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Cartan Connections



Model example Generalization

G - a Lie group G , H - as before
WM C - a Maurer-Cartan form )=
H C G - a Lie subgroup H l - a2 PFB

(; M

H l - the quotient PFB

dim P = dim (§
/ a 1-form that takes values in the Lie
A = A algebra of G and has the properties
* MC of the MC form with respect to the action
of H on P

the Cartan connection

dA+ANA=0 dA+ANA=F



Example: affine Cartan connection

G - the group of affine transformations

H - the group of linear transformations

P

H l - the coframe bundle

M

given a linear connection |' there is a Cartan affine connection A

such that dA+ANA=F
encodes '+ 1'AT' = R

and the torsionof |[°



Example: the Witten connection

(; = 1s0(2,1)

H = so(2)
P

H l - the orthogonal coframe bundle

M

]’ - the metric connection

A - the restriction of the corresponding affine connection

2
LCSZ% (AACZA+§AAAAA>

T

describes the 2+1 gravity



given Working definition

P we use local sections:
H l -a PFB
o:U— P
M
UCM
and: *
dim P = dim (§ oA
A - a Cartan connection c’F=do"A+0"ANc"A
subject to:

F=dA+ANA
c*A=h"to*Ah + h~'dh

o*F = h~o*Fh

h:U — H
cFA=A



Normal conformal Cartan connection



Working definition

M  4d spacetime

g = Nept" ® HY

Nab = CONst -+

. 1 _
Vol i— F\/ |det n|eqpead” A NN

= /|deln|0" A" NG NG,

Eabed = \/ |det N|Eaped

2

G — So(2,4) — So(Q)
0 0 -1
Q=10 n 0
_—1 0 0_
() O, 0
A= |P* T% ¢
_O By O_

do* +T% N6" =0
1—\(Lb — _Fba.

1 1
pa . .R a - _Ra b
(12 Hlab =% b>9

1
"R 0% A QY = AT, - T ATC,.



gauge transformations

nice property: there are also:
A'=h7tAh+ htdh
/ 1 0O 0
e =50 FeCM).  h= | w s
b0 b, 1
-1 - 2 Vo ?
7 0 O
h = ng— 0% 0 however we gauge fixe them:
fref.
7 /
. 0 O, 0]
ela — A(Lbe 1 A — pa Fa.b 9(1
10 - 0 B 0




The curvature:

The Bianchi identity:

A =h7 YA+ 1 dn
poAb T dn DAF =dF + ANF—FAA=0

F'=h~'Fh
encodes the differential identities satisfied by
F=dA+ANA the Weyl and the Schouten tensors
0 0 0]
_ a a |
F=|DP C b 0 ( Y 6+ Rew;  Imw, — Wy 0
() DF, 0 —0* —Imw; Rew; 0 — Wy
) Rews; Imws; 0 —260* Imw; Rew,
—Imwy Rews; 264 0 —Rew; Imw,
DP*=dP* +T% A P"| w, 0 —Imws —Rews — 6
1 0 wy  Rews —Imw; —6* —
C% = iCa'bcd_@c /\ Qd, \ - ‘ l o

the Weyl tensor



The Bach tensor:

DaxF = dxF + AAN*xF —xF N A= | B*xf,

Bap = 2V°V,Pay — 2P“Crgan,

Rpy=Angp =— DByp=0 = DxF =0.




Examples of reduced holonomy:

The spinor representation of the NCCC is the local twistor connection of Penrose.
Iff the NCCC can be gauge transformed to the following non-generic form:

/ Y o Rew, Imw, — Wy 0 \
—0* Y —Imw; Rew; 0 —Wo
A= Rews  Imw; 0 —26*  Imw; Rew
—Imw; Rew; 264 0 —Rew; Imw,
Wy 0 —Imw; —Rews —1 I
\ 0 Wy Rew; —Imw; —64 — )

N m e S - ,u

then the spacetime conformal geometry admits solutions to the twistor equation:

viA A/wB) —(

This is the Fefferman family of spacetime metric tensors. Among them are known
examples of the Bach flat metric tensors that are not conformal to Einstein.



Symplectic potential densities



The Cartan-Yang-Mills Lagrangian:

1
Loym(6) = §FIJ A xF7;

Leym(0) = Leym(f0).

