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Part I: 
GFT intro



Group field theories
(Boulatov, Ooguri, De Pietri, Freidel, Krasnov, Rovelli, Perez, DO, Livine, Baratin, Ryan, ……)

QFT of spacetime, not defined on spacetime a QFT for the building blocks of (quantum) space



Group field theories

' : G⇥d ! CQuantum field theories over group manifold  G (or corresponding Lie algebra)

relevant classical phase space for “GFT quanta”: (T ⇤G)⇥d ' (g⇥G)⇥d

can reduce to subspaces in specific models depending on conditions on the field

'(g1, g2, g3, g4)$ '(B1, B2, B3, B4)! Cexample: d=4

d is dimension of  “spacetime-to-be”; for gravity models, G = local gauge group of gravity (e.g. Lorentz group)
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can reduce to subspaces in specific models depending on conditions on the field

'(g1, g2, g3, g4)$ '(B1, B2, B3, B4)! Cexample: d=4

d is dimension of  “spacetime-to-be”; for gravity models, G = local gauge group of gravity (e.g. Lorentz group)

can be defined for any (Lie) group and dimension d, any signature, .....

very general framework; interest rests on specific models/use 
(most interesting QG models are for Lorentz group in 4d)

(Boulatov, Ooguri, De Pietri, Freidel, Krasnov, Rovelli, Perez, DO, Livine, Baratin, Ryan, ……)

QFT of spacetime, not defined on spacetime a QFT for the building blocks of (quantum) space



GFT “atom of space” (quantum geometric models)

b b

b

b

1

2

3

4

NElementary building block of 3d space: single polyhedron - simplest example: a tetrahedron

Classical geometry in group-theoretic variables

4 vectors normal to triangles that close (lying in hypersurface with normal N)
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Hilbert space

Quantum geometry in group-theoretic variables

Hv = L2
�
Gd; dµHaar

�

+ constraints on states

BIJ
i ! ĴIJ 2 so(3, 1) bJ

i ! Ĵ i
N 2 su(2)

Hilbert space of spin network vertex

equivalently, in flux/Lie algebra variables:

Hv = L2
?

�
gd; dµLeb

�

<latexit sha1_base64="iGmhs2MPaOXbgGOQgGkq2t7ZBLM="></latexit>



GFT dynamics of quantum space
Dynamics governs gluing processes and formation of extended discrete structures


Interactions processes correspond to (simplicial) complexes in one dimension higher 

DO, ’09; DO, ‘14



GFT dynamics of quantum space
Dynamics governs gluing processes and formation of extended discrete structures
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Figure 1: GFT propagator and vertex

2.2 Non-commutative Fourier transform and bivector formulation

The simplicial geometry encoded in the model (5) is best understood in a dual formulation,
coined ‘metric representation’ in [21], obtained by a group Fourier transform of the field. The
relevant Fourier transform here is the obvious extension of the non-commutative SO(3) Fourier
transform [33, 34, 35] to the group [SO(3)⇤ SO(3)]4:

⇤⇤(x1, · · · x4) :=
⇥

[dgi]4 ⇤(g1, · · · g4) eiTrx1g1 · · · eiTrx4g4 (7)

The variables xi belong to the Lie algebra so(4) = su(2) ⌅ su(2). The kernel of the Fourier
transform is a product of ‘plane waves’ Eg(x) = eiTrxg, where the trace Tr is defined in terms of
the usual trace of 2⇤ 2 matrices1 as Trxg=

�
± ⇥g±tr[x±g±] with ⇥g±=sign(trg±). Thus Eg(x)

is itself a product of two SO(3) plane waves eg±(x±) :=ei�g±trx±g± . The plane waves satisfy the
properties: ⇥

d6x Eg(x) = �(g), Eg-1(x) = Eg(�x) (8)

1Let ⇧j be i times the Pauli matrices, then tr⇧i⇧j =��ij . Given and SU(2) element u=e�nj⇥j parametrized by
the angle ⇤ ⇤ [0, ⌅] and the unit R3-vector ⌦n and a=aj⇧j in the algebra su(2), we thus have tr[au]=� sin ⇤⌦n · ⌦a.
Also ⇥u :=sign(tru)=sign(cos ⇤).

5

Example: simplicial interactions

GFT interactions = fundamental 
polyhedra ("atoms of space") glue 
to form (boundary of) fundamental 
"spacetime" cell (i.e. building block 
of discrete spacetime)  

GFT propagator = gluing rule 
for pairs of fundamental 
spacetime cells across faces

DO, ’09; DO, ‘14
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Interactions processes correspond to (simplicial) complexes in one dimension higher 

details depend on (class of) models

S(',') =
1
2

Z
[dgi]'(gi)K(gi)'(gi) +

�

D!

Z
[dgia]'(gi1)....'(ḡiD)V(gia, ḡiD) + c.c.

“combinatorial non-locality”

in pairing of field arguments

Z =
Z
D'D' ei S�(',') =

X

�

�N�

sym(�)
A�

Feynman diagrams = stranded diagrams dual 
to cellular complexes of arbitrary topology 

sum over triangulations/complexes amplitude for each 
triangulation/complex

DO, ’09; DO, ‘14



GFT and random Tensor Models
(Ambjorn, Jonsson, Durhuus, Sasakura, …, Gurau, Rivasseau, Bonzom, Tanasa, Benedetti, Ryan, …..)

Tensor models
Lie group replaced by finite group or finite set; field remains tensor; combinatorics unchanged

example: d=3 Tijk : Z⇥3
N ! C

Tijk : X⇥3 ! C X = 1, 2, ..., N'(g1, g2, g3) : G
⇥3 ! C

S(T ) =
1
2

X

i,j,k

TijkTkji �
�

4!
p

N3

X

ijklmn

TijkTklmTmjnTnli

Quantum dynamics (purely combinatorial):

Z =
Z
DT e�S(T,�) =

X

�

�V�

sym(�)
Z� =

X

�

�V�

sym(�)
NF�� 3

2 V�

can be recast in terms of Regge action for gravity discretised on equilateral triangulation
equivalent to (generating functional for) dynamical triangulations framework
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Tensorial group field theories

Built on unitary (or orthogonal) invariance of the action (dictates interaction terms to be “colored bubbles”)

A class of dynamical models with gauge symmetry
General properties of amplitudes

Multi-scale analysis
Application to U(1), d = 4 models

Graphs

The amplitudes are indexed by (d + 1)-colored graphs, obtained by
connecting d-bubble vertices through propagators (dotted, color-0 lines).
Example: 4-point graph with 3 vertices and 6 (internal) lines.

Nomenclature:
L(G) = set of (dotted) lines of a graph G.
Face of color (0�) = connected set of (alternating) color-0 and color-� lines.
Fint(G) (resp. Fext(G)) = set of internal (resp. external) i.e. closed (resp.
open) faces of G.

Sylvain Carrozza Renormalization of Tensorial Group Field Theories: U(1) Models in Four Dimensions

A class of dynamical models with gauge symmetry
General properties of amplitudes

Multi-scale analysis
Application to U(1), d = 4 models

Locality as tensor invariance

Assume S is a tensor invariant, because:
combinatorial control over topologies
analytical tool: 1/N expansion
universal properties

More precisely, assume S to be a finite sum of connected tensor
invariants, indexed by d-colored graphs (d-bubble):

S(�,�) =
�

b�B

tbIb(�,�) .

d-colored graphs are regular (valency d), bipartite,
edge-colored graphs.
Correspondence with tensor invariants:

white (resp. black) dot � field (resp. complex
conjugate field);
edge of color ⌅ � convolution of ⌅-th indices of �
and �.

�
[dgi ]

12�(g1, g2, g3, g4)�(g1, g2, g3, g5)�(g8, g7, g6, g5)

�(g8, g9, g10, g11)�(g12, g9, g10, g11)�(g12, g7, g6, g4)

Sylvain Carrozza Renormalization of Tensorial Group Field Theories: U(1) Models in Four Dimensions

tensorial nature of field is given central role

U^d tranformations



GFT and random Tensor Models
(Ambjorn, Jonsson, Durhuus, Sasakura, …, Gurau, Rivasseau, Bonzom, Tanasa, Benedetti, Ryan, …..)
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most (combinatorial) results of tensor models also apply to GFTs, e.g.:

• use of colors (colored tensors) to encode topology (2-complex not enough)

•    large-N expansion

• double scaling

• universality of random tensors

• Virasoro algebra from SD equations

...........
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(Every PL d-pseudomanifold M can be 
represented by a (d+1)-colored graph G) 

arguably needed also in spin foam models

4

Face gluing

Propagator

3-gem

FIG. 2. A gluing using a colored propagator.

III. A SURVEY OF GRAPH-EMBEDDED MANIFOLDS RESULTS

In this section we review some basic results in the field of 3-gems and make a dictionary between the two literatures,
as colored group field theory can gain much from the results obtained in all the years of research in such field.

Let � be a finite, edge-colored graph, parallel edges allowed. A k-residue of �, k ⇥ N is a connected compo-
nent of subgraph of � induced by k color classes (this is what in colored group field theory are called bubbles). These
graphs represent a piecewice linear manifold in the following sense (a pseudo-complex) [18]. A n-regular n-colored
graph is a couple (�, �)n where n denotes its degree. To a couple (�, �)n+1 there is an associated pseudo-complex
K(�) given by the following construction. Take an n-simplex ⇥n for each V (�) and label its vertices ⇥n. If x,y in
V (�) are joined by an edge, then attach the (n�1)-faces of their associated simplices. This is the same interpretation
given to attaching faces of n-simplices in a n-dimensional group field theory. We denote |�| the pseudo-complex
associated with the colored graph �.

Lemma 1 For any PL n-manifold M there exist a (n+1)-graph � such that |�| � M.

We now restrict to the case of 3-dimensions and list some of the basic results[15].

Let � be a 4-edge-colored 4-graph and denote by v, e, b, t respectively the number of vertices (0-residues), edges
(1-residues), 2-residues and 3-residues.

Definition A 3-gem (a 3 graph-embedded manifold) is a 4-regular properly edge-colored graph such that

v + t = b (5)

A 4-regular properly edge-colored graph for which (5) does not apply is called 3-gepm (a 3 graph-embedded pseudo-
manifold).

Lemma 2 A necessary and su⌅cient condition for the graph (�, �)4 to represent a manifold, is to meet the re-
lation between its 2- and 3- residues (read as it 2- and 3- colored bubbles) and the number of vertices (read as the
perturbative order) v + t = b.

This Lemma clarifies the reason why 3-gems have to satisfy the relation (5). Let now introduce few definitions
which will turn useful later[18]:
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   Group Field Theory: crossroad of QG formalisms
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Triangulations



GFT and Loop Quantum Gravity
GFT Fock space: many-body Hilbert space for “quantum space”

3

triangulations (quantum gravity as a sum over random lattices) [8] and the main idea of quantum
Regge calculus[6] (quantum gravity as a sum over geometric data assigned to a give lattice).

