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Part I: FERMIONS IN 3D SPINFOAM QUANTUM GRAVITY

gr-qc/0609040 to appear in GRG




Part I - Introduction

e Spinfoam models :

- Canonical : Spacetime history interpolating between spin network
states = physical scalar product in LQG (Rovelni,Reisenberger - 97; Peres - 06)
- Covariant : Discretized path integrals of a large class of BF-like

ﬁeld theOrleS (Baez - 98/00; Freidel, Krasnov - 99)

e Spinfoams & Matter :

- Matter “aﬂready there” (Crane - 00/01; Mikovic - 02; Livine, Oeckl - 04)

- Matter added by coupling

— Point particles (Freidel, Louapre - 04; Noui, Perez - 04; Freidel, Kowalski-Glikman,
Starodubtsev —06)

— Feynman diagrams (Barrett - 05; Freidel, Livine - 05; Baratin, Freidel - 06)

— Stl‘lngs & bI’aHGS (Baez, Perez - 06; WF, Perez -to appear)

— YM ﬁelds (Oriti, Pfeiffer - 02; Mikovic - 03)




Part I - Introduction

e Here : Fermionic fields in 3d spinfoam Riemannian QG:

— Compute Z = /DeDwD@D@beiS[eaw@,w]

e Strategy:
- Integrate out the fermions = functional determinant

Z = /DeDw det (e, w)e e

- Expand the determinant = sum over fermionic loops I

det ( Zfew - Z = ZZ

- Compute the integrals

Z() = /DeDw (e, w)eSlew




Part I - Classical Theory
e Framework : Einstein-Cartan geometry (M,w) + spin structure

e Action : S = Sgr + Sp with

1
Sarle,w] = 2—/ < e Rlw] >,
M

K

/ EIJKGI/\GJ/\
M

(Go(e) V0 = VOo(ek)0) - gmekTv).

- e soldering form
- w metric connection (so0(3)-valued), @w spin connection
(spin(3)-valued)
- V = covariant derivative w.r.t. @

-0 :C(R3) — My(C), ¢ € C°(M) ® C>.




Part I - Discretization

e Pick a triangulation 7 of the spacetime manifold M :
M = UZ:1A2
e Consider the dual two-skeleton {v,e, f} C 7% of T
e Field discretization :
— e; €R?
— U.=g. € Spin(3) ~ SU(2)

— A =Ac(ge) € 71T(Spin(3)) ~ SO(3)

— A= ]] A
ecOf

?pa ﬁi} S Q}T,

Notation :
- G = Grassmann algebra /\ (E@ E*)7 E = ,C?

;]
- (%,V) spin j unitary, irreducible representation of Spin(3)




Part I - Discretization

e Discretized action : ST = Sgr 7 + Sp 7 with

SGR.T|Ef, ge] ZTT (efAy),

SD T[ef Je, quw’v] —

X (Eu UIqu Yy — EU UT

Z e[JKefef,Sgn(f f)n_m)/ (xe Ae)r (10)

2 — *
fof Duv ATsu

Z eUKefcef/e?,, sgn(f, 1/, f")" =" / e"

£.f F v Ad=vx




Part I - Fermionic loop expansion

e The fermionic action can be compactly re expressed as

Sprles, ges Vo o] = (1, W) 11)
= > 0 Wules ge)be € N2 (EDE).

e The (discretized) path integral yields

_ 7, 1ST
Z(T) IJ/R deflz[/spm(g) dge/g ][ dodiy, e (12)

T v

e Integrating out the fermions, we obtain

2r) = T [ derTT [ daetdet Wieg. o) eSonria)
R = Jspin(3)

= <detW > .

e How to calculate the fermionic determinant 7




Part I - Fermionic loop expansion

e Idea : write W =V + L D and expand the determinant in 1/m

det W / [ dodip, e¥) (14)
g

T v

/g T] dbodivy e WZ ) (, D )"

T v

ZI’ ef,ge
r

= Finite expansion

o Accordingly, Z(7) = >  Z(I',7) where

Z(I,T) = /de / dg. (T'(er, ge el 2 Trieshs) (15
H y H s £9¢)) (15)




Part I - Fermionic loop expansion

e What is the structure of the contributions I'(et, g.) ?
— Typically, fermionic loops v 4+ decorations (= polynomial

functions of the triad)

['(ef.ge) = Tylef,ge) (16)

= [Iv?|IIv]1lAw.Tro (H aere>

vgfy vey ecry ecry

e How to compute the integrals over the triads in the path integral
?