1
Loym(0) = ZCabch abedyol,

0 = 0g

: : 1
d0Lcym(0) = OAIJ A DA*F‘]I 1 5
1

*C = iea'bchcd = J(x)F =0

FIJ A\ (5*)FJ] -+ Cl(dAIJ A\ *FJ])



The symplectic potential density:

1
Leym() = §FI ; ANxF7;

5LCY1\~"I(9) = 200" N Bab*Hb + C1(5AIJ /\ *FJ] )

@CYl\[(H (59> = (5AIJ /\ *FJ]
(§AT; AxF7)(10; £66) = ((h._ldAh.)I 7 A% (h._th.)J 1) (0;00)

= (0A" ; AxF7;)(0;60)

Ocym(0:00) = 260 A «xDP, + 5T'% A «xC°



Useful decomposition

1
Loym = 15 + Ly
1
E@) =Ry AReg  RY = éR“bcdé)"’ A% =dl% +T% AT,

(55(9) — d(QGGde(SFab A 7zcd)

O (0:;00) = 2eU6T 1y A Red

Li(0) =—4Pl P" Vol §Ly(0) = 260" A By + d©;
01(6:060) = 200* AxDP, + ¢**“U6T o, A . A Py

1
OcyM = 195 + 64



Einstein — Bach flat
Rab — A'77ab Pa = abeb = —%9(1,

Ocym(f;66) = 6T% AxC° ©1(0;00 = _%eabcdea NGy Aol g

We want to compare it with the Einstein theory symplectic potential dencity

1 1
Ly = (—Gadeea A Oy ARy — QAVOl)

167G\ 2
167GOLEn(f) = 86, A (eabcdeb AR, — mxea) + d(%e‘”’“i@a A By A 5l“cd>
Orn(f;00) = ! ey A Oy A OT oy
327G ! e
1 16mGA
Ocym = —O¢ OrH

u! 3



At the scri of asymptotically
(A) de Sitter spacetime



The Fefferman-Graham coordinates

Rab — A"}ab A>0

(2
(—dp +an.jz(])’ 2t 2% 2d) det da? )

Z p=10

2 00

A, P n 7 ]

g ‘= [_29 — —dp2 == E P g Jz(] ") dx dil’-]
n=>0

@CYM(H, 56’) — @CYM (,0(9, ,05(9)

—> finitenessat p =0



The pullback of ©cym(0%,60%) on the scri
:ﬁ<—dp —I—anj,f]) p,xt, 22, 3)dafidcrj>

oD —0,  ¢@_R - %.%F’ — 8 = g®

’L] Z] J = Jz]
Ocym(0%,80%) = oT°, A xC*,

e, = Qp_lnacé'l.o Abﬁlﬁﬁ,y da” + O(1)

Pullbackon .¢ Vol := iik dzt A d2? A dak
€pijk = Epijk = \/ det é%k T O(P ) = €ijk + O(P ),

OcyM = }g% 0T, 6205 dz' A (icﬂavfsé,ygjk dz? A d:ztk> = 5047 Vol.



Comparison with the standard

2 = N o
9=">3 <— dp* + Z png§j )(p, zt, 22, 2?) dat cl:ﬂ)

The pullback on . ¢

a : a s 1 A ' : 3 o iy
OcyM = },L”%) 0T, 6205 da' A (icﬂa%ev(gjk dz? A dﬁ) = 504i T Vol.
302 87rC .
The standard defnitions: T;; = Ti; = TVol,
167G 2
S ! / (R — 2A)Vol ! / oK + 2 — R Vol
= — ol 4 | - — R |
“R T 16rG 167G (
M 7
Ocr = §6gisz]VOl.
~ 16mGA ~
OcyMm = OGR.

3



At the scri of asymptotically
flat spacetime



The Bondi coordinates

oM
Grr = gra =0, Guu=—14+—=+0( ®),  gaB =7r"vap+1rCap + O(1),
1 _ 1 _
Qur = —1 + 1672 CABCAB + 0(7’ 3)7 JuA — §DBCBA + 0(7’ 1)7

det (gap) = r* det (v4B)

The pullback at the scri:

€Qijk = \/|det §|€Qijk = /det ye;k + O(Q). = éz‘jk + O(Q)

1

Vol := —¢;pda Ada? A dak = 20 Vv det yegjp da’ A da? A dax*

- /1 1,
OcyMm = [@uu (ZCABNAB + 21\1) + §5gABauNAB Vol.

1 16mGA
Ocyv = —6O¢ — 3

O
1 FH




The Noether currents



Diffeomorphisms

£ - vector field tangent to the spacetime

Je(0) = LA AxFT, — € (%F{, A *FJI>
Je(0) = d((& 2 AT ))xF7p) — (€ 5 AT ;) DaxF?,
Qe(0) = (£ 2 AT ))«F,

[ - generator of the Lotentz rotations or conformal rescalings

Jy= d('y A«F7 )= 1!y ADa* FL,

— d(lab * Cba) for the Lorentz



Summary



Thank you!