In the following we will highlight structures and concepts shared with other ways of doing loop
quantum gravity, as well as points of departure and new concepts brought in by the GFT refor-
mulation. We will also discuss how GFTs cast the problem of defining a background independent
theory of quantum gravity based on LQG ideas in a more or less standard QFT language. This
allows the use of several powerful tools, to realise concretely the suggestive notion of ‘atoms of
quantum space’and to treat spacetime, indeed, like a condensed matter (or many-atom) quantum
system, suggesting new lines of developments.

GFT KINEMATICS: HILBERT SPACE AND OBSERVABLES

Fock space of quantum states - The Hilbert space of states for single-field GFTs is a
Fock space built out of a fundamental ‘single-atom’ Hilbert space Hv = L

2(G⇥d): F(Hv) =
L

1

V=0 sym

n⇣
H(1)

v ⌦H(2)
v ⌦ · · ·⌦H(V )

v

⌘o
, where sym indicates symmetrisation with respect to

the permutation group SV [16]. This encodes a bosonic statistics for field operators (other possibil-
ities can be considered [17, 18], but they have not been used in the spin foam and LQG context):

h
'̂(~g) , '̂†(~g0)

i
= IG(~g,~g0)

⇥
'̂(~g) , '̂(~g0)

⇤
=

h
'̂
†(~g) , '̂†(~g0)

i
= 0 (3)

where IG(~g,~g0) ⌘
Qd

i=1 �(gi(g
0

i)
�1), and we used the notation ~g = (g1, .., gd).

In quantum gravity models the group G is chosen to be the local gauge group of gravity in the
appropriate space-time dimension and signature, i.e. G = SU(2), SL(2,R) in 3 dimensions and
G = Spin(4), SL(2,C) in dimension 4 (or their rotation subgroup SU(2), in order to connect with
LQG).

Each Hilbert space Hv provides the space of states of a single ”quantum” of the GFT field, a
quantum gravity ‘atom’. It can be understood as a fundamental spin network vertex, represented
by a node with d outgoing links (ending up in 1-valent nodes), labelled by group elements, or as
a 3-cell (polyhedron) with d boundary faces. This just a pictorial representation. Whether the
states represent quantum gravity spin network vertices or geometric polyhedra depends on the
type of data they carry and the dynamics they satisfy. For G = SU(2), and with the closure
condition '(gI) = '(hgI) 8h 2 G imposed on the fields, however, the polyhedral interpretation
is justified and the same is true for G = SL(2,C) and G = Spin(4) with simplicity constraints and
closure conditions correctly imposed. In particular, for d = 4, the GFT quanta represent quantum
tetrahedra, about which a lot is known in the spin foam literature [19]. In this last case, the basic
Hilbert space is Hv =

L
Ji2N/2 Inv

�
HJ1 ⌦ ...⌦HJ4

�
, where each HJi is the Hilbert space of an

irreducible unitary representation of SU(2) labeled by the half-integer Ji.

Quantum observables - Kinematical observables are functionals of the field operators O
�
'̂, '̂

†
�
.

Of special importance are polynomial observables, whose evaluation in the vacuum state defines
to GFT n-point functions[20]. Any convolution of a finite number of GFT field operators with
appropriate kernels would define one such observable, as in any quantum field theory. The pecu-
liarity of GFTs, with respect to ordinary QFTs, is the possibility for these kernels to have a richer
combinatorial structure, involving a non-local pairing of field arguments, i.e. relating only a subset
of the d arguments of a given GFT field with a subset of the arguments of a di↵erent one. Of
particular interest for LQG are ‘spin network observables’:
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triangulations (quantum gravity as a sum over random lattices) [8] and the main idea of quantum
Regge calculus[6] (quantum gravity as a sum over geometric data assigned to a give lattice).

In the following we will highlight structures and concepts shared with other ways of doing loop
quantum gravity, as well as points of departure and new concepts brought in by the GFT refor-
mulation. We will also discuss how GFTs cast the problem of defining a background independent
theory of quantum gravity based on LQG ideas in a more or less standard QFT language. This
allows the use of several powerful tools, to realise concretely the suggestive notion of ‘atoms of
quantum space’and to treat spacetime, indeed, like a condensed matter (or many-atom) quantum
system, suggesting new lines of developments.

GFT KINEMATICS: HILBERT SPACE AND OBSERVABLES

Fock space of quantum states - The Hilbert space of states for single-field GFTs is a
Fock space built out of a fundamental ‘single-atom’ Hilbert space Hv = L

2(G⇥d): F(Hv) =
L

1
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n⇣
H(1)

v ⌦H(2)
v ⌦ · · ·⌦H(V )

v

⌘o
, where sym indicates symmetrisation with respect to

the permutation group SV [16]. This encodes a bosonic statistics for field operators (other possibil-
ities can be considered [17, 18], but they have not been used in the spin foam and LQG context):
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�1), and we used the notation ~g = (g1, .., gd).

In quantum gravity models the group G is chosen to be the local gauge group of gravity in the
appropriate space-time dimension and signature, i.e. G = SU(2), SL(2,R) in 3 dimensions and
G = Spin(4), SL(2,C) in dimension 4 (or their rotation subgroup SU(2), in order to connect with
LQG).

Each Hilbert space Hv provides the space of states of a single ”quantum” of the GFT field, a
quantum gravity ‘atom’. It can be understood as a fundamental spin network vertex, represented
by a node with d outgoing links (ending up in 1-valent nodes), labelled by group elements, or as
a 3-cell (polyhedron) with d boundary faces. This just a pictorial representation. Whether the
states represent quantum gravity spin network vertices or geometric polyhedra depends on the
type of data they carry and the dynamics they satisfy. For G = SU(2), and with the closure
condition '(gI) = '(hgI) 8h 2 G imposed on the fields, however, the polyhedral interpretation
is justified and the same is true for G = SL(2,C) and G = Spin(4) with simplicity constraints and
closure conditions correctly imposed. In particular, for d = 4, the GFT quanta represent quantum
tetrahedra, about which a lot is known in the spin foam literature [19]. In this last case, the basic
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gravity atom’ corresponding to a Hilbert space Hv = L
2
�
G

⇥d
/G

�
. An orthonormal basis  ~�(~g) in

each Hv is given by the spin network wave functions for individual spin network vertices (labelled
by spins and angular momentum projections associated to their d open edges, and intertwiner
quantum numbers):
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⌘
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The Hilbert space is then extended to include arbitrary numbers of QG atoms HGFT =L
1

V=0HV and can be turned into a Fock space by standard methods [16] introducing the fun-
damental GFT field operators
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satisfying the commutation relations introduced above. The choice of bosonic statistics, we stress
again, is, at this stage, an assumption to be better justified. Acting on the Fock vacuum, these
operators generate the GFT Fock space already introduced.

Similarly, quantum observables can be turned from 1st quantised operators (i.e. operators act-
ing on the many-atom Hilbert spaces HV ) to 2nd quantised operators on the Fock space, following
again standard procedures. Given the matrix elements On,m (~�1, ..., ~�m, ~�
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1, ..., ~�
0
n) (or the corre-

spondent functions in the group or flux basis) of the relevant operator \On,m in a basis of open spin
network vertices, take the appropriate convolutions of such functions with creation and annihila-
tion operators, according to which spin network vertices are acted upon by the operator and which
spin network vertices result from the same action, to obtain its 2nd quantized counterpart. The
result will thus be a linear combination of polynomials of creation and annihilation operators, i.e.
of GFT field operators, thus a GFT observable:
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Similarities and di↵erences with the LQG Hilbert space - The kinematical Hilbert space
of GFT is analogous to the one in LQG in the sense that its quantum states are the same type of
functions on group manifolds, associated to graphs, and characterised by the same representation
labels, group or Lie algebra elements. Thus they also encode quantum gravity degrees of freedom in
purely combinatorial and algebraic structures, and we have seen that, when restricting attention to
states associated to the same graph, the corresponding Hilbert spaces actually coincide. However,
there are also key di↵erences. First of all, there is a priori no embedding of GFT states into a
continuous manifold of given topology. Quantum states of the type we considered, thus, can be
associated to abstract graphs, in the spirit of ‘Algebraic LQG’[23]. This means that there is a
priori no action of di↵eomorphisms, nor any knotting degrees of freedom. Thus they also di↵er
from the s-knot states of the di↵eo-invariant Hilbert space of canonical LQG. The only symmetry
follows from choice of quantum statistics, i.e. symmetry under permutations of vertex labellings.
From this point of view, the GFT state space takes the combinatorial and algebraic nature of the
degrees of freedom of quantum space to be fundamental, and no continuum intuition is assumed.
In fact, there is no attempt to define a continuum limit at this kinematical level, if not in the
sense of a limit of infinite number of QG atoms (akin to a thermodynamic limit in condensed
matter). In particular, no cylindrical equivalence among GFT states is imposed, and graph links
labeled with trivial connection or zero representation label are not neglected (as atoms with zero
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LQG Hilbert space from canonical quantum GR: 

H2 = lim
�

S
� H�

⇡
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where  
(�,J

(ab)
(ij) ,◆i)

(Gab
ij ) identifies a spin network functional labelled by a closed graph � with rep-

resentations J (ab)
(ij) associated to the di↵erent edges linking two vertices i and j, and intertwiners ◆i

associated to its vertices; gia (resp. gjb) (with a, b = 1, ..., d) are group elements being the argu-
ments of the field associated to the vertex i (resp. j), so that a pair of indices (a, b) denotes each
of the edges connecting two vertices i and j. The bosonic statistics implies a symmetrisation of
 with respect to permutations of the vertex labels. These observables act on the Fock vacuum
creating a spin network state associated to a graph �.

GFT as 2nd quantised reformulation of the LQG kinematics - We now discuss in more
detail in what sense GFT provides a 2nd quantised formalism for spin networks and how one can
link (a certain version of) canonical LQG and GFT directly, without passing through the spin foam
formulation, but providing in turn a clear link between the latter and canonical LQG. More details
can be found in [16] .

By ‘LQG kinematical Hilbert space’ we intend, here, a Hilbert space constructed out
of states associated to closed graphs and such that, for each graph �, we have H� =

L
2
⇣
G

E
/G

V
, dµ =

QE
e=1 dµ

Haar
e

⌘
(here G = SU(2)), where e are the links of the graph (E is their

total number), with a graph-based scalar product defined the Haar measure on each link µ
Haar
e .

The same Hilbert space can be represented also in the flux basis, via the non-commutative Fourier
transform [21, 22], in terms of functions of Lie algebra elements, that are the natural ‘momen-
tum’ variables for the classical LQG phase space on a given graph: [T ⇤

G]⇥E (before constraints).
The union for all graphs of such Hilbert spaces is, of course, not a Hilbert space. In the LQG
and spin foam literature, one finds di↵erent ways in which these graph-based Hilbert spaces can
be organised to define the Hilbert space of the theory. One is to simply consider the direct sum
over all possible graphs: H1

LQG = ��H� . Another, corresponding to the canonical construction
in the continuum, is to define appropriate equivalence classes for states over di↵erent graphs and
then take the projective limit of infinitely refined graphs: H2

LQG = lim�!1

[�H�

⇡
. Of course, the

two spaces are very di↵erent. The GFT Hilbert space can be understood as a di↵erent proposal
to define a Hilbert space out of a union of the graph-based Hilbert spaces, by ‘decomposing them
into elementary building blocks’.

