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Outline

Standard model (scalar + YM + fermions) matter couplings in full LQG + effective dynamics

AQG framework + coherent states path integral

* Introduction:
Review reduced phase space framework and classical matter couplings

® Quantum theory and effective dynamics:
® Discretization and quantization of matter sector
® Coherent states and Hamiltonian Operator
® Coherent states path integral and effective dynamics
* Explore semi-classical effective dynamics: some examples

® Scalar field, inflationary cosmology
® Fermions

Symbolic+Numerical Library for effective dynamics (SymPy+SymEngine+Julia)

® Conclusion and Outlook



Introduction



Matter Couplings

-

Matter couplings at classical level

|

Solve constraints classically

|

Reduced phase space framework:
parametrizing gravity variables
with values of dust fields

®

Matter couplings at quantum level?
inflationary cosmology, charged BH, detection
of QG effect etc.




Reduced Phase Space Formulation

Classical matter coupling

® Brown-Kuchar dust
Brown and Kuchar 1994, Giesel and Thiemann 2007

. 1 ,
SpxDlp,gun T8, Wil = — /d4x Jldet() p 9" U Uy + 1), Uy = —8,T + W;8,,5

® Gaussian dust
Kuchar and Torre 1990, Giesel and Thiemann 2015

Saplps guv, T, 87, W, = ,/d4$ V1 det(g)l [g (670, TO,T +1) + g"*8,T (Wjausf)]

® Massless real scalar field

Rovelli and Smolin 1993, Domagala, Giesel, Kaminski, and Lewandowski 2010

1
S lauw 8 = =5 [ d*oy/Idet(o)lg" 0,00,

Dirac observables = parametrizing gravity variables with values of dust fields

T(z) =+ §9(x) = o O(7,0) = O(@) | (2)— 7.5 (2)—s
physical time variable physical space variable Physical observables
Gravity Dirac observables:

. Rovelli 2001,Dittrich 2004 ,Thiemann 2004
® SU(2) Ashtekar-Barbero connection: A(7,0) = A(x)

® triad: {E(7,0) = E(z)|T(I):_’_ysj(m):ﬂ'

) 1 )
* canonical structure: {E. (r,0), A%(r,0")} = 5»@66;5263(0, )

‘T(z):T,Sj(:c):aj‘



Reduced Phase Space Formulation

Solveing total (Abelianized) constraints

C'"" = P4+ h(A,E,8,T) ~0, CI°" =P, +(8;5) " (C;(A, E) + P8;T) ~ 0

Giesel and Thiemann 2007, 2015

Physical Hamiltonian Hy = /dSO’h

® Brown-Kuchar dust

13 13
h = \jc(a, T)2 — 1 ;Ca(g, )2, requires C(o,7)° — 1 ;Ca(a, 2 >0

® Gaussian dust

h =C(o,7), C(o,7) < 0 for physical dust, C(o, 7) > 0 for phantom dust

EoMs: Hamilton equation:

dO
—— ={Ho, 0}
dr

) 1 B

Note that we use {E! (T, o), A;f(q-7 o)} = 5556;5253(0, o)
a,b,c,... SU(2) indices

spatial indices of dust space

iy, Ko
(o's with constant 7)



Matter Couplings

Gauge group SU(2) x G € SU(N)

SU(2) G
Reaf! ey A7 E] | (adjad)) | trivial
feld: Al B trivial | (adj,adj
P Aj, By j,adj)
514,1/7514,1/ (21 2) (Rf7Rf)
O, " trivial (Rs, Rs)
Dirac observables:
LQG with
gauge Weyl fermions: O(r,0) = O(@\T(a:):r,sa‘(x):aa‘
groug SL;(Z): Vav,Yay Poisson bracket:
Aj ) Ea.

{Ei(a, ‘r),AIJ:f (a/,‘r)} = %ﬁﬁéjéiég (a, 0/)
{Ei(o,m), 4] (o, 7)} = @%516{ 5% (0.0")

Yang-Mills field {5A,u<°: ),€B,p (0',7)}+ = —i6ApdLpS° (a, 0')

with gauge r r3 ’
aroup C: {7"(0,7), 6s(0,7)} = 876° (0,0")
Al ES
= =1 a,b,c,...=1,2,3 SU(2) indices
i,4,k,... = 1,2, 3 spatial indices of dust space (¢'s with constant 7)
A, B,... = 1,2 spinor indices of SU(2)
Ashtekar, Bianchi, Giesel, Han, Kisielowski, Lewandowski, I -1 dlm(Rf(G)) unitary reps Rf of &
Ma, Magliaro, Oriti, Perini, Rovelli, Sahlmann, Thiemann, 7,7:’1 dlm(}? EG)) real reps R. of aQ

Wieland, Zhang...