— Generating functional techniques (rreidet, Krasnov -99)




Part I - Generating functional

. 0 ) r(e
ep =~ (@) s TerIn) |y (17)

= degree n monomial function of the triad O(ey) — differential
operator @(%) of order n:

< Oleg) >= (—i (18)
where

zW(Jy, T (19)

: J
Irp (H o' U,) eZST»J[efvgeve f])

ecry

and the source action is given by :
S’T’J = ZfTT(efAfle) e fM (< eNR>4+<eNJ >)




Part I - Fermions and quantum gravity

e Integration over simplicial triads :

— Idea : fde eiTr(eg) — d(g) = Zj dim(j)Xjf (9)

zuaT) = I/ Ao | Tro ([0 »
e pin

ecry
. . 1 m
[T dimins, € e sy
Iy

1
e‘]f

1
Je},




Part I - Fermions and quantum gravity

e Integration over discretized connections :

— Two cases : e ¢ v and e €

J1

J3
Ji 3

If e & ~: fS’pin(B) dg 7 (g) %=1 =T,
Ji 3
e €y [qpim@ 9 T (9) im0 =30, tls,

Ji 3 : Jo
where 1 € Hom(V ®i=01,C), jo=1/2 and 7(g) = U




Part I - Fermions and quantum gravity

e This is the effect of quantum mechanical torsion :

Ji 3
v € Hom(V ®i=o, C)

= Dislocation of quantum spacetime < deformation of the

(vacuum) quantum triangles (Baes, Barrett -99)




Part I - Fermions and quantum gravity

e In addition, each group element U, comes attached with a sigma

matrix ole

1 1/2  1/2
= Rethink the Pauli matrices as elements of Hom(V, V @ V *)

e Result :

ZW(Jy,T)=1]D_ dim(jys) x (21)
foJy

11211+

eEY Je VEY




Part I - Fermions and quantum gravity

< <
<> <P

Figure 1: Graphical picture of the emergence of the fermionic seven-3

symbol.




Part I - Fermions and quantum gravity

e The weight associated to the contribution I' in the total partition
function Z(7) is given by

z0,T) = |TIV2TIV I Av.e (2907, 7)) L (22)

_Ugé’y veEYy ecy 7—0

A

e How do the differential operators O := @(%) act on the

generating functional 7

LI J = JIT) (&) |,y = 7 (T,

j 1 g J
where 7, € Hom(V,V® V*)




Part I - Fermions and quantum gravity

e Graphically :

e Introducing

0 0 0
5Jf[ 5Jf/] 5Jf//K

V, =N’ Z €IIK sgn(f, ', "),

YRV ARV gL

) )
5JJf 5JKf/

Ay =N Z €EIJK

Frf' Duv

sgn(f, "),

111
and using €75 € Hom(V®V®V,C),

(25)



Part I - Fermions and quantum gravity

e We obtain Z(7) =) Z(I',T) with

Zr,T)= ] dim(jys) x
fooJy

B (

[I2 11 > K«

ECY Je VETY grasp

I 2> K@

v~ grasp




Part I1: QUANTISATION OF STRING-LIKE SOURCES COUPLED TO
BF THEORY : PHYSICAL SCALAR PRODUCT AND SPINFOAM
MODELS

Work in progress in collaboration with Alejandro Perez (CPT
Marseille)




Part II - Classical theory

e Idea : generalize the coupling of point particles to 3d gravity to
higher dimensions
= Natural sources = strings & branes (Baes, Peres -06)

e Action : S = Spr + S;n+

SBF[B,CU]:/ <B/\F[w]> (28)

M

TN / < (B+ Dg), doa~! > (20)
%74

- B : g-valued two-form
- w : g-valued connection one-form
- D = covariant derivative w.r.t. w
- W . string worldsheet

- q : g-valued one-form
-p:=Ady(v) € C*(W,g), A € C*(W,G)




Part Il - Kinematical Hilbert space

e Canonical Quantization: M =X xR, s=XNW

— Quantum kinematical constraints = Hp;, spanned by string
spin network states (inspired by Thiemann - 97)

string spin network state = open graph with open edges ending on

the string S :
- edges and endpoints coloured by unitary, irreducible

representations of G

- vertices (including the endpoints) coloured by intertwining

operators :

— Hamiltonian constraint = Hppys?