The basic idea is to consider any wave function in H� , where � is a graph with V nodes, as an

element of HV = L
2
⇣
(G⇥d

/G)⇥V
, dµ =

QV
v=1

Qd
i=1 dµ

v
Haar,i

⌘
, satisfying special restrictions. The

latter space can be understood as the space of V spin network vertices, each possessing d outgoing
open links, and the extra restrictions enforce the gluing of suitable pairs of such open links to form
the links of the graph �. In group space, these extra restrictions are conditions of invariance under
the group action, which can be enforced through projectors. A function  � can be obtained from
a wavefunction �V 2 HV as

 �(G
ab
ij ) =

Y

[(ia),(jb)]

Z

G
d↵

ab
ij �V (. . . , gia ↵

ab
ij , . . . , gjb↵

ab
ij , . . .) =  �(gia(gjb)

�1) , (5)

with the same notation as in 4. This defines an embedding of elements of H� into HV . The same
construction can be phrased in the flux and spin representations. Moreover, the scalar product of
two quantum states in HV associated to the same graph agrees with the one computed in H� (i.e.
the scalar product in HV , once restricted by gluing conditions associated to the graph �, reduces
to the one in H�). This means that H� is embedded faithfully in HV . Obviously HV also contains
states associated to open graphs, that is graphs with some links ending up in 1-valent vertices, i.e.
with links of open spin network vertices not glued to any other.

The physical picture behind HV is that of a ‘many-atom’ Hilbert space, with each ‘quantum
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triangulations (quantum gravity as a sum over random lattices) [8] and the main idea of quantum
Regge calculus[6] (quantum gravity as a sum over geometric data assigned to a give lattice).

In the following we will highlight structures and concepts shared with other ways of doing loop
quantum gravity, as well as points of departure and new concepts brought in by the GFT refor-
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triangulations (quantum gravity as a sum over random lattices) [8] and the main idea of quantum
Regge calculus[6] (quantum gravity as a sum over geometric data assigned to a give lattice).

In the following we will highlight structures and concepts shared with other ways of doing loop
quantum gravity, as well as points of departure and new concepts brought in by the GFT refor-
mulation. We will also discuss how GFTs cast the problem of defining a background independent
theory of quantum gravity based on LQG ideas in a more or less standard QFT language. This
allows the use of several powerful tools, to realise concretely the suggestive notion of ‘atoms of
quantum space’and to treat spacetime, indeed, like a condensed matter (or many-atom) quantum
system, suggesting new lines of developments.

GFT KINEMATICS: HILBERT SPACE AND OBSERVABLES

Fock space of quantum states - The Hilbert space of states for single-field GFTs is a
Fock space built out of a fundamental ‘single-atom’ Hilbert space Hv = L
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the permutation group SV [16]. This encodes a bosonic statistics for field operators (other possibil-
ities can be considered [17, 18], but they have not been used in the spin foam and LQG context):
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to GFT n-point functions[20]. Any convolution of a finite number of GFT field operators with
appropriate kernels would define one such observable, as in any quantum field theory. The pecu-
liarity of GFTs, with respect to ordinary QFTs, is the possibility for these kernels to have a richer
combinatorial structure, involving a non-local pairing of field arguments, i.e. relating only a subset
of the d arguments of a given GFT field with a subset of the arguments of a di↵erent one. Of
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gravity atom’ corresponding to a Hilbert space Hv = L
2
�
G

⇥d
/G

�
. An orthonormal basis  ~�(~g) in

each Hv is given by the spin network wave functions for individual spin network vertices (labelled
by spins and angular momentum projections associated to their d open edges, and intertwiner
quantum numbers):
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"
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#
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J1...Jd,I
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. (6)

The Hilbert space is then extended to include arbitrary numbers of QG atoms HGFT =L
1

V=0HV and can be turned into a Fock space by standard methods [16] introducing the fun-
damental GFT field operators

'̂(g1, .., gd) ⌘ '̂(~g) =
X
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†

~�  
⇤

~�(~g) ,

satisfying the commutation relations introduced above. The choice of bosonic statistics, we stress
again, is, at this stage, an assumption to be better justified. Acting on the Fock vacuum, these
operators generate the GFT Fock space already introduced.

Similarly, quantum observables can be turned from 1st quantised operators (i.e. operators act-
ing on the many-atom Hilbert spaces HV ) to 2nd quantised operators on the Fock space, following
again standard procedures. Given the matrix elements On,m (~�1, ..., ~�m, ~�

0

1, ..., ~�
0
n) (or the corre-

spondent functions in the group or flux basis) of the relevant operator \On,m in a basis of open spin
network vertices, take the appropriate convolutions of such functions with creation and annihila-
tion operators, according to which spin network vertices are acted upon by the operator and which
spin network vertices result from the same action, to obtain its 2nd quantized counterpart. The
result will thus be a linear combination of polynomials of creation and annihilation operators, i.e.
of GFT field operators, thus a GFT observable:
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Similarities and di↵erences with the LQG Hilbert space - The kinematical Hilbert space
of GFT is analogous to the one in LQG in the sense that its quantum states are the same type of
functions on group manifolds, associated to graphs, and characterised by the same representation
labels, group or Lie algebra elements. Thus they also encode quantum gravity degrees of freedom in
purely combinatorial and algebraic structures, and we have seen that, when restricting attention to
states associated to the same graph, the corresponding Hilbert spaces actually coincide. However,
there are also key di↵erences. First of all, there is a priori no embedding of GFT states into a
continuous manifold of given topology. Quantum states of the type we considered, thus, can be
associated to abstract graphs, in the spirit of ‘Algebraic LQG’[23]. This means that there is a
priori no action of di↵eomorphisms, nor any knotting degrees of freedom. Thus they also di↵er
from the s-knot states of the di↵eo-invariant Hilbert space of canonical LQG. The only symmetry
follows from choice of quantum statistics, i.e. symmetry under permutations of vertex labellings.
From this point of view, the GFT state space takes the combinatorial and algebraic nature of the
degrees of freedom of quantum space to be fundamental, and no continuum intuition is assumed.
In fact, there is no attempt to define a continuum limit at this kinematical level, if not in the
sense of a limit of infinite number of QG atoms (akin to a thermodynamic limit in condensed
matter). In particular, no cylindrical equivalence among GFT states is imposed, and graph links
labeled with trivial connection or zero representation label are not neglected (as atoms with zero
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LQG Hilbert space from canonical quantum GR: 

H2 = lim
�

S
� H�

⇡
= L2

�
Ā
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where  
(�,J

(ab)
(ij) ,◆i)

(Gab
ij ) identifies a spin network functional labelled by a closed graph � with rep-

resentations J (ab)
(ij) associated to the di↵erent edges linking two vertices i and j, and intertwiners ◆i

associated to its vertices; gia (resp. gjb) (with a, b = 1, ..., d) are group elements being the argu-
ments of the field associated to the vertex i (resp. j), so that a pair of indices (a, b) denotes each
of the edges connecting two vertices i and j. The bosonic statistics implies a symmetrisation of
 with respect to permutations of the vertex labels. These observables act on the Fock vacuum
creating a spin network state associated to a graph �.

GFT as 2nd quantised reformulation of the LQG kinematics - We now discuss in more
detail in what sense GFT provides a 2nd quantised formalism for spin networks and how one can
link (a certain version of) canonical LQG and GFT directly, without passing through the spin foam
formulation, but providing in turn a clear link between the latter and canonical LQG. More details
can be found in [16] .

By ‘LQG kinematical Hilbert space’ we intend, here, a Hilbert space constructed out
of states associated to closed graphs and such that, for each graph �, we have H� =

L
2
⇣
G

E
/G

V
, dµ =

QE
e=1 dµ

Haar
e

⌘
(here G = SU(2)), where e are the links of the graph (E is their

total number), with a graph-based scalar product defined the Haar measure on each link µ
Haar
e .

The same Hilbert space can be represented also in the flux basis, via the non-commutative Fourier
transform [21, 22], in terms of functions of Lie algebra elements, that are the natural ‘momen-
tum’ variables for the classical LQG phase space on a given graph: [T ⇤

G]⇥E (before constraints).
The union for all graphs of such Hilbert spaces is, of course, not a Hilbert space. In the LQG
and spin foam literature, one finds di↵erent ways in which these graph-based Hilbert spaces can
be organised to define the Hilbert space of the theory. One is to simply consider the direct sum
over all possible graphs: H1

LQG = ��H� . Another, corresponding to the canonical construction
in the continuum, is to define appropriate equivalence classes for states over di↵erent graphs and
then take the projective limit of infinitely refined graphs: H2

LQG = lim�!1

[�H�

⇡
. Of course, the

two spaces are very di↵erent. The GFT Hilbert space can be understood as a di↵erent proposal
to define a Hilbert space out of a union of the graph-based Hilbert spaces, by ‘decomposing them
into elementary building blocks’.

The basic idea is to consider any wave function in H� , where � is a graph with V nodes, as an

element of HV = L
2
⇣
(G⇥d

/G)⇥V
, dµ =

QV
v=1

Qd
i=1 dµ

v
Haar,i

⌘
, satisfying special restrictions. The

latter space can be understood as the space of V spin network vertices, each possessing d outgoing
open links, and the extra restrictions enforce the gluing of suitable pairs of such open links to form
the links of the graph �. In group space, these extra restrictions are conditions of invariance under
the group action, which can be enforced through projectors. A function  � can be obtained from
a wavefunction �V 2 HV as

 �(G
ab
ij ) =

Y

[(ia),(jb)]

Z

G
d↵

ab
ij �V (. . . , gia ↵

ab
ij , . . . , gjb↵

ab
ij , . . .) =  �(gia(gjb)

�1) , (5)

with the same notation as in 4. This defines an embedding of elements of H� into HV . The same
construction can be phrased in the flux and spin representations. Moreover, the scalar product of
two quantum states in HV associated to the same graph agrees with the one computed in H� (i.e.
the scalar product in HV , once restricted by gluing conditions associated to the graph �, reduces
to the one in H�). This means that H� is embedded faithfully in HV . Obviously HV also contains
states associated to open graphs, that is graphs with some links ending up in 1-valent vertices, i.e.
with links of open spin network vertices not glued to any other.

The physical picture behind HV is that of a ‘many-atom’ Hilbert space, with each ‘quantum
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triangulations (quantum gravity as a sum over random lattices) [8] and the main idea of quantum
Regge calculus[6] (quantum gravity as a sum over geometric data assigned to a give lattice).

In the following we will highlight structures and concepts shared with other ways of doing loop
quantum gravity, as well as points of departure and new concepts brought in by the GFT refor-
mulation. We will also discuss how GFTs cast the problem of defining a background independent
theory of quantum gravity based on LQG ideas in a more or less standard QFT language. This
allows the use of several powerful tools, to realise concretely the suggestive notion of ‘atoms of
quantum space’and to treat spacetime, indeed, like a condensed matter (or many-atom) quantum
system, suggesting new lines of developments.