Classical Hamiltonians

C and C; for gravity + matter in physical Hamiltonian:

c = cORpcYM cF e’
The gravity and matter Hamiltonians are given as
C - C;
1 E]E] 2
. GR _ Y [pa _ (42 d el _abe GR _ 2 b ok
Gravity: | ¢t = [f]k (8% + 11) cade K K7 € M y/det(q c§ 5 ik
Scalar: cs = 5 rt = Ty fdet (* (D; )T Dy o + \/det (QU(¢) c§ = D50
X Y M 1 1 i g, L ij kl Y M 11 &
e ©c T m%g}g] ogydet @a" " Eiy ) G = e lkkl
¢F =Bl |~ Ty + (D)t e+ i, (¢ e
@\ /det(q) 2 2 2 P iy ¥
Fermions: (624 1) ¢ = -3 [§ D¢ — (Dj¢€) E]
1
- BK} (%s*s + g <abe (s* s>> w

D is the covariant derivative of SU(2) x G:
D6 = [0+ 43T+ AlTh e Do (0 +alTh,) o

o 1 j [ +Ti . I I .
Ga = EDj Bl — 55 ?g =0 TRf ,T'r, . the representation of g generators

Gauss constraint:
g - L DoES —nTh ¢ —ieTTh =0
1= 52 alry Rg RpS =



Quantum theory and effective
dynamics



Quantization

The quantization is on a given fixed lattice which partitions the dust space

e.g. cubic lattice I' partitioning 3-torus without boundary

discretization quantization

h(e) i= Pexp/ A,
e

GR 2 ®IE(V)|
. . ) HE ~ L?(SU(2),d ,
Gravity: p%(e) i= — cr[T“/ cijkdo’ A do? R (. .( ). HH)
A% BT 2Ba? Se h(e) multiplication operator,
i’ a

h(pe(e)) B (@)% h (pe(e) 1] p%(e) = il2 R% where R¢ right invariant vector field on SU(2)
(h(e), p”(e)) holonomy-flux algebra




Quantization

The quantization is on a given fixed lattice which partitions the dust space
e.g. cubic lattice I' partitioning 3-torus without boundary

discretization quantization
h(e) := ’Pexp/ A,
€ GR 2 E
Gravity_: p?(e) = — ! > tr['r“/ Eijkdai Ado? ‘H’Yh =L l(.Sll{(Z).’ dHH)®‘ (‘Y)ll
A%, B 28a Se A . (e) mg(l:lp |cat.|on o.perator, '
i>a B (pe(@) BF (@)7® h (pe(@) ] p”(e) = il; Ry where R right invariant vector field on SU(2)
(h(e), p”(e)) holonomy-flux algebra
n(e) = Pexp [ aolalr!,
€ Y M 2 E
YM: EI (e) := 72tr[TI / eljkdai A doj 7:‘7 = L (G’ C?HH)®‘ (’Y)"
N Jse ﬁ(e) mUltIPlICﬁthn operator,
==l h(pe(a)) EN()T7 h(pe(o) ™1 ] @I(e) = ihQQEi where Ei right invariant vector field on G
(@(e),gl (e)) holonomy-flux algebra




Quantization

The quantization is on a given fixed lattice which partitions the dust space

e.g. cubic lattice I' partitioning 3-torus without boundary

quantization

IR~ 12(sU(2), dup)®1FO],

h(e) multiplication operator,
p%(e) = il2 R% where R¢ right invariant vector field on SU(2)

H

7:‘31” ~ LZ(G, dHH)®\E(’Y)\'
h(e) multiplication operator,
p'(e) = ihQ*R! where R! right invariant vector field on G

discretization
h(e) = pexp/ A,

Thyge 1 i .
jr:)vg p%(e) i= — Y tefr® /SE cijkdo’ A do?
e R (pe(e)) BE(@)7 n(pe(e)) 1]

(h(e), p”(e)) holonomy-flux algebra
h(e) := poxp/ dojAJITI,
YM: ol (e) = —20x[TT / cijpdo’ Adod
Al Ei “Se
==l b (pe(@) BT h(pe(e)) 7]
(ﬁ(e),gl (e)) holonomy-flux algebra
3 Xulz,v
Fermions: 0a,u(v) = / dij /—)fA,u(y)
faw,€a 5 e
W EAY 04, (0),05.,(W)}, = —i8up04506,

H,}: = ®u€V('y)’Hzljv Hf = (C2)2dim(Rf>
[04,0(), 05,5 (v)] | = 1606275, 10
04,0 (0)F(0) =04, (0)F(9), 0., (v)f(0) =N1[0/004,,(v)] £(6)




Quantization

The quantization is on a given fixed lattice which partitions the dust space
e.g. cubic lattice I' partitioning 3-torus without boundary

discretization

quantization
h(e) := pexp/ A,

GR 2 ®IE(V)|
. ) ) HE ~ L?(SU(2),d ,
Gravity: p%(e) i= — cr[T“/ cijkdo’ A do? R (. .( ). HH)
A% BT 2Ba? Se h(e) multiplication operator,
i’ a

h(pe(e)) B (@)% h (pe(e) 1] p%(e) = il2 R% where R¢ right invariant vector field on SU(2)
(h(e), p”(e)) holonomy-flux algebra

h(e) i= poxp/ dojAJITI,
e

Y M 2 QIE()|
) ) ~ L*(G,d ,
YM: pl(e) = —2tr[TI/ cijpdo’ A do? Hy ' (. ’ .”H)
N = Jse h(e) multiplication operator,