Part Il - Generalized projection operator

e Problem : solve the dynamics

® Idea (Rovelli,Reisenberger - 97): intI‘Oduce the I‘lgglng map
MNohys Cyl — Cyl* (30)

whose range lies in the kernel of the Hamiltonian constraint :
YU € Hiin, Nonys(¥) := 6(H)¥ = PP with the Hamiltonian given
by:

Hi(z) = €9 E 0. (x) + / dsit(s) < Xa,p > 03 (z—xs5(s)), (31)
S

where g = R{X,},, F = curvature of the spatial connection A,
and the generalized projection operator P defined by

Hé(ﬁ(aj)):/NDNexp(i/Z<N/\fI>>, (32)




Part I] - Generalized projection operator

e Physical inner product :

< nphys(\Ijl)7nphys(\Ij2) >Phys::< P \Ij:l) \IJQ >i= [nphys(kpl)](\IjQ)7
(33)

for any two string spin network states Wy, Wy € Hyin.

e Interesting duality :

/<N/\H> /<N/\F>—|—T/<N,p> (34)
by by S

S%C%—i—part [N7 A7 T]? (35)

If G = 50(3) = action of 3d gravity coupled to a (spinless) point
particle (Freidel, Lovapre - 04) :

-N — e

-mass and worldline of the particle — 7 and &




Part I] - Generalized projection operator

e Regularization of the physical inner product < P U, Uy > =

express P in terms of basic observables of the theory

— Pick a triangulation 7 (I") adapted to the graph I' =T'; UT'5 and
consider the dual two-skeleton {v,e, f} :

S e {A'}ycT(D)

-I'e{v, e} C T*(T)

— discretize the fields a la Ponzano-Regge coupled to point

parthleS (F‘reidel, Louapre - 04):
N — N;eR’

F — hy=]] he
ecdf

D — py = )\(xf)em)\(a:f)_l, rr=8NFf




Part II - Generalized projection operator

e Accordingly,

< PIT(D)] Oy, Wy >=< | || o(hy) ] 6(hsrsem™ A7)
| fEFs feFs

where Fs(O) ={fe€old| fNn8 # 0}

e P[T(I')] promoted to a well defined operator P[7 (T')]:

-0(9) = 2., dim(p)x,(9)
-X,(g) — Wilson loop operator x,(g)

= Prescription to compute background independent transition

amplitudes of string-like currents coupled to BF theory




Part I] - Generalized projection operator

e Removal of the regulator : we show that
VW1, Wy € Hiin,

< P[T(F)] Ui, Uy >=K P[T/(F)] Uy, Wy >, (38)

forall homeomorphically equivalent triangulations 7 (I") and 77(T")
adapted to the graph TI'.

= The transition amplitudes are topological invariants and

accordingly independent of the triangulation




Conclusion and perspectives : Part [

e Construction of a spinfoam model of massive fermionic fields
coupled to 3d Riemannian QG < computation of the path integral
of the coupled system

— Discretization of the manifold and of the fields

— Integration over the fermions = path integral for QG with
insertion of an observable = functional determinant

— Finite expansion of the determinant in fermionic loops

— Computation of the integrals order by order

e Open issue: local degrees of freedom = dependence on the
triangulation

— GFT (Krasnov -05; Freidel, Oriti, Ryan -05; Oriti, Ryan -06)

e Perspectives :

— Asymptotics (j — o0) ?

— (Generalization to four dimensions

— Computation of the fermionic propagator in 3d spinfoam QG




Conclusion and perspectives : Part IT1

e Construction of the physical scalar product of BF theory coupled
to string-like sources < definition of the generalized projection
operator

— Regularization

— Removal of the regulator

e Open issues and perspectives:
- Compute the associated spinfoam vertex amplitude

- Physical interpretation of the theory and its link to conventional

string theory