GFT KINEMATICS: HILBERT SPACE AND OBSERVABLES

Fock space of quantum states - The Hilbert space of states for single-field GFTs is a
Fock space built out of a fundamental ‘single-atom’ Hilbert space Hv = L

2(G⇥d): F(Hv) =
L

1

V=0 sym

n⇣
H(1)

v ⌦H(2)
v ⌦ · · ·⌦H(V )

v

⌘o
, where sym indicates symmetrisation with respect to

the permutation group SV [16]. This encodes a bosonic statistics for field operators (other possibil-
ities can be considered [17, 18], but they have not been used in the spin foam and LQG context):
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= 0 (3)

where IG(~g,~g0) ⌘
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i=1 �(gi(g
0

i)
�1), and we used the notation ~g = (g1, .., gd).

In quantum gravity models the group G is chosen to be the local gauge group of gravity in the
appropriate space-time dimension and signature, i.e. G = SU(2), SL(2,R) in 3 dimensions and
G = Spin(4), SL(2,C) in dimension 4 (or their rotation subgroup SU(2), in order to connect with
LQG).

Each Hilbert space Hv provides the space of states of a single ”quantum” of the GFT field, a
quantum gravity ‘atom’. It can be understood as a fundamental spin network vertex, represented
by a node with d outgoing links (ending up in 1-valent nodes), labelled by group elements, or as
a 3-cell (polyhedron) with d boundary faces. This just a pictorial representation. Whether the
states represent quantum gravity spin network vertices or geometric polyhedra depends on the
type of data they carry and the dynamics they satisfy. For G = SU(2), and with the closure
condition '(gI) = '(hgI) 8h 2 G imposed on the fields, however, the polyhedral interpretation
is justified and the same is true for G = SL(2,C) and G = Spin(4) with simplicity constraints and
closure conditions correctly imposed. In particular, for d = 4, the GFT quanta represent quantum
tetrahedra, about which a lot is known in the spin foam literature [19]. In this last case, the basic
Hilbert space is Hv =

L
Ji2N/2 Inv

�
HJ1 ⌦ ...⌦HJ4

�
, where each HJi is the Hilbert space of an

irreducible unitary representation of SU(2) labeled by the half-integer Ji.

Quantum observables - Kinematical observables are functionals of the field operators O
�
'̂, '̂

†
�
.

Of special importance are polynomial observables, whose evaluation in the vacuum state defines
to GFT n-point functions[20]. Any convolution of a finite number of GFT field operators with
appropriate kernels would define one such observable, as in any quantum field theory. The pecu-
liarity of GFTs, with respect to ordinary QFTs, is the possibility for these kernels to have a richer
combinatorial structure, involving a non-local pairing of field arguments, i.e. relating only a subset
of the d arguments of a given GFT field with a subset of the arguments of a di↵erent one. Of
particular interest for LQG are ‘spin network observables’:
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satisfying the commutation relations introduced above. The choice of bosonic statistics, we stress
again, is, at this stage, an assumption to be better justified. Acting on the Fock vacuum, these
operators generate the GFT Fock space already introduced.
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ing on the many-atom Hilbert spaces HV ) to 2nd quantised operators on the Fock space, following
again standard procedures. Given the matrix elements On,m (~�1, ..., ~�m, ~�

0

1, ..., ~�
0
n) (or the corre-

spondent functions in the group or flux basis) of the relevant operator \On,m in a basis of open spin
network vertices, take the appropriate convolutions of such functions with creation and annihila-
tion operators, according to which spin network vertices are acted upon by the operator and which
spin network vertices result from the same action, to obtain its 2nd quantized counterpart. The
result will thus be a linear combination of polynomials of creation and annihilation operators, i.e.
of GFT field operators, thus a GFT observable:

\On,m ! h~�1, ...., ~�m|\On,m|~�0

1, ..., ~�
0

ni = On,m
�
~�1, ..., ~�m, ~�

0

1, ..., ~�
0

n

�
!

! \On,m

⇣
'̂, '̂

†

⌘
=

Z
[d~gi][d~g

0

j ] b'†(~g1)..b'†(~gm)On,m
�
~g1, ..,~gm,~g

0

1, ..,~g
0

n

�
b'(~g01)..b'(~g0n) .

Similarities and di↵erences with the LQG Hilbert space - The kinematical Hilbert space
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provides the right tools to study the physics of many LQG degrees of freedom, to bypass the need to deal explicitly
with complicated spin networks and spin foams, and to derive e↵ective descriptions for collective variables and features
of the non-perturbative sector of the theory. All these are reasons for using quantum field theory reformulations of
many-body quantum physics in condensed matter theory and particle physics, so it should come as no surprise that
we encounter the same advantages in quantum gravity. Our paper exemplifies this use of the GFT formalism: we
will indeed bypass the spin foam formulation of the dynamics, provide both a definition of interesting, albeit very
simple, non-perturbative quantum states of the theory, interpreted as cosmological quantum spacetimes, and extract
an e↵ective cosmological dynamics for them, using the second quantised features of the GFT formalism.

We now give some more details on this second quantised formalism, and on the link between LQG and GFT, and
thus the direct LQG relevance of our results. For a more extensive treatment, see [15].

In first-quantised language, one has a Hilbert space H̃d of states associated to V d-valent graph vertices (which
includes particular states associated to both open and closed graphs, of the type defining the Hilbert space of LQG).
Each such vertex is a node with d outgoing open links, and can be thought as dual to a polyhedron with d faces2.
V -particle states are given by wavefunctions describing V vertices or their dual polyhedra, of the type
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where each open link outgoing from each vertex is associated a group element of the group G (G = SU(2), Spin(4),
or SL(2,C) in quantum gravity GFT models, and G = SU(2) in standard LQG), with gauge invariance at vertices
in V : �(gj
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�j) for V elements �j of G. The set of such functions (restricting to square-integrable ones) can

be turned into the Hilbert space L2(Gd·V /GV ) by defining the inner product via the Haar measure on the group, or
some right/left-invariant measure in the non-compact case.

The Hilbert space for these functions, H̃d, includes as a special class of states the usual cylindrical functions of LQG,
associated to closed d-valent graphs �. There is a relation E(�) ⇢ ({1, . . . , V }⇥ {1, . . . , d})2 (satisfying [(i a) (i a)] 62
E(�)) which specifies the connectivity of such a graph: if [(i a) (j b)] 2 E(�), there is a directed edge connecting the
a-th link at the i-th node to the b-th link at the j-th node, with source i and target j. Cylindrical functions are then
of the form  �({Gab
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2 G are assigned to each link e := [(i a) (j b)] 2 E(�) of the

graph. These are labelled by two pairs of indices: the first pair identifies the pair of vertices (ij) connected, while the
second pair identifies the outgoing edges (ab) of each vertex glued together to form the link. We assume the gauge
invariance  �({Gab
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glue open spin network vertices corresponding to the function �, pairwise along common links, thus forming the spin
network represented by the closed graph �. The same construction can be phrased in the flux representation and in
the spin representation.

Let us denote by Hv the subspace of single-particle (single-vertex) states, i.e. elements of H̃d with V = 1. A general
V -particle state can be decomposed into products of elements of Hv,
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GFT and simplicial gravity path integrals
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not just "heuristically", but, for ALL models based on (constrained) BF theory, literally true in flux 
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example: Boulatov (Ponzano-Regge) model (3d): 

example: constrained BF models (4d)

GFT ROOTS GFT OVERVIEW OF RESULTS CONCLUSIONS

COLORED GFT FOR 3D EUCLIDEAN GRAVITY
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operator ordering conventions even in the limit |�| ! 1 (though the model’s vacuum amplitudes do not). Unlike
the previous case, for arbitrary values of � 6= ±1 the model’s spinfoam amplitudes do explicitly depend on the
operator ordering even for molecules without boundaries. In the holonomy picture, for istance, the expressions
of the simplicity functions and of the vacuum Spinfoam amplitudes for the Duflo and the FLM map di↵er by
the parametric deformation of the group element u� and by the prefactor ⌦( u,�).

For arbitrary values of � our model encompasses several distinct models, interpolating between them. It would
be interesting to further investigate and characterize its critical propeties by studying its RG flow.

4.2 The amplitudes of the new model

We now present the spin foam amplitudes of the new model. They can be derived straightforwardly from the
general definitions introduced in Section. 3.4. The formulas for the new models’s kernels K� and V � in the flux
and group representations are provided in Appendix. D.

4.2.1 Flux representation.

Let us introduce the following short-hand notation. Since we are going to insert the simplicity constraint operator
both in the edge and vertex kernels (in multiple copies according to the Eqs. 3.52,3.53) it is useful to define a
group element denoting the product of the ”lagrange multipliers” enforcing these constraints. Thus we have:
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where the integer n counts the number of insertion of the simplicity constraint operator. The amplitude Am can
be computed exactly as in the general case by taking the appropriate convolution of vertex and gluing kernels.
For a closed simplicial complex dual to a spin foam molecule m without boundary @m = ;, we find:

A�

new
(m) =

Z  Y

v2V

Y

e3v

dHve

� Y

e2Eint

dke

� Y

f2Fcl

A�

f
(Hve, ke) (4.26)

A�

f
(Hve, ke) =

Z 
d
6
Xf

(2⇡)6

� 
F

v, e2f

E
H

�1
ve
? S

�?n

ke
? EHv0e

!
(Xf ) . (4.27)

where n = 2p + 2q and S
�?n

k
denotes the star-product nth power of the simplicity function S
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k
. Like in the

general case we have adopted the 4th strategy among those listed in Section 3 which encompasses all other cases.
Upon expanding the simplicity function S

� into plane waves, the faces amplitudes Af take the following form:
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The amplitudeA(m) is invariant under the simultaneous rotation of all local frames. Therefore it can be evaluated
in the time gauge by setting ke = I for all the internal edges. As we have discussed for the general case, in order
to recast the amplitudes of this model in the form of a simplicial path integral for constrained BF theory all
simplicity functions S�

k
have to be commuted with the plane waves. The following property holds:
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where the group element He0el is the parallel transport from the frame ”l” to the chosen reference frame. Samely
Hf denotes the holonomy of the connection around a given face f 2 Fcl. Therefore, the amplitude A(m) reads:
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where e denotes the reference frame edge while e
0 any other edge in the same face. The star-product runs

on all possible pairs of edge labels (e, e0) in a given face with the reference edge kept fixed. Moreover the
non-commutative plane wave gives us the exponential of the discretized BF action
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group element denoting the product of the ”lagrange multipliers” enforcing these constraints. Thus we have:
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where the integer n counts the number of insertion of the simplicity constraint operator. The amplitude Am can
be computed exactly as in the general case by taking the appropriate convolution of vertex and gluing kernels.
For a closed simplicial complex dual to a spin foam molecule m without boundary @m = ;, we find:
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where n = 2p + 2q and S
�?n

k
denotes the star-product nth power of the simplicity function S

�

k
. Like in the

general case we have adopted the 4th strategy among those listed in Section 3 which encompasses all other cases.
Upon expanding the simplicity function S

� into plane waves, the faces amplitudes Af take the following form:
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The amplitudeA(m) is invariant under the simultaneous rotation of all local frames. Therefore it can be evaluated
in the time gauge by setting ke = I for all the internal edges. As we have discussed for the general case, in order
to recast the amplitudes of this model in the form of a simplicial path integral for constrained BF theory all
simplicity functions S�

k
have to be commuted with the plane waves. The following property holds:
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where the group element He0el is the parallel transport from the frame ”l” to the chosen reference frame. Samely
Hf denotes the holonomy of the connection around a given face f 2 Fcl. Therefore, the amplitude A(m) reads:
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where e denotes the reference frame edge while e
0 any other edge in the same face. The star-product runs

on all possible pairs of edge labels (e, e0) in a given face with the reference edge kept fixed. Moreover the
non-commutative plane wave gives us the exponential of the discretized BF action
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iTr[log(Hf )Xf ] = ⌘(Hf )e
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this formula we have considered the 4th strategy listed above, which includes the others as sub-cases, whose
corresponding amplitudes can thus be read out of the same formula; we have also relied on the commutation
properties of simplicity and closure constraint operators, and on the projector nature of the latter. Notice that
the amplitude A is invariant under the following gauge transformations:
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Geometrically they can be interpretated as rotations of all local frames, those located at the (center of the)
4-simplices, rotated by the group elements ⇠v, and those located at the (center of the) tetrahedra, rotated by
the group elements ⇠e. This gauge invariance also allows to drop all the bulk normals from the amplitude, for
example choosing the time gauge !e ⌘ (!�

e
,!