TR

=i’ B(pe(0)) BN ()T hpe(on ] p'(e) = ihQ*R! where R! right invariant vector field on G

(ﬁ(e),gl (e)) holonomy-flux algebra

. 3 Xu(®,v) H = @uevipHl, HE = (CF)Z TR
Fermions: 0a,u(v) = /Z e AR [éA,,,(u), é;,p(v)] — 18,6755, .,
§A,U~,§A,u X )., )
04,0 (v)f(0) =04, (v)f(0), 04, (v)f(0) =N[0/004,.(v)] f(0)
Scalarﬁe!ds: p(w)and w(v) = [ dPox,(z, v)7(z) H»SY = ®1)€V(-,)AH1;. 7-fru /2 LZ(D-%d'm(RS), H d¢r(v))
Gy {=" (v), ¢r('U/)} =5, . ) [w(v),d)(v )] = ihd,,
' W) F(9) = 6(v) (), #(0)f(9) = ih[0/06(v)] F(¢)

{9,4,,,(1)),513%(1)/)}Jr = 71'51,95,435

v,v!




Quantization

Kinematic Hilbert space of gravity coupled to matters
H) =HnGF oM o nE 9 1S
Gauge transformations of SU(2) x G given by Gauss constraint:
Uy i f(h(e),h(e),0(v), ¢(v)) =  f*(h(e), hle), 0(v), $(v)) = f (h(e)™, h(e)™, 0(v)", p(v)")
where
h(e)" = us(e)h(e)ut_(i), h(e)" = Es(e)ﬁ(e)ﬂt_(i)v
0(v)" = (uy ® Ry (uv))0(v), ¢(v)" = Rs(uv)o(v).

Physical Hilbert space by group averaging: f ¢ ”Hg — fino € Hy

fino = / H dpm (ue)dpr (ws) f* € Hy.

(su@ x|Vl vEVD



Coherent States

) vo= I %oy %o en = 3 (25 + 1) e~ HeWet D230 (g(eyn(e)?)
Gravity: e€E(y) Je€Z4 /20{0}

9(];.?? gle) = e HOTI/209ITE/2 a i) 9o () € R® parametrize gravity sector



Coherent States

wh= T1 Wiy i (r(e) = > (25 + 1) e~ HeWet D230 (g(eyn(e)?)
Gravity: e€E(y) Je€Z4 /20{0}

5 el a a a

0),.p§ gle) = eI (TY/20%()TY/2 1 pa(ey 99 (e) € R® parametrize gravity sector

2

; . vk= I wt,,. vt (he)= > dim(R) e "2RTAR/2y 1 (g(e)n(e) ™t

YM W|thCIv' ejSU(N). g ceB(m) g(e) g(e) Reto () ( )
95,0, _iBI(C)TIeQI(C)TI

gle)=e

gl(e), 0l(e) € RI™() parametrize YM sector



Coherent States

vo= TI vie) vh(e) (h(e) = > (25 +1) e~ Helet /23 (g(e)n(e) ™)
Gravity: e€E(y) W u N u Je€Zy /20U{0}
0),.p§ gle) = eI (TY/20%()TY/2 1 pa(ey 99 (e) € R® parametrize gravity sector

2
. . vp= II iy vy @e= 3 dim®)e PR Zyp (g(e)ne) T
YMW|th9CIYv ejSU(N). L Bl g(e) g(e) Relrrep(G) ( )
[ . I oI I i
95,p; gle) = 72 (OT LT pI(e) g7 (e) € RY™ parametrize YM sector

h -t v)é v A _1 ; )0 »
Fermions: [Y¢) = ®v,ae RéAw oAy or Pr0)=]Je " YA, Ca,u ()04, (V)

€av.€an

v

¢(v), ¢(v) parametrize fermions sector




Coherent States

vg= I vge) Pg(e) (WD) = > @e+ e et/ 2 (gen(e) )
Gravity: e€E(y) W u N u Je€Zy /20U{0}
0),.p§ gle) = eI (TY/20%()TY/2 1 pa(ey 99 (e) € R® parametrize gravity sector

2
. . vp= II iy vy @e= 3 dim®)e PR Zyp (g(e)ne) T
YMW|th9CIYv ejSU(N). L Bl g(e) g(e) Relrrep(G) ( )
[ . I oI I i
95,p; gle) = 72 (OT LT pI(e) g7 (e) € RY™ parametrize YM sector

CLEa )04, : _1 Ea (v v
Fermions: W?) =®y,a,pe FoAV 04,0 )IO), or 1/;2(0) =He 7 lAwCAL(04 (V)

