[Almheiri, Hartman, Maldacena, Shaghoulian, Tajdini 2019]

Implication for the case of Hawking radiation from AdS to a bath:

In appropriate semiclassical limits, the von Neumann entropy of the bath is given by the island formula, a special case
of the quantum-corrected RT formula, and follows the Page curve.

[Penington 2019; Almheiri, Engelhardt, Marolf, Maxfield 2019; Penington, Shenker, Stanford, Yang 2019; Almheiri, Hartman,
Maldacena, Shaghoulian, Tajdini 2019]

v’ Possible solution to the bulk interpretation problem: the gravitational replica trick computes the entropy of the
emitted Hawking radiation in a superselection sector. [Marolf, Maxfield, 2020]

Although inspired from AdS/CFT, the argument relies only on properties of the gravitational path integral!

Can this story be generalized?



Motivations

» Consider a gravitational system with closed asymptotic boundaries B; and By

B (O () B

» The Hilbert space H r for this two-boundary gravitational system a priori does not factorize

> If the gravitational system has a holographic dual, Hrr = Hr ® Hr and we can then associate a
“state-counting” entropy to B; and Bp. But we are not going to assume holography.

» Goal: construct, from purely-bulk arguments, a Hilbert space 1, associated with By, such that the associated
Ryu-Takayanagi entropy can be understood in terms of a standard trace on H,:

Syn(pr) == —Trp(prInpyr)
pr = Trr(p)



Motivations

» Recent works [Chandrasekaran, Longo, Penington, Witten, Jensen, Sorce, Speranza, Kudler-Flam ,Leutheusser,
Satishchandran, ...] have shown that, in various contexts, the Ryu-Takayanagi entropy can be derived (up to an
infinite constant) as the entropy of a type Il von Neumann algebra. This provides a “statistical interpretation” for the
RT entropy (thanks to the type Il trace).

» For a standard quantum mechanical system, we have an entropy in terms of a Hilbert space trace,
which provides a “state-counting interpretation”. A Hilbert space trace corresponds to a type | tracgy () = S (4] - |d)
1

= Can we understand the Ryu-Takayanagi entropy in terms of a Hilbert space trace, i.e. as a state-counting entropy?

B O (DB

THIS TALK:

In a UV-complete, asymptotically locally AdS theory of quantum gravity in which the Euclidean path integral satisfies a
simple set of axioms, it is possible to associate a von Neumann entropy to B, which, in the semiclassical limit, is given
by the Ryu-Takayanagi formula. No need to invoke holography!
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Axioms

1. Finiteness: The path integral gives a well-defined map ¢ from boundary conditions defined by smooth manifolds
to the complex numbers C

2. Reality:  is a real function of (possibly complex) boundary conditions, i.e. [((M)]* = ((M™)

3. Reflection Positivity: ( is reflection-positive

4. Continuity: if the boundary manifold contains a cylinder of size ¢, { is continuous under changes of ¢

5. Factorization: For closed boundary manifolds M7, M5 we have (M7 U Ms) = ((M1)((M>)

Note: if the path integral is equivalent to a collection of “baby universe superselection sectors” [Coleman, Giddings,
Strominger, Marolf, Maxfield, ...] the factorization property holds sector-by-sector, and our analysis applies in that
sense.
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Hilbert Space from the Path Integral

When we “cut open a quantum gravity path integral”, we cut the closed boundary into two pieces N;, N, with dN; = dN,,
then associate states with these two pieces such that
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Hilbert Space from the Path Integral

When we “cut open a quantum gravity path integral”, we cut the closed boundary into two pieces N;, N, with dN; = dN,,
then associate states with these two pieces such that

et

i Nz, (N1|N2) :=¢((Mn:+n,)

e e

oON ON

MNsz

The gluing of surfaces should
» be uniquely determined = points on dN labelled

» produce smooth manifolds = dN comes with a rim: IN
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Hilbert Space from the Path Integral