+

e
) = (ke, I). Of course in the case of simplicial complexes with

boundary, the amplitude still has an explicit dependence on the normals labelling the boundary tetrahedra.

Importantly, this general expression for the spin foam amplitudes in flux variables can be understood as a
simplicial path integral for constrained BF theory. In order to see this more clearly, we can commute all
simplicity functions S�

k
with the non-commutative plane waves. This operation also encodes a change of frame

of the flux variables by means of the parallel transports of the discrete connection Hve, so that all the fluxes
refer to the same reference frame (which can be arbitrarily chosen). Thus the amplitude A(m) reads:
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where e denotes the reference frame edge while e
0 any other edge in the same face. The star product runs on all

possible couple of edge indeces (e, e0) in a given face with the reference edge kept fixed. The simplicity function
SH.k(�) imposes on Xf the simplicity condition with respect to the rotated normal Hee0 . ke0 , namely the pull
back of the normal ke0 to the chosen reference frame. Upon collecting the simplicity functions all together, the
amplitude A(m) can be further rewritten as follows:
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where the measure term is detailed as follows:
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Let us interpret the various ingredients of this formula, to confirm our anticipated interpretation as a (non-
commutative) simplicial gravity path integral. First, the non-commutative plane waves, once collected together
in a single exponential for all faces of the dual complex, give us the exponential of the discrete BF action. In
particular the quantization map dictates the prescription for discretizing the curvature two-form in terms of the
holonomy of the discrete connection associated to the dual face, via the choice of coordinates ⇢Q(Hf ) on the
group manifold. For example the FLM map (used in [27]) discretizes it as the holonomy itself, producing the
discrete BF action:

P
f
Tr (XfHf (Hve2f )), while the Duflo map, see the new model presented in the following

section, expresses it as the logarithm of the same holonomy (see Appendix. A, Eqs.A.25-A.26 for more details).
The measure term contains two types of factors.
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One, depending only on the fluxes associated to the tetrahedron chosen as reference, impose the simplicity
constraints (with respect to the normal vector of that tetrahedron) on them, by the chosen prescription char-
acterizing the spin foam model. The remaining part can be viewed as (flux-dependent) constraints on the
holonomies modifying the Haar measures dHve on discrete connection parallel transports, used in discrete BF
theory. These modifications enforce the requirement that the same discrete connection transports correctly the
simplicity constraints across di↵erent simplicial frames, i.e. it enforces their covariance with respect to the same
discrete connection. The measure also absorbs within it the other construction ambiguities we have mentioned
earlier (so it depends on the parameter n). Its origin can be traced back to the use of the extended states,
depending explicitly on the tetrahedral normals and to the consequent generalization of the closure constraint
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"structural" symmetries, affecting combinatorial features

permutation symmetry

permutation of n strands used to define orientation of simplicial GFT Feynman (stranded) link

invariance under even permutations: orientable complexes

invariance under any permutations: un-orientable complexes

fixed in colored fields; colors fix order of GFT arguments and determine orientation of GFT diagrams: 
orientable complexes dual to bipartite (n+1)-colored Feynman diagrams

R. De Pietri, C. Petronio, '00

D1 D2 D3

Figure 1: The three inequivalent Feynman diagrams of the two-dimensional matrix
model (4) at order λ2. The association of triangles to vertices is explicitly shown. In-
terpreting each propagator as a gluing instruction between two edges of triangles, it is
easy to see that D1 and D2 correspond to different triangulation of the sphere, while D3
corresponds to a triangulation of the torus.

where [[D1]], [[D2]] and [[D3]] are the evaluations of the Feynman diagrams of Fig. 1, carried
out using the correspondence just discussed between diagrams and tensor expressions. Note
that, if we associate a triangle to each vertex and an edge-glueing to each propagator as
described in Fig. 1, then the two diagrams corresponding to the sphere evaluate to N3,
while the one corresponding to the torus evaluates to N .

Higher-rank generalized matrix models It is possible to consider higher-dimensional
extensions of the matrix model (4), using higher-rank tensors. The natural generalization
of the matrix model partition function is achieved by considering as configuration variable
an n-tensor φα1...αn , where each αi varies between 1 and N , having the following symmetry:

φατ(1)...ατ(n)
= ℜ[φα1...αn ] + i · sgn(τ) · ℑ[φα1...αn ] (7)

where τ ∈ Sn and sgn(τ) is the signature (also called parity) of τ . Using multi-indices
α = (α1 . . .αn) we consider the following partition function for the n-tensor model
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where V α(0) ...α(n)
is the vertex function which will be defined in (20) below (we do not define it

here because its form is not needed and because the general definition will involve notations
introduced later. A definition for the three-tensor and four-tensor model will be given before
the general one in (14) and (15), respectively).

As in the 2-dimensional case, the expansion of Zn[N,λ] is obtained by introducing
another function Z(0)
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permutation group

tensorial unitary (or orthogonal) symmetry

characterizes infinite "tensorial" theory space, with allowed 
(invariant) interactions in 1-1 correspondence with "bubbles" 
(d-colored graphs)

A class of dynamical models with gauge symmetry
General properties of amplitudes

Multi-scale analysis
Application to U(1), d = 4 models

Graphs

The amplitudes are indexed by (d + 1)-colored graphs, obtained by
connecting d-bubble vertices through propagators (dotted, color-0 lines).
Example: 4-point graph with 3 vertices and 6 (internal) lines.

Nomenclature:
L(G) = set of (dotted) lines of a graph G.
Face of color (0�) = connected set of (alternating) color-0 and color-� lines.
Fint(G) (resp. Fext(G)) = set of internal (resp. external) i.e. closed (resp.
open) faces of G.

Sylvain Carrozza Renormalization of Tensorial Group Field Theories: U(1) Models in Four Dimensions

A class of dynamical models with gauge symmetry
General properties of amplitudes

Multi-scale analysis
Application to U(1), d = 4 models

Locality as tensor invariance

Assume S is a tensor invariant, because:
combinatorial control over topologies
analytical tool: 1/N expansion
universal properties

More precisely, assume S to be a finite sum of connected tensor
invariants, indexed by d-colored graphs (d-bubble):

S(�,�) =
�

b�B

tbIb(�,�) .

d-colored graphs are regular (valency d), bipartite,
edge-colored graphs.
Correspondence with tensor invariants:

white (resp. black) dot � field (resp. complex
conjugate field);
edge of color ⌅ � convolution of ⌅-th indices of �
and �.

�
[dgi ]

12�(g1, g2, g3, g4)�(g1, g2, g3, g5)�(g8, g7, g6, g5)

�(g8, g9, g10, g11)�(g12, g9, g10, g11)�(g12, g7, g6, g4)

Sylvain Carrozza Renormalization of Tensorial Group Field Theories: U(1) Models in Four Dimensions

requires coloring (thus fixed ordering) 
of GFT fields or arguments
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it incorporates topology change in a very natural way. It is a form of discrete 3rd
quantisation of gravity, and a peculiar type of discrete realisation of gravitational
path integral, combining both sum over lattices as in dynamical triangulations,8 and
a sum over discrete geometric data for each given triangulation, like in quantum
Regge calculus.6 Combined with the direct (heuristic) link between a GFT model
and a canonical operator dynamics, the GFT encoding of spin foam models allows
to link them directly with the canonical theory.

The ‘spin foam’strategy is quite satisfactory from the point of view of encod-
ing discrete geometry and making contact with discretised gravity. However, it
leaves the definition of the theory space, e.g. the set of possible interactions that
can/should be included in the theory, rather ambiguous. One could consider adding
more interaction terms with di↵erent combinatorics, for example, not to mention
that the same strategy of constraining BF theory could be extended to formulations
of gravity more general than the Holst-Palatini one. One possible attitude toward
these issues is to rely on the fundamental nature of simplicial geometry and on the
renormalisation group. One could argue that simplicial structures can be considered
the most basic type of lattices on which to discretize geometry, and that one has to
simply start from the simplest GFT action ensuring geometricity of the simplicial
structures it generates, and then run the quantum dynamics and the renormaliza-
tiong group to generate all possible interactions compatible with that at di↵erent
scales, the only constraint being renormalizability. Still, one may want to have a
more principled definition of the GFT theory space,23 resting on basic assumptions,
some GFT counterpart of QFT axiomatics.

GFT dynamics from tensorial axiomatics - This leads to a third strat-
egy for the construction of GFT models. It partly stems from the search for
a good notion of locality for GFTs by extending the basic features of matrix
models for 2d quantum gravity5 to higher dimensions, stressing the interpreta-
tion of GFTs as (richer) tensor models.14 First, to be able to interpret the
GFT field as a proper tensor, one has to define a transformation under a uni-
tary group U

⇥d, like: '(g1, .., gd) !
R
[dgi]U(g01, g1) · · ·U(g0d, gd)'(g1, ..., gd), forR

dgU(g0i, gi)
⇤
U(gi, g̃i) = �(g0i, g̃i), which in turn requires the d arguments of the

GFT field to be labelled. Given the tensorial transformation property, one can
define tensor invariant interactions corresponding to invariant convolutions Ib of
polynomials of GFT fields. Such invariants are indexed by coloured d-graphs B
constructed as follows: for each GFT field (resp. its complex conjugate) draw a
white (resp. black) node with d outgoing links each labelled by d di↵erent colours,
then connect all links with one another following the two conditions that a white
(resp. black) node can only be connected to a black (resp. white) node and that
only links with the same colour can be connected. For real fields, one has a similar
definition involving orthogonal transformations. This is the tensor invariance prop-
erty generalising the invariance of matrix models (d = 2), whose interactions can
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simply start from the simplest GFT action ensuring geometricity of the simplicial
structures it generates, and then run the quantum dynamics and the renormaliza-
tiong group to generate all possible interactions compatible with that at di↵erent
scales, the only constraint being renormalizability. Still, one may want to have a
more principled definition of the GFT theory space,23 resting on basic assumptions,
some GFT counterpart of QFT axiomatics.