€av.€an

v

¢(v), ¢(v) parametrize fermions sector

. 3 zr(v) g r Lz (v)ap(v)f
. = 289y, - v 0
Scalar fields: ar()¥:) vh =), l) ]‘,_,‘[e o)
o (v) ! [¢r(v) — in" (v)] parametrize scalar sector
Zr(V) = —= r(V) —m (v
V2 P




Properties of Coherent States

* Coherent states in H1 :tensor product over all sectors:
1/1% = w;” ® ng ® 1/;? ® w?, Z = (g,9,¢, #) : parametrization of gravity+matter phase space

* Normalized coherent states: Pl =l /|0
® Qverlapping function:
Woltlh) = ug)w(g) et Ko@) gz K020 019)

ok So[TT @@= 3TT T )= 4T @EW)] F Sy [Tz =z 2(0) = § 2/ ()2 (v)]

e % satisfies the over-completeness relation

_ d2z,
[zl = 1. az =TTagte) [Tdge) [T Can(v)dcan () [T .
e e v,A,v v,T
® gauge transformation
W = Y, wé - wéu, where g%(e) = us_(i)g(e)ut(e% g(e) = 73_(16)2('3)%(6)
YE = P, where ¢“(v) = (uz ' ® Ry (uy')) ¢(v).
Wl — gl where  2%(v) = Rs(u, 1)z (v).

e Gauge invariant coherent states \II[FLZ] € H., are defined by group averaging

Uiy = / 1 dumo)dpm(we) v, where z* = (g%, g% ¢",2").
(SU@)xa) VNl vEV()



Hamiltonian operator

Gravity sector:

Quantizing sgn(e)

Cuw

and sgn(e) with Thiemann'’s trick:

4 11151 2 - - 1 -
i e D DI U T o C O A LI CHIAeO] LGRSO R
ipEn P s1,s9,s3==%1

B2 . 2A . N i N
Cro+—Vo, K=_—3 S Cows D, W

= 00,1; + )
2 vEV () vEV ()

8
= — > s1s98g eT11213

” (weg)?’ 81,80, ag=1

Tr(fz(ewlsl>[ﬁ(ev;1151>‘1, K] hev;ysp) [levirysy) ™ K] hlenrgsy) [Alewirz5) " Vo )

We need to quantize sgn(e)C and sgn(e)Cq = 2sgn(e)C; el for all matter sectors!

Giesel and Thiemann 06, 07

10



Hamiltonian operator

Scalar field as an example:

. .. 3 S
R, (hey)) ¢ (tewy)) — 6 (v) = 5% p(0) m“mmmgﬂﬁd”*n“”
sgn(e)C¥ [ZSin—e(:zq)}Jr L sgn(e),/det (q)

Esgn(e)\/m i (D]¢)T+ Ui(9) +[ det (q)
1 A v v
() e e

V(v)

U2(4)

Vector part:

) C. ) o
sgn(e)Co = 2sgn(e)Cjel me]m"eabce%e;. Ca,w = <Z4 52> Z 515283€0pce”

"G eurmen) G O3 (e
515253
We then define

0t = (B) o+ 1 (B) 5 T Sastomadton (4550) (4560)

s18253 j,k
+ (sgn(@)V), U1 (9) + Vul2(d)

— 9 x 16
(o), = - ( o )
P

Z 515‘2535”kTr(Q2/3<Ev,151)QZ/B(Cu,jEQ)Qi/ﬁ(ew.k53))

s15283
. . Ro) 4 . @) __(1sx6a ke s 4 .
C}Ss v = 77(”)6;'75 )¢(U) with: ( v 9,53 51522:53 515283 lg:k‘ Tr [Ql/3<eL.L51)QI/S(Ev,]sg)Ql/S(EL kad)}
— 2 82 ; R R .
@), = 5 2 515253675 T1 [ Q1 (€usio )01 (Cussen) Q1 (Cuibag )|
P s1s983

~ 2 . — N - - T “ N _ N
0% (e) = iTr (7%(5) [h(e) S vﬂ), Sy (e) = Qg(e)? = —ih(e) [h(e) S v[]
essentially self-adjoint operators [Sahlmann and Thiemann, 02']



Hamiltonian operator

Apply to YM and Fermions: we get

AY M

C’H

AY M 2

oMo~ =
isj Q2

YM

k
3 R R 3 N N
X = (w B,) 5 (za&(vm;/z(emw)) <Z Q:/z(ew,>s,x,<v>).
P spsgs3 \i=1 =1

1 — AV M AY M
= oo, (CE + R )

N N N R +
Tr [T h(twsje; hag)| $1X5 (0) + 56 X5 @) Tr [T i ksy,)
J k J
2

i . ) P . )
e ST T (T hawstey)) O ja(Cuiin)) Q82 (Cuiie ) Tr (TF h(@uimer nen))

dymon

12



Hamiltonian operator

Apply to YM and Fermions: we get

YM

Fermions:

A 1 — N
ey = gpeen(e), (CEY +CpY)
) ok . t
T [T7i@wigogrs) | 56 X5 (@) + 5k X5 (0)Tr [T Alasjs; ks,
=g ;
k
3