Y5y Haon

Ny | compact d-dim manifolds (pre-)Hilbert space
with boundary (4rim) 0N

(N1|N2) :== ((Mn;n,)

+ /NaN

+  completion

= Hon



3. Operator Algebras from the Path Integral



Surface Algebra

Consider ON = By U By,

————
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Surface Algebra

> Onthe set Y4, 5 we define a left product and a right product:

a = ! ] left product: a -7, b=
~ 1 ~

| richt product: a g b =

N | (‘r)
R

L

» The set YgUB equipped with the left/right product defines a left/right surface algebra

» Star operation:

(r)

AL/g




Surface Algebra

AB | ) AR

Left surface algebra Right surface algebra



Surface Algebra

trace and trace inequality

The path integral defines a trace operation on the surface algebras:

tr(a) := ¢ (M

= M(a)



Surface Algebra

trace and trace inequality

The path integral defines a trace operation on the surface algebras:

tr(a) := ¢ (M(a))

From the dictionary between rimmed surfaces and states:

@ =@y =c[

tr(a*a) = ¢ (M(a*a)) = {ala) = 0

Axiom 3



Surface Algebra

trace and trace inequality

We canuse a,b € YguB to define elements of Y(‘JiBUB)u(BuB)

| U U> = |aL1R1?bL2R2>

|LUJ> - |a’L2R1 ’ bL1 R2>



Surface Algebra

trace and trace inequality
(UU|UU) = (U|W) = (a|a) (blb) = tr(a*a)tr(b*b)

Rl. Lz

i;‘i:?""*CLLLJ*' o t;:;zf""*C:jij'*

From the Cauchy-Schwarz inequality (consequence of positivity of the inner product on Hp, .Br, By, .Br, ):

a* | o
o | <o 10| sl s
B NS~ A \_)"U """ | N

il

—> tr(aa™bb*) < tr(a*a)tr(b*b)



Representation on the Hilbert Space

We define a representation of the left surface algebra on the Hilbert space: given a € Af there is an associated
operator aj, € Ay, such that

ar, |b) = la -z b) = |ab)
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Representation on the Hilbert Space

We define a representation of the left surface algebra on the Hilbert space: given a € Af there is an associated
operator aj, € Ay, such that

ar, |b) = la -z b) = |ab)

These operators are bounded:
lar|b)|? = (ablab) = tr(a*abb*) < tr(a*a)tr(bb*) = tr(a*a){b|b)
I C
trace inequality

B)
We can similarly define a representation of the right surface algebra:

< » agrlb)=|a-grb)=|b-ra)=ba)

ap

.: -

~

1B}



Diagonal Sectors

B =By=10B B B

€ Hpup

0 <

We can define a trace operation on flL via the path integral trace on the surface algebra thanks to the continuity axiom:

tr(a) = limgo(Cslar|Cp)
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The von Neumann algebras A7, AZ

» We define the von Neumann algebra Af to be the closure of AL within B(HLr) in the weak operator topology

» We show that the trace defined on A; extends to (all positive elements of) the von Neumann algebra

> The trace is

* Faithful tr(a) =0iff a =0

Normal for any bounded increasing sequence a,, tr sup a, = sup tr a,

* Semifinite Va € A", 3b < a such that tr(b) < oo

» The trace inequality holds on the von Neumann algebra! (an extension of the 4-boundaries argument applies)



Type | factors

> Trace inequality tr(ab) < tr(a)tr(b) fora=b=P € AP — tr(P)>1



Type | factors

> Trace inequality tr(ab) < tr(a)tr(b) fora=b=P € AP — tr(P)>1

Some known results on von Neumann algebras:
= every von Neumann algebra is a direct sum of factors (algebras with trivial center) which can be type |, Il or Il
= there is no faithful, normal and semifinite trace on type Ill = we cannot have type Il

= on type ll, for any faithful, normal and semifinite trace there are non trivial projections with arbitrarily small trace
= we cannot have type Il

= we have only type | factors!