GFT dynamics from tensorial axiomatics - This leads to a third strat-
egy for the construction of GFT models. It partly stems from the search for
a good notion of locality for GFTs by extending the basic features of matrix
models for 2d quantum gravity5 to higher dimensions, stressing the interpreta-
tion of GFTs as (richer) tensor models.14 First, to be able to interpret the
GFT field as a proper tensor, one has to define a transformation under a uni-
tary group U

⇥d, like: '(g1, .., gd) !
R
[dgi]U(g01, g1) · · ·U(g0d, gd)'(g1, ..., gd), forR

dgU(g0i, gi)
⇤
U(gi, g̃i) = �(g0i, g̃i), which in turn requires the d arguments of the

GFT field to be labelled. Given the tensorial transformation property, one can
define tensor invariant interactions corresponding to invariant convolutions Ib of
polynomials of GFT fields. Such invariants are indexed by coloured d-graphs B
constructed as follows: for each GFT field (resp. its complex conjugate) draw a
white (resp. black) node with d outgoing links each labelled by d di↵erent colours,
then connect all links with one another following the two conditions that a white
(resp. black) node can only be connected to a black (resp. white) node and that
only links with the same colour can be connected. For real fields, one has a similar
definition involving orthogonal transformations. This is the tensor invariance prop-
erty generalising the invariance of matrix models (d = 2), whose interactions can

unitary (or orthogonal) group

in general does not include simplicial interactions
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special symmetries, in models motivated by quantum geometry



GFT symmetries
special symmetries, in models motivated by quantum geometry

e.g. d=4

(C . �)(B1, · · · , B4;N) =
Z

dh eh(B1) · · · eh(B4) ? �(B1, · · · , B4;h�1 . N)

(C . �)(g1, · · · , g4;N) =
Z

dh �(hg1, hg2, hg3, hg4;h�1 . N) A. Baratin, DO, '11

"local" Lorentz or SU(2) symmetry

produces corresponding gauge symmetry of spin network states and spin foam amplitudes 

or, better (to ensure covariance of simplicity constraints):

'(g1, g2, g3) = '(hg1, hg2, hg3) 8h 2 SU(2)e.g. d=3 

easily gauge-fixed A. Perez, C. Rovelli, '00; L. Freidel, E. Livine, '06; J. Engle, R. Pereira, '08

equivalently imposed at the level of 
GFT acton, rather than GFT fields

L. Freidel, '06
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'(g1, g2, g3) = '(hg1, hg2, hg3) 8h 2 SU(2)e.g. d=3 

easily gauge-fixed A. Perez, C. Rovelli, '00; L. Freidel, E. Livine, '06; J. Engle, R. Pereira, '08

equivalently imposed at the level of 
GFT acton, rather than GFT fields

L. Freidel, '06
GFT ROOTS GFT OVERVIEW OF RESULTS CONCLUSIONS

GFT DIFFEOS - A. BARATIN, F. GIRELLI, DO, ARXIV:1101.0590 [HEP-TH]; SEE GIRELLI’S TALK

symmetries of GFT model for 3d Euclidean gravity= subset of DSO(3)⊗4

(deformation of Poincare group), one for each vertex of a tetrahedron
translation (diffeo) symmetry:

transformations generated by four su(2)-translation parameters εv, one per vertex of
tetrahedron
in metric representation, it shifts x

ℓ≠3
i

by ±ε3 according to orientation:

xℓi !→ xℓi + ε3 if i outgoing xℓi !→ xℓi − ε3 if i incoming.

Tε3 ◃ bϕ1(x1, x2, x3) := ⋆ε3 bϕ1(x1 − ε3, x2, x3 + ε3)

Tε3 ◃ bϕ2(x3, x4, x5) := ⋆ε3 bϕ2(x3 − ε3, x4 + ε3, x5)

Tε3 ◃ bϕ4(x6, x4, x1) := ⋆ε3 bϕ4(x6, x4 − ε3, x1 + ε3)

Tε3 ◃ bϕ3(x5, x2, x6) := bϕ3(x5, x2, x6)
in group representation:

Tε3 ◃ ϕ1(g1, g2, g3) = e
g-1
1
g3

(ε3) ϕ1(g1, g2, g3)

geometric meaning: when translanting a vertex, one translates the edge vectors

sharing this vertex

these transformations leave GFT action (more: the integrands) invariant

23 / 41

"simplicial diffeomorphism" (vertex translation) symmetry

transformation of GFT fields corresponding 
to vertex translations in triangulations dual 
to GFT Feynman diagrams

most easily seen in (non-commutative) flux (discrete triad) variables - 
quantum group symmetry

symmetry of BF models

not proper QFT symmetry (weird action)

requires coloring of GFT fields

GFT ROOTS GFT OVERVIEW OF RESULTS CONCLUSIONS

INVARIANCE OF GFT INTERACTION VERTEX AND QUANTUM GEOMETRY

(A. Baratin, F. Girelli, DO, arXiv:1101.0590 [hep-th]) - see Girelli’s talk

non-commutative triad representation→ invariance of metric of tetrahedron

under translation of vertices in R
3

group representation
vertex function is:

V(gℓ
i , g

ℓ′
i ) =

Z 4Y

ℓ=1

dhℓ

6Y

i=1

δ((gℓ
i )

−1hℓh
−1
ℓ′ g

ℓ′
i )

its invariance under translations of the vertex v3 means that, for all ϵ3 ∈ su(2):

eGv3
(ε3)V(gℓ

i , g
ℓ′
i ) = V(gℓ

i , g
ℓ′
i ) Gv3 = (g11)

−1g13(g
2
3)

−1g24(g
4
4)

−1g41

translation invariance reflects conservation rule Gv3 =1
Gv3 is the holonomy along a loop circling the vertex v3 of the tetrahedron.
symmetry→ boundary connection is flat→ Hamiltonian and vector constraints→
constraint on tetrahedral wave-function constructed from the GFT field

24 / 41

F. Girelli, E. Livine, '10; A. Baratin, F. Girelli, DO, '12

D. Louapre, L. Fridel, '02; B. Dittrich, '08; 
B. Bahr, R. Gambini, J. pullin, '11



Classical aspects of GFT



GFT symmetries and classical solutions
general treatment of classical GFT symmetries - generalization of Noether analysis to non-local QFTs

transformations considered: point symmetries (diffeos) of associated vector bundles

GFT are non-local field theories - action is sum of local terms on different vector bundles

generalised "conservation law": akin to continuity eqn with sources

application to GFT: various models, various symmetries (incl. known ones)

J. Ben Geloun, '11; A. Kegeles, DO, '15, '16

In the non-local theory we define the action as a sum of local integrals on different 
vector bundles, and relations between the bundles.

14HOW TO DEFINE A SYMMETRY

In the non-local theory we define the action as a sum of local integrals on different 
vector bundles, and relations between the bundles.

14HOW TO DEFINE A SYMMETRY
Every point symmetry of a non-local action gives rise to a 
continuity equation with „sources“. [AK, Oriti, 15]

On solutions of equations of motion we obtain generalised Noether currents      with 
„sources“

For local theories      becomes the usual Noether current and the „source“ vanishes.

16NOETHER THEOREM

With
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continuity equation with „sources“. [AK, Oriti, 15]

On solutions of equations of motion we obtain generalised Noether currents      with 
„sources“

For local theories      becomes the usual Noether current and the „source“ vanishes.

16NOETHER THEOREM

With

classical solutions of various GFT models

many scattered (often very interesting) results - no general scheme or computational tool 

mostly for topological or simpler models; mostly simple (highly symmetric) solutions

W. Fairbairn, E. Livine, '07; F. Girelli, E. Livine, DO, '09; DO, L. Sindoni, '10; 
E. Livine, DO, J. Ryan, '11; J. Ben Geloun, A. Kegeles, A. Pithis, '16

GFT equations are, in group/Lie algebra variables, (complicated) integro-differential equations or, in 
representation variables, (complicated) algebraic equations 



Inequivalent representations 
of quantum GFT algebra



Coherent state representations of GFT field algebra
question: what GFT representations, beside Fock one, are possible?

expect that: 


• multitude of inequivalent representations exist (characterized by different symmetries) - 
different continuum phases


• Fock space representation does not exist for interacting theory (if non-local 
generalization of Haag's theorem applies)


• other relevant representations correspond to coherent state vacua

from GFT field algebra and smearing  to Weyl algebra

A. Kegeles, DO, C. Tomlin, '17

We construct the Weyl algebra for GFT from the CCR algebra 

The Weyl algebra is a -algebra with identity labeled by the smearing functions

21

We smear the operators with smooth, square integrable functions on 

And define the Weyl operators as
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ALGEBRA OF OBSERVABLES

We construct the Weyl algebra for GFT from the CCR algebra 

The Weyl algebra is a -algebra with identity labeled by the smearing functions

21

We smear the operators with smooth, square integrable functions on 

And define the Weyl operators as

ALGEBRA OF OBSERVABLES

start with Fock reprs at fixed particle number and finite (group) volume

construct coherent states

We begin with a Fock representation of the Weyl algebra in the finite (regularised) 
volume                 .

We then remove the regulator by taking the limits

23ALGEBRA OF OBSERVABLES

And construct an N-particle state by creation operators for                       as

or

With particle numbers

and

We begin with a Fock representation of the Weyl algebra in the finite (regularised) 
volume                 .

We then remove the regulator by taking the limits

23ALGEBRA OF OBSERVABLES

And construct an N-particle state by creation operators for                       as

or

With particle numbers

and

in the thermodynamic limit N ---> oo, V --> oo (non-compact groups) at finite density: 
inequivalent coherent state (condensate) representations with broken symmetry

(compact groups: dual construction (on Lie algebra) gives similar results)

GFTs with group/
Lie algebra 
variables only



Coupling to scalar fields  
and  

relational GFT dynamics



GFT models for QG coupled to scalar fields

basic idea: expand domain of GFT fields

early work (with different strategies/results): K. Krasnov, '05; L. Freidel, DO, J. Ryan, '05; DO, J. Ryan, '06; R. Dowdall, '09

DO, L. Sindoni, E. Wilson-Ewing, '16

GFT with a Scalar Field

A matter field is needed for cosmology. A scalar field can be added to

GFTs via

'̂(gv ) ! '̂(gv ,�).

From a spin foam perspective, it is reasonable to discretize the scalar

field on chunks of 4D space-time, or at the vertices of the

two-complex dual to the discretization of the space-time.

This means that the interaction term in the GFT action must include

delta functions so all � have the same value at the vertex. Clearly,

the gradients of � will be encoded in the propagator of the GFT.