3
) (Z&X (v)QF )2 (evsis; ) <Z Q?/z@vus,)ﬁi““)) ,
515253 =1

oYM 2

i=1

i . ) P . )
o ﬁ2> 3OS S T (T hawste))) Q2 (Cuiin)) Q2 (Cuiie ) Tr (TF h(@uimem nen))

s15253 ikl dom,n

éf:(sgr‘l/(e)) a8 S > {X’ v)( D (evijs;) + BV (evjs;)

s18283 J

2 - R N N - i(B%+1) - ¢
+ 2z T (7" hewsse;) [teuss; ) R]) {aabe*(v>e(v>A+ 4447544476abca*(v>—5—e(v>} )}

Cfy == 5P(eussy)
9(e) = 8" (v) T-h(e)R; (b)) 8 (t(e)) = 8" (1)) Ry (h(e)™) o)™ T-b(v),
2(e) = 0" () h(e) Ry (fz<e>) 0.1(e)) = 0" 1)) By (B(e) ™) hte) 1 0(v)

P (e) = 67 (t(e)) h(e) ™" —h(e)f} (t(e)) — 6T (v) %é (v).

12



Physical Hamiltonian: Summary

® Scalar and Vector part of Hamiltnian
C, = CCELEYM L CF L O3,
Cow = CORLGYM L GF 465

® Physical Hamiltonian

3
° Brown-Kuchardust H= > H,, H,=,||C2— % >ocz,
a=1

veEV (y)
® Gaussiandust H= > H,, H,=0C,
veEV ()
* self-adjoint non-graph changing Hamiltonian H =~ H,:
veV (7)
® Brown-Kuchar dust
N N N 1/4 N PN 1. . N
Hy = [N @)V )] ", M) = EfC - 12 Gl Ca
a=1
® Gaussian dust
. 1. .
_ 1At
=5 [cv +CU}

® Coherent state expectation value
(H) = (VL [H|UY) = H(Z,Z) + O(h)

Giesel and Thiemann 06, 07, Thiemann 20,

13



Coherent State Path Integral and EoM

Transition amplitude of gauge invariant coherent states (labeled by gauge orbit [Z], [Z'])

[N
Az 121 = (¥iz)| exp [ETH] [wi,n)

Han,HL,19
® Discretize and insert N+1 overcompleteness relations (u € SU(2) x G)
. i P Y
Az = /du <¢Z‘ [GE‘STH] 9% ru),
A s
- [au] IT a2 W50 0 e TCE e b SO

LSTH

(B, e |G W (W)
® A pathintegral formula:

N+1
Az iz = [T az: viz) 54"
i=1

" . o . Eit1,i (6—7> higher order terms in O(é7)
e “effective action” S[g, h] up to O(é7) is given by h

N+1 H|vy
S[Z,u] = Z K(zl+17z)+1257 # Y (ﬁ) )
=T | W, 9 h
with .
K(Zit1,2Z:) :; Z K(giv1,9:) + Z 2Q27( 1+179 )+ Z |:Zz+l(7’>zz(v) - 7z@+1(v)zl+1(v - 721(1))21(71)
e€E(y) €€F(’Y) vEV(7)
+ Y (a6 - 800 - 3006w Lattice field theory

veV ()



Semi-classical Limit and effctive EoM

® Discrete Path integral

Ay = B[] [ o TT aze sz eS"20m, p(z,0) = vizgeS" 12
. i=1

oo
where S[Z,u] = Z RSz, u] =: S°[Z,u] + S"[Z, u]. S°[Z, u] is the semi-classical limit of S and S™ contains all
i=0
quantum corrections (ignore 0(67—2) terms).

® h < 1,Hormander’s theorem applicable: tormanders3, Theorem 7.7.5

01/ —Ll g1
‘/K F(a)etS @R gy _ (15 (0) /R [det (mﬂ C S () Lef (w0)

< c(n)k sup | D™
2mik = SOm” 3. suw|D|

|| <2k

® Amplitude is dominated by critical points satisfying semiclassical EoMs: §7.S(Z,u) = §,5(Z,u) =0
* Expansion of S to get S° requires semiclassical expansion of volume operator:

2k+1 Ao n
- A (1-gq)--(n-144q) Q; k41
Vi = (@ |1+ X (-t d St - 1) [ omt,
= g RE
AN AN 312 ) _
one have <Q ) = (Qv> [] + 872N(N — 1)] in cosmology. Giesel and Thiemann 06, Dapor and Liegener 17
P

* Weneed V> lg in semi-classical limit, otherwise semi-classical expansion breaks down