Type | factors

> Trace inequality tr(ab) < tr(a)tr(b) fora=b=P € AP — tr(P)>1

Some known results on von Neumann algebras:

= every von Neumann algebra is a direct sum of factors (algebras with trivial center) which can be type |, Il or Il

= there is no faithful, normal and semifinite trace on type Ill = we cannot have type Il

= on type ll, for any faithful, normal and semifinite trace there are non trivial projections with arbitrarily small trace
= we cannot have type Il

= we have only type | factors!

» The commutation theorem for semifinite traces then tells us that .Af, Af% are commutants on Hp B



Type | factors

» The central operators of Af have purely discrete spectrum.

» Simultaneously diagonalise all central operators of Af yields eigenspaces ’H%HB such that

Hous = D Hous
7

» As a result, the von Neumann algebras decomposes as

A7 =P AL,
S

type | factor

> The algebra A} is a type | factor with commutant A% on H’% 5, therefore

_ I 1%
Hpup = @%BuB,L ® %BuB,R
M



5. Hilbert Space Interpretation of the Ryu-Takayanagi Entropy



Trace Normalization

» Faithful, normal, semifinite traces on type | algebras are unique up to an overall normalization constant, thus

Cytr(a) = Tr,(a) == ZL@'M@')L,

» For a = P one-dimensional projection onto a state in %%uB’L we have Tr,(P) =1

— tr(P)=1/C,



Trace Normalization

» Faithful, normal, semifinite traces on type | algebras are unique up to an overall normalization constant, thus

» For a = P one-dimensional projection onto a state in %%uB’L we have Tr,(P) =1

N B Lpfemmes o~ R
TR N N ———

Cytr(a) = Tr,(a) == Z (tlali) .,

1<tr(P)=1/C, = C, <1
T

/' trace inequality

positivity of the inner product on

tr(P) > 1

HpuBuBUB

ositivity of the inner product on
P y P tr(P) >n—1

Hur (BUB)

= tr(P) is a positive integer!
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Hidden Sectors

» For any non-zero finite-dimensional projection P € Af the trace tr(P) is a positive integer.

-1 +
— C, =nu €%

» We define the extended Hilbert space factors:

0 e Ayl R 1/ . "y 171
HBI_lB,L/R " HBI_lB,L/R ® %nu, Hpup = @uez (HBuB,L & HBuB,R)

|

“hidden sector”

» Then
tr(a) = Tr, (@) where a € A% and a := (a®1,,)

= The hidden sectors allow to interpret the path integral trace as a Hilbert space trace
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State-counting Entropy
> the trace tr can be used to define a notion of left entropy on pure states |¢) € Hpup
po=u(pud) —  Shy(®)=tr(—pylnfy)

> Thanks to the relation between tr and Tr this entropy has a Hilbert space interpretation:

S;EJN(w) = Tr(—py Inpy) = Z Ppu TI‘ ln ﬁi) - Z pulnpy,
pneL neL

» We can compute this entropy via the replica trick:

(7)) = ¢ (M([e]")

» If the theory admits a semiclassical limit described by Einstein-Hilbert or JT gravity, then we can argue (by following
Lewkowycz-Maldacena) that in such a limit the entropy is given by the Ryu-Takayanagi entropy



Conclusions

» Any gravitational path integral satisfying the axioms defines von Neumann algebras of observables associated
with codimension-2 boundaries: Af, Ag

» These algebras contain only type | factors.

» The Hilbert space on which the algebras act decomposes as
Hpup = @%%uB,L ® Mpup,r
7

» The path integral trace is equivalent to a standard trace on an extended Hilbert space, such that

tr(a) = Tru( ) where @ := (a ® 1,,,)

» This provides a Hilbert space interpretation of the entropy, even when the gravitational theory is not known to
have a holographic dual:

Sin(®) = Tr(=pyInpy) = > pu Tr(=pl Inpl) = > pulnp,
pneL neL

» In the semiclassical limit, the entropy is given by the Ryu-Takayanagi formula.



Thanks for the attention!
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