Furthermore, if we assume � is massless and minimally coupled to

gravity, the symmetries � ! �+ const and � ! �� require

K2(gv1 , gv2 ,�1,�2) = K2(gv1 , gv2 , (�1 � �2)
2
),

V5(gva ,�a) = V5(gva)
Y

�(�a � �1).
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GFT models for QG coupled to scalar fields

basic idea: expand domain of GFT fields

early work (with different strategies/results): K. Krasnov, '05; L. Freidel, DO, J. Ryan, '05; DO, J. Ryan, '06; R. Dowdall, '09

DO, L. Sindoni, E. Wilson-Ewing, '16

basic guideline for model-building (choosing GFT action): 

GFT Feynman amplitudes = simplicial path integrals for gravity coupled to scalar fields Y. Li, DO, M. Zhang, '17

best done in flux variables
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GFT with a Scalar Field

A matter field is needed for cosmology. A scalar field can be added to

GFTs via

'̂(gv ) ! '̂(gv ,�).

From a spin foam perspective, it is reasonable to discretize the scalar

field on chunks of 4D space-time, or at the vertices of the

two-complex dual to the discretization of the space-time.

This means that the interaction term in the GFT action must include

delta functions so all � have the same value at the vertex. Clearly,

the gradients of � will be encoded in the propagator of the GFT.

Furthermore, if we assume � is massless and minimally coupled to

gravity, the symmetries � ! �+ const and � ! �� require

K2(gv1 , gv2 ,�1,�2) = K2(gv1 , gv2 , (�1 � �2)
2
),

V5(gva ,�a) = V5(gva)
Y

�(�a � �1).
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GFT models for QG coupled to scalar fields

basic idea: expand domain of GFT fields

early work (with different strategies/results): K. Krasnov, '05; L. Freidel, DO, J. Ryan, '05; DO, J. Ryan, '06; R. Dowdall, '09

DO, L. Sindoni, E. Wilson-Ewing, '16

basic guideline for model-building (choosing GFT action): 

GFT Feynman amplitudes = simplicial path integrals for gravity coupled to scalar fields Y. Li, DO, M. Zhang, '17

best done in flux variables

Z�
�G =

Z Y

f2�
DBf

Y

f2�⇤
dg`

Y

v2�⇤
d�v �(S�(Bf )) e

i
~(S

�
� +S

�
G)

S�
�

⌘

 
X

l2�⇤
Ṽl
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P� Ṽ L

l P�

PG V�

4 VG
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GFT with a Scalar Field

A matter field is needed for cosmology. A scalar field can be added to

GFTs via

'̂(gv ) ! '̂(gv ,�).

From a spin foam perspective, it is reasonable to discretize the scalar

field on chunks of 4D space-time, or at the vertices of the

two-complex dual to the discretization of the space-time.

This means that the interaction term in the GFT action must include

delta functions so all � have the same value at the vertex. Clearly,

the gradients of � will be encoded in the propagator of the GFT.

Furthermore, if we assume � is massless and minimally coupled to

gravity, the symmetries � ! �+ const and � ! �� require

K2(gv1 , gv2 ,�1,�2) = K2(gv1 , gv2 , (�1 � �2)
2
),

V5(gva ,�a) = V5(gva)
Y

�(�a � �1).
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in fact, largely captured by symmetries
and simplified greatly, depending on context

DO, L. Sindoni, E. Wilson-Ewing, '16

e.g. GFT condensate cosmology



once massless scalar field is added, GFT action becomes:

Results obtained for vacuum Lorentzian gravity suggest
the kernel V should involve a 15j symbol [21].
Finally, the symmetries of the action of a massless

scalar field minimally coupled to gravity (invariance un-
der χ → −χ and χ → χ+χo) suggest that K should have
the form [15]

Kȷ⃗,ι
m⃗ (χ, χ̃) = Kȷ⃗,ι

m⃗

!

(χ− χ̃)2
"

. (8)

Since the kinetic term in the action is non-local in χ (in
that it consists of two integrals over χ and χ̃ rather than
one integral over χ), it is convenient to rewrite it in terms
of a derivative expansion in χ. Defining χ̃ = χ+ δχ, and
performing a Taylor expansion in ϕȷ⃗,ι

m⃗ (χ+ δχ) around χ
gives
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d(δχ)
(δχ)2n

(2n)!
Kȷ⃗,ι

m⃗ (δχ2). (10)

Note that since the scalar field χ has dimensions of

mass and assuming that ϕ is dimensionless, K(2n)
ȷ⃗,m⃗,ι must

scale asM2n−1
Pl as the Planck mass is the only dimension-

ful constant in the theory. Since higher order derivatives
are suppressed by higher powers of !, the leading order
terms in K are n = 0, 1.
Therefore, the leading order contributions to the GFT

action for gravity minimally coupled to a massless scalar
field χ has the form

S[ϕ] =

$

dχL[ϕ], (11)

with

L[ϕ] = −
1

2

#
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%

∂χϕ
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ȷ⃗,m⃗,ι ϕ
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m⃗ (χ)− U [ϕ], (12)

where the first term in (12) was integrated by parts and

U [ϕ] =
1

5

#

j,m,ι

Vji,mi,ιi

5
'

a=1

ϕȷ⃗a,ιa
m⃗a

(χ). (13)

As explained above, the sum in the kinetic terms is over
4 ji, 4 mi and one ι label, while the sum in the potential
U [ϕ] is over 20 ji, 20 mi and 5 ι labels. Note that while
the GFT action is non-local in the group elements, to
leading order in the derivative expansion with respect to
χ, the GFT action is local in χ.
This GFT action has the same form as the action for

a classical field theory (although the base manifold is
SU(2)×4 × R, not the R4 of space-time), where χ now

plays the role of time. The equation of motion for the
GFT field ϕ can be derived directly from (1), or equiva-
lently as the Euler-Lagrange equation for the GFT action
S[ϕ] using χ as a time variable, with the result

K(2)
ȷ⃗,m⃗,ι ∂

2
χϕ

ȷ⃗,ι
m⃗ (χ) +K(0)

ȷ⃗,m⃗,ι ϕ
ȷ⃗,ι
m⃗ (χ)−

δU [ϕ]

δϕȷ⃗,ι
m⃗

= 0, (14)

which holds for each ȷ⃗, m⃗, ι. The expression for δU/δϕ
follows from (13).
While the GFT Lagrangian (12) was constructed so

that the perturbative expansion of the partition function
reproduces the Feynman rules of a spin foam model, it
is now possible to use the (classical) GFT action to de-
velop other complementary formulations of the quantum
theory.

III. LEGENDRE TRANSFORM

Given the GFT action (11), it is straightforward to
calculate its Legendre transform with respect to χ.
First, the momentum π conjugate to the GFT field ϕ

is

πȷ⃗,ι
m⃗ (χ) =

δL

δ
%

∂χϕ
ȷ⃗,ι
m⃗

& = −K(2)
ȷ⃗,m⃗,ι∂χϕ

ȷ⃗,ι
m⃗ (χ), (15)

since the potential is independent of ∂χϕ. Then, the
Legendre transform of the Lagrangian L with respect to
χ gives the ‘relational Hamiltonian’
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Defining the ‘equal relational time’ Poisson brackets

{ϕȷ⃗1,ι1
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(χ),πȷ⃗2,ι2
m⃗2

(χ)} = δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2, (17)

the equations of motion for any (χ-independent) observ-
able O in the GFT can be derived from

dO
dχ

= {O,H}. (18)

In particular, the equation of motion for ∂χϕ gives (15),
and this combined with the equation of motion for ∂χπ
gives precisely the Euler-Lagrange equation (14) derived
from the GFT Lagrangian L[ϕ].
Note that the ‘equal relational time’ Poisson brackets

defined in (17) are analogous (though not identical) to
the Poisson brackets posited in [25] (see also Sec. V in
[20]). On the other hand, they are quite different to the
timeless Poisson brackets typically defined in GFT [17].
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χ gives the ‘relational Hamiltonian’
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Defining the ‘equal relational time’ Poisson brackets

{ϕȷ⃗1,ι1
m⃗1

(χ),πȷ⃗2,ι2
m⃗2

(χ)} = δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2, (17)

the equations of motion for any (χ-independent) observ-
able O in the GFT can be derived from

dO
dχ

= {O,H}. (18)

In particular, the equation of motion for ∂χϕ gives (15),
and this combined with the equation of motion for ∂χπ
gives precisely the Euler-Lagrange equation (14) derived
from the GFT Lagrangian L[ϕ].
Note that the ‘equal relational time’ Poisson brackets

defined in (17) are analogous (though not identical) to
the Poisson brackets posited in [25] (see also Sec. V in
[20]). On the other hand, they are quite different to the
timeless Poisson brackets typically defined in GFT [17].
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once massless scalar field is added, GFT action becomes:

Results obtained for vacuum Lorentzian gravity suggest
the kernel V should involve a 15j symbol [21].
Finally, the symmetries of the action of a massless

scalar field minimally coupled to gravity (invariance un-
der χ → −χ and χ → χ+χo) suggest that K should have
the form [15]
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Pl as the Planck mass is the only dimension-

ful constant in the theory. Since higher order derivatives
are suppressed by higher powers of !, the leading order
terms in K are n = 0, 1.
Therefore, the leading order contributions to the GFT
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field χ has the form
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As explained above, the sum in the kinetic terms is over
4 ji, 4 mi and one ι label, while the sum in the potential
U [ϕ] is over 20 ji, 20 mi and 5 ι labels. Note that while
the GFT action is non-local in the group elements, to
leading order in the derivative expansion with respect to
χ, the GFT action is local in χ.
This GFT action has the same form as the action for

a classical field theory (although the base manifold is
SU(2)×4 × R, not the R4 of space-time), where χ now

plays the role of time. The equation of motion for the
GFT field ϕ can be derived directly from (1), or equiva-
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which holds for each ȷ⃗, m⃗, ι. The expression for δU/δϕ
follows from (13).
While the GFT Lagrangian (12) was constructed so

that the perturbative expansion of the partition function
reproduces the Feynman rules of a spin foam model, it
is now possible to use the (classical) GFT action to de-
velop other complementary formulations of the quantum
theory.
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one integral over χ), it is convenient to rewrite it in terms
of a derivative expansion in χ. Defining χ̃ = χ+ δχ, and
performing a Taylor expansion in ϕȷ⃗,ι

m⃗ (χ+ δχ) around χ
gives

K =
1

2

∞
#

n=0

$

dχ
#

j,m,ι

ϕȷ⃗,ι
m⃗ (χ)K(2n)

ȷ⃗,m⃗,ι ∂
2n
χ ϕȷ⃗,ι

m⃗ (χ), (9)

with

K(2n)
ȷ⃗,m⃗,ι =

$

d(δχ)
(δχ)2n

(2n)!
Kȷ⃗,ι

m⃗ (δχ2). (10)

Note that since the scalar field χ has dimensions of

mass and assuming that ϕ is dimensionless, K(2n)
ȷ⃗,m⃗,ι must

scale asM2n−1
Pl as the Planck mass is the only dimension-

ful constant in the theory. Since higher order derivatives
are suppressed by higher powers of !, the leading order
terms in K are n = 0, 1.
Therefore, the leading order contributions to the GFT

action for gravity minimally coupled to a massless scalar
field χ has the form

S[ϕ] =

$

dχL[ϕ], (11)

with

L[ϕ] = −
1

2

#

j,m,ι

%

∂χϕ
ȷ⃗,ι
m⃗ (χ)