15



Semi-classical EOM

The variation respect to Z; = (gi,gi, zi, % ,CA,v,i) gives

a? 9;(v) Wy, 195, _

For:=1,---,N,ateveryv € V Fori=2,--- N + 1,ateveryv € V(v
’Y .
GR: O(K (Zisr, Z) + K (Zi Zioy)) _ _in 0 o, [HlWG) (K (Zi, Zioa) + K (Zioa, Zin)) _in
91(&) > gi (et O™ dres(v) C @ 0a(v) (W TvE) o€ (v)
YM: O (Zis1, 20) + K(Z0,Zia) _ _yion 0 WoisWVE) | 0020, 200) + K (Zir, Zi0))
0,00) > g, O" 7€, (v) 9e.(0) (0%, 19%,) 578, (1)
Scalar: [ ) — 2 ()] o W, EWE) (27 (v) = 27—, ()]
| CEOREC) W7y, MYz}
)W) o 0z (v) (W, 19% 57
Fermions: (At ) = Cawa@)] _, 0 W ARE) [Cawisr() = Cana@)] _
Canni (), i (0) ot Cawi(v) (W 1vE) o7

The variation with respect to u € SU(2) x G leads to the closure condition for inital data

0= 3 HEO- X A (00) KO - ol @ Cw)

e,s(e)=v e t(e)=v

o:$< S ople— 3 AL (6@) gf<e>>—va)T}z,é(v)—2<v>T§;<v>
e,s(e)=v e t(e)=v

0Caa () (W, 1%



Semi-classical EOM

Fori=1,--- ,N,ateveryv S V(w)

Fori=2,..- N + 1,ateveryv € V(v)

GR: (K (Zigr, Zi) + K (Zi, Zio1)) _
9(0) > ga()est O srei(v)
YM: O (K (Zisy. Zi) + K (Zi, Ziv)) _
5.06) = g ()65 o7, (v)
Scalar: Eaw-=w]
2T, 5 () or
Fermions: [Caviv1(v) = Cawi(v)] _
Canni(®).Eaniv) or

* Right hand side 6, |y, ) ~ Oy, [¥% ): (

o Wh, M) (W

(fiOp) = [(e —

Zit1

0Cai(0) W, 19%)

|HOf ”)sz <¢Z +1W}Z ) —

L), (el —LT), (2]

I, 0K (ZiZio) 4 K (Zioa, Zia)) _in o (W IHIE )
R 57 (v) a? 9&;(v) (v, | wh, )
<‘“Z»+1 \ﬁlw’}j 0K (20 Zion) + K(Zioa, Zion)) _, o o (v HWE )
_ — 2 i it
" WE,,, 195 672, () 9E,(v) W%, 105, )
(W, M) ) -z, )] o WhHIEWE )
=i
i | V%) ot 9z (v) (W, 1w, )
<'U"JE;+1 ‘ﬁw%z> [Cavit1(v) = Cawi(v)] _ 9 <?i’gl‘ﬁ"‘j'}%‘71>
ST T awi(v) W [VE )

f a1, € —0a.0]

W, HlL ) @wh , 10;@)I¥h,)

Zit1

on.0) W, 195

W5, W52

Always finite for arbitrarily small 57

¢ Left hand side must admit approximations Z; — Z(7) which are differentiable in 7 to be finite for

arbitrary small 7. Otherwise no solution!

Therefore for all solutions, we can take the time continuous limit

17



Continuum time EoM

® Taking the time-continuum limit 67 — 0:
* Left hand sides 2 (K (Zixr, ) + K (Zi, Ziza))
070Z;(v)

® Matrix elements of H (hard to compute) are reduced to expectation values of H (easier to compute). We have

(H) =H+ O(h)
¢ Continuum EoMs

dple) O miy)
® Gravity sector: dr —pP(po)| 9P “ “ Han, HL, 19,20
2o ) )

20(e) V21N IVz

become time derivative.

dr

(W )

dn” a koA
@) (D |H|PY) Han, HL, 21

dp(e) 9 ) ()
® YMsector: ( dﬁ(e) )=P(p79) a%(e.) zHlvz
06(e)

TR F). 0
(W7 |HPz),

dr
d¢"(v) D

dr ~ 9n7(v) dr _é)(ﬁ"(v)

: Lo dan®) 0 opmony dCaw() 8 an
® Fermions sector: == L(')EA.V(“) (Dl |H|DY) 5 = Lé)CA.V(v) (b7 H|PZ)
® Effective EoMs is the Hamiltonian flow generated by the classical discrete Hamiltonian:
dZ(v)
= = {1, Z(v)}
-

* Dynamics is uniquely determined by the initial value as integration of ODE systems (with discretization on

the lattice)
* Amplitude A /) will be exponentially suppressed in asymptotic analysis if [Z] and [Z'] are not
connected by the Effective EoMs (Classical forbidden regime):
Complex critical points

® Scalar sector:




Explorer Dynamics: example



Scalar field: Inflationary Cosmology

Considering single real scalar field as matter field + cosmological constant

* Homogeneous and isotropic ansatz in full LQG EOMS oapor and Liegener, 17, Han and HL, 19, 21
2
0%(es(v) = 6% = uBKos?,  p°(ei(v)) = po¢ = 5“2 Pose,
¢(v) = ¢ = ¢o, w(v) =7 = u37ro.
® up-scheme effective dynamics with inflation: (suppose P, > 0)
432 {72;3\/170[-(0 + sin® (BpKo) + A[_L2P0] — sin? (2B Ko)
VPo

l{ﬁ2,u2 Py (ﬂgP(;B — U) s

VP [252 sin (28uKo) — (52 T 1) sin (45/LK0)] +28uby = O,
P 2go —mo =0,  Po*/2U’(¢0) = —270.
® Effective Physical Hamiltonian:
ﬁ =C, = *#3 (BZLWPOI/Q Sin2(5#K0) [*52 + (52 + 1) cos(2BuKo) + 1]

7_‘_2
7—P“"/2(4A +KU(¢0)) — —277 |-
2K 2P;

U(¢o) Starobinsky inflationary potential

R )

19



Problems with 1, Scheme

We have po scheme effective dynamics with inflation! However this introduce problems, due to
the following requirement

® 0 = BKou has to be sufficiently small at late time
in order to approximate the classical theory on the continuum, s.t. sin @ ~ 6

® . can not be too small, otherwise @ will be to small thus breaks the semi-classical limit!

At the end of inflation period T,
Py = 62xT150 and Ko = XexTIE'Ol/Q, Py, K, late time, Py early time

if we set eXT ~ 10%* and x ~ 107%1", sin(BuKo) ~ BuKo requires Bp ~ 2u*Py = 1072012,
too small!

How to make p? scales with Py: similar to fi-scheme?

20



A possible resolution: Dynamical Lattice refinement

Refine the spatial lattice during the time evolution: spacetime lattice, like spinfoam, possible

since we start with discrete path integral.

Yit+1

i

Cosmic Bounce

I‘?l".‘v‘?xvl

Ti+1

e~ FH(Tn—T)

i

Ly

Tyiyimr P Mooy = Hey

Ty, ~;_, :preservesthe
homogeneity and isotropy, and
semi-classical limit of expectation
values: Py, Ko, ¢o, To.

Possible definition of Z.,, ., —on
Fourier space by identifying infrared
mode

Time continuum limit 7 — 0 makes 1 a smooth function of time p; — p(7):

Map from function p(7) to solution space

21



Two possible scheme: (,,;,~scheme and ensemble average scheme

® lmin-Scheme:
choice of p to minimize the discreteness while still validating the semiclassical volume expansion:

UV cut-off A (a small area scale) such that V > A3/2 > 43,
tmin 1S chosen to saturate this UV cut-off

A
#min(T) =\ By Bl ()

such wmin (7) is uniquely defined according to the EoMs.

* Ensemble average scheme:
Ensembles of different lattice §(7) with certain probability distribution B (7), and ensemble average.
B(7) determined by all possible sub-lattices from the most-refined lattice at time 7.

o= { | PBOL] ~ O, 7] = 2hmin

e Scaling invariance is recovered.

Poltmin](7) = aPylimin] (1), 7oltminl (1) = o/ 2x0 minl(r),

b0 [Lminl(T) = bolkminl(T),  G0ltminl(T) = ¢olkminl(T).

similar for the other scheme
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Effective Dynamics

—— Minimum
~—— Average
—— Symmetric

— Unsymmetric

-1.61330x10° -1.61325x10° -1.61320x10°

— Minimum
—— Average
—— Symmetric

— Unsymmetric

~1.6136x10° S16134x10° | —1.6132x10° ~1.6130x10°

(b)
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Effective Dynamics

average Hmin unsymmetric i symmetric
Asymptotic FRW
at late time Yes Yes Yes Yes
Singularity resolution
and bounce Yes Yes Yes Yes
3
Critical density —
16xA (1.6 +3x10-4 ¢O(TB)\/Z)
3 3 16
at the bounce (for B =1) —— — -
232 (B2 + 1) kA 282 (B2 + 1) kA B2AK
dS phase in the
past to the bounce Yes Yes Yes No

24



Linear Cosmological Perturbations from Full Theory

e Linear perturbation of lattice variables 6°(e), p®(e), ¢(v), 7 (v):

0% (er(v)) = p [BKod7 + X (er(v))], p* (er(v))

@(v) = ¢o + dp(v),

e Lattice Fourier transform

VP (r,v) =V*(r,d) =

1

L3
I
Ee(2

2,u,2

=5 Po [67 + Y (ex(v))] ,

a2

7(v) = u® [mo + Sm(v)]

Z e“;'ﬁf/p(‘r, E), o euz.