&

K(2)
ȷ⃗,m⃗,ι

%

∂χϕ
ȷ⃗,ι
m⃗ (χ)

&

+
1

2

#

j,m,ι

ϕȷ⃗,ι
m⃗ (χ)K(0)

ȷ⃗,m⃗,ι ϕ
ȷ⃗,ι
m⃗ (χ)− U [ϕ], (12)

where the first term in (12) was integrated by parts and

U [ϕ] =
1

5

#

j,m,ι

Vji,mi,ιi

5
'

a=1

ϕȷ⃗a,ιa
m⃗a

(χ). (13)
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4 ji, 4 mi and one ι label, while the sum in the potential
U [ϕ] is over 20 ji, 20 mi and 5 ι labels. Note that while
the GFT action is non-local in the group elements, to
leading order in the derivative expansion with respect to
χ, the GFT action is local in χ.
This GFT action has the same form as the action for

a classical field theory (although the base manifold is
SU(2)×4 × R, not the R4 of space-time), where χ now
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In particular, the equation of motion for ∂χϕ gives (15),
and this combined with the equation of motion for ∂χπ
gives precisely the Euler-Lagrange equation (14) derived
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timeless Poisson brackets typically defined in GFT [17].
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Results obtained for vacuum Lorentzian gravity suggest
the kernel V should involve a 15j symbol [21].
Finally, the symmetries of the action of a massless

scalar field minimally coupled to gravity (invariance un-
der χ → −χ and χ → χ+χo) suggest that K should have
the form [15]
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m⃗ (χ, χ̃) = Kȷ⃗,ι
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(χ− χ̃)2
"

. (8)

Since the kinetic term in the action is non-local in χ (in
that it consists of two integrals over χ and χ̃ rather than
one integral over χ), it is convenient to rewrite it in terms
of a derivative expansion in χ. Defining χ̃ = χ+ δχ, and
performing a Taylor expansion in ϕȷ⃗,ι

m⃗ (χ+ δχ) around χ
gives
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m⃗ (δχ2). (10)

Note that since the scalar field χ has dimensions of

mass and assuming that ϕ is dimensionless, K(2n)
ȷ⃗,m⃗,ι must

scale asM2n−1
Pl as the Planck mass is the only dimension-

ful constant in the theory. Since higher order derivatives
are suppressed by higher powers of !, the leading order
terms in K are n = 0, 1.
Therefore, the leading order contributions to the GFT

action for gravity minimally coupled to a massless scalar
field χ has the form

S[ϕ] =
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with
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where the first term in (12) was integrated by parts and
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(χ). (13)

As explained above, the sum in the kinetic terms is over
4 ji, 4 mi and one ι label, while the sum in the potential
U [ϕ] is over 20 ji, 20 mi and 5 ι labels. Note that while
the GFT action is non-local in the group elements, to
leading order in the derivative expansion with respect to
χ, the GFT action is local in χ.
This GFT action has the same form as the action for

a classical field theory (although the base manifold is
SU(2)×4 × R, not the R4 of space-time), where χ now

plays the role of time. The equation of motion for the
GFT field ϕ can be derived directly from (1), or equiva-
lently as the Euler-Lagrange equation for the GFT action
S[ϕ] using χ as a time variable, with the result
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which holds for each ȷ⃗, m⃗, ι. The expression for δU/δϕ
follows from (13).
While the GFT Lagrangian (12) was constructed so

that the perturbative expansion of the partition function
reproduces the Feynman rules of a spin foam model, it
is now possible to use the (classical) GFT action to de-
velop other complementary formulations of the quantum
theory.

III. LEGENDRE TRANSFORM

Given the GFT action (11), it is straightforward to
calculate its Legendre transform with respect to χ.
First, the momentum π conjugate to the GFT field ϕ
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IV. QUANTUM THEORY

An advantage of having a (relational) Hamiltonian for
GFT is that it is possible to perform a canonical quan-
tization of the theory, treating χ as a classical time vari-
able.
The first step is to replace the equal time Poisson

bracket for the basic GFT field ϕ and its momentum π by
commutation relations for the corresponding operators,

[ ϕ̂ȷ⃗1,ι1
m⃗1

, π̂ȷ⃗2,ι2
m⃗2

] = i! δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2 . (19)

The above expression is given in the Schrödinger picture,
in the Heisenberg picture (19) would be given in terms of
‘equal relational time’ commutation relations. As usual,
these operators can formally be represented by

ϕ̂ȷ⃗,ι
m⃗Ψ[ϕ] = ϕȷ⃗,ι

m⃗ Ψ[ϕ], (20)

π̂ȷ⃗,ι
m⃗ Ψ[ϕ] = −i!

δΨ[ϕ]

δϕȷ⃗,ι
m⃗

. (21)

The relational Schrödinger equation for GFT wave
functionals is

ĤΨ = i!
dΨ

dχ
, (22)

with the Hamiltonian operator

Ĥ = −
!

j,m,ι

"

π̂ȷ⃗,ι
m⃗ (χ)2

2K(2)
ȷ⃗,m⃗,ι

+K(0)
ȷ⃗,m⃗,ι

ϕ̂ȷ⃗,ι
m⃗ (χ)2

2

#

+ U [ϕ̂]. (23)

Given that the Hamiltonian contains terms that are
quadratic in the field and its momentum, it is convenient
to introduce creation and annihilation operators corre-
sponding respectively to

â†ȷ⃗,m⃗,ι =
1

$

2!ωȷ⃗,ι
m⃗

%

ωȷ⃗,ι
m⃗ ϕ̂ȷ⃗,ι

m⃗ − i πȷ⃗,ι
m⃗

&

, (24)

âȷ⃗,m⃗,ι =
1

$

2!ωȷ⃗,ι
m⃗

%

ωȷ⃗,ι
m⃗ ϕ̂ȷ⃗,ι

m⃗ + i πȷ⃗,ι
m⃗

&

, (25)

with

ωȷ⃗,ι
m⃗ =

$

|K(0)
ȷ⃗,m⃗,ιK

(2)
ȷ⃗,m⃗,ι|. (26)

(Recall that K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι may be positive or nega-
tive, depending on the specific form of the GFT action.)
As usual, the creation and annihilation operators satisfy
the commutation relations

[ âȷ⃗1,m⃗1,ι1, â
†
ȷ⃗2,m⃗2,ι2

] = δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2 . (27)

Since the ladder operators satisfy the commutation re-
lations (27), GFT states live in the Fock space

F =
∞
'

n=0

SH⊗n, (28)

where H is the ‘single-particle’ Hilbert space for
SU(2)⊗4/SU(2) and S denotes the symmetrization of
H⊗n required by the bosonic statistics of the theory. As
usual, the GFT Fock ‘vacuum’ state |0⟩ is defined as the
state annihilated by all âȷ⃗,m⃗,ι operators. Note that |0⟩ is
not necessarily an eigenstate of the Hamiltonian operator
(even in the absence of a potential U) depending on the

signs of K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι.
The creation and annihilation operators make it pos-

sible to speak of quanta of geometry: the â†ȷ⃗,m⃗,ι cre-
ate quanta of geometry, i.e., spin-network nodes labeled
with ȷ⃗, m⃗, ι. So a spin-network with N nodes can be
constructed by acting on the GFT Fock vacuum with
N creation operators; connectivity between neighbour-
ing nodes is imposed by projection operators acting on
the two half-links that are to be connected, just as in the
non-deparametrized theory [17]. In this reformulation of
LQG (for gravity minimally coupled to a massless scalar
field), the physical Hilbert space can be understood as
the space of states that live in the GFT Fock space and
satisfy the relational Schrödinger equation, which deter-
mines the relational quantum gravity dynamics. (It may
also be possible to use other, non-Fock, representations
of states [26].)
The relational Hamiltonian can be expressed in terms

of the creation and annihilation operators. If K(0)
ȷ⃗,m⃗,ι and

K(2)
ȷ⃗,m⃗,ι have the same sign, then

Ĥ = !
!

j,m,ι

Mȷ⃗,m⃗,ι

(

â†ȷ⃗,m⃗,ιâȷ⃗,m⃗,ι +
ωȷ⃗,ι
m⃗

2

)

+ U [ϕ̂], (29)

while if they have opposite signs

Ĥ = !
!

j,m,ι

Mȷ⃗,m⃗,ι

%

(â†ȷ⃗,m⃗,ι)
2 + â2ȷ⃗,m⃗,ι

&

+ U [ϕ̂]. (30)

In both cases

Mȷ⃗,m⃗,ι = ±

*

+

+

,

-

-

-

-

-

K(0)
ȷ⃗,m⃗,ι

K(2)
ȷ⃗,m⃗,ι

-

-

-

-

-

, (31)

where the signs of K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι determine the overall
sign of Mȷ⃗,m⃗,ι by ensuring that the overall signs agree
between (23) and either (29) or (30).
An important point is that it is only for the Hamilto-

nian (29) that the state |0⟩ is an eigenstate of the Hamil-
tonian.
Of course, it is also possible that the two K have the

same sign for some quantum labels ȷ⃗, m⃗, ι, and a differ-
ent sign for others. As soon as one pair of K(0) and K(2)

have opposite signs, |0⟩ is not an eigenstate of the Hamil-
tonian.
If the Hamiltonian has at least one term of the form

(30), then since the Fock vacuum state |0⟩ is not an eigen-
state of Ĥ, |0⟩ cannot be the vacuum state of the rela-
tional Hamiltonian, even approximately (and this is the
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commutation relations for the corresponding operators,

[ ϕ̂ȷ⃗1,ι1
m⃗1

, π̂ȷ⃗2,ι2
m⃗2

] = i! δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2 . (19)

The above expression is given in the Schrödinger picture,
in the Heisenberg picture (19) would be given in terms of
‘equal relational time’ commutation relations. As usual,
these operators can formally be represented by

ϕ̂ȷ⃗,ι
m⃗Ψ[ϕ] = ϕȷ⃗,ι

m⃗ Ψ[ϕ], (20)

π̂ȷ⃗,ι
m⃗ Ψ[ϕ] = −i!

δΨ[ϕ]

δϕȷ⃗,ι
m⃗

. (21)

The relational Schrödinger equation for GFT wave
functionals is

ĤΨ = i!
dΨ

dχ
, (22)

with the Hamiltonian operator

Ĥ = −
!

j,m,ι

"

π̂ȷ⃗,ι
m⃗ (χ)2

2K(2)
ȷ⃗,m⃗,ι

+K(0)
ȷ⃗,m⃗,ι

ϕ̂ȷ⃗,ι
m⃗ (χ)2

2

#

+ U [ϕ̂]. (23)

Given that the Hamiltonian contains terms that are
quadratic in the field and its momentum, it is convenient
to introduce creation and annihilation operators corre-
sponding respectively to

â†ȷ⃗,m⃗,ι =
1

$

2!ωȷ⃗,ι
m⃗

%

ωȷ⃗,ι
m⃗ ϕ̂ȷ⃗,ι

m⃗ − i πȷ⃗,ι
m⃗

&

, (24)

âȷ⃗,m⃗,ι =
1

$

2!ωȷ⃗,ι
m⃗

%

ωȷ⃗,ι
m⃗