SENIES
=

e Numerical evaluation of EoMs with background solutions in both scheme

o 2 4 4
v v Vel v IV VY v v
03 03 0008 ( — 8x10"
0.5 1 | 4 —7
04 02 | 02 W 0.03 i 0.006 0.015 0.015 6x10 ’
03| 21 | 0.02 | 0004 0010 0010 40"
o2y 01 f 01 001t 0002 0005 0005 2x10°
0.0 b bV — 0.0 b/ — T 0000 &— 5 0000 0 0.000 = 0 0 —
—16134001613200 —-16134001613200 —16134001613200 —16134001613200 -16x10 -16x10 -16x10 16x10
5 6 7 5
vl Ivel v Ive| [V [V v v
0.020 0.06 " 0.100 0.100 8><10:Y 0.0006 8x10” exag”
0.015 0.04 0.075 0.075 6><1077 0.0004 6x10 4)(10,,
0.010 0.050 A 0.050 1 4x10 | 00002 4x10 ,
0.005 002 0.025 0.025 2x10 ’ 2x10 2x10
0.000 000l L 0.000 b1 0.000 b= 0 — 5 00000 ° 0 — 0 0t —
—16134001613200 —-16134001613200 —16134001613200 —16134001613200 16x10 -16x10 -16x10 -16x10
9 5ol
%l 50| hal | 3¢l
0.06 0.04 1 (\ 0.0006 0.0008
0.03F/ 0.0006
\ 0.0004
0.04 \ 0.02 ! 0.0004
0.02 001} |/ 00002 00002
0.00 N 0.00 1V 0.0000 ~ 5 0.0000 = 5
—16134001613200 —-16134001613200 -16x10 -16x10
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Fermions Field

Massless fermions field on cosmological background:
Fermions are quadratic - no coupling between linear cosmological perturbations and fermions

® Effective EOMS (in lattice Fourier modes)

d@T(E) iGT(E) X . N BrK, ko sin(28uKop)
. = Vi _7:12,23 (sm (pk]) oj cos(BuKo) + cos (,ukj) sin ( 5 0 )) + B 2 " 0

¢ In flat spacetime limit Ko — 0, Py — const
daot(8) ot (k) ) .
Tar " v, o, (o () )

j=1,2,3

® 7 Doublers! (same propagator as in lattice field theory with time continuum limit):
1

<k0 +2-1,2,3 MUJ

7 extra pole except p = 0 due to periodicity of sin function at the Brillouin zone boundary

Dp =

26



Fermions Field

Remove the doubler:

e Add Wilson terms/Ginsparg-Wilson fermions : explicit breaking of chiral symmetry

) = CF(@J(%) S S 3 {wav 2H (€uise )}
518283 J
He) = 0T @Ry (he) 0 (te) + 07 (t(e) Ry (h(e)™") h(e) " 8(v) — 207 (1) 0 (v)
DF: !

s.t. ” . sin(pkd
(ko + (1 = cos(uk?)) + 30,y 55 ol )aj>

M

* Ensemble average (implicit breaking of chiral symmetry?):

Ensembles of different lattice {x} with certain probability distribution 3(1.), and ensemble average
—working in progress

o= DB (1)O[u]
{n}
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A package For semi-classical evaluation

® Fast analytic evaluation of semi-classical Hamiltonian with the help of SymPy and SymEngine:
Some Benchmarks with general holonomy h(e; s) 4 5 and flux p®(e;,s) on single thread of Epyc 7742 at
3.4Ghz:

® Euclidean Hamiltonian takes only seconds
® Extrinsic curvature K, = Z{Cg(v), V(v')} takes around 1 min (with 54144 different terms as f (p, h))
’U/
® Thiemann's Lorentzian Hamiltonian 10 min (with millon’s of different terms)
Previous calculation takes several days with 40 cores on the same server
e Substitution of arbitrary ansatz for flux and connections possible. With very fast series expansion and

multi-threads support

® Code generation and Julia interface with Differentialequations.jl wifreqscmia) for numerical
evaluation of the EoMs (as ODEs)
examples: cosmology and cosmological perturbations
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Conclusion

We have present a path integral formulation of LQG transition amplitude with matter
couplings (YM, Fermions and scalar fields)

* We compute its semi-classical limit and derive the effective equations of motion
The semiclassical-continuum limit reproduces the classical gravity-dust-matter theory

A framework for evaluation of semiclassical dynamics of full LQG with matter fields
Python/Julia based, both analytical and numerical

Extend single fixed lattice to ensembles of lattices: dynamical lattice refinement and
ensemble average
ii-scheme like dynamics in cosmology
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Outlook: full quantum evaluation: numerical package

* Quantum regime where Q ~ [
semiclassical expansion of volume operator not applicable Q ~ 113,:

2k+41 _ i (n— A2 n
VA= (G, |14 3 (-t q(1 —q) '( 1+4q) <<5u>2 _ 1) ] +omFtY
ne1 n! v

Hard to keep track of all corrections and sub-dominate critical points on Lefschetz thimble

o A calculation framework:as general as possible (arbitrary valent spin-networks) — working in progress

Coherent states

Spin network states - in spin-network rep
spins+intertwiners Volume Matrix elements Hamiltonian operator for given p, contributions
as metadata spectral theorem recoupling + graph operation from j > ‘A negligible
+ Networkx/MetaGraphs.jl soft spin cjt off A;
i
v " |0v
144 3
» ; o
10 ‘
¥ [
8| :
| | q
4| \\ -
2|
2| Quantum Semi-classical
Perturbation method applicable 2
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Thank you for your attention!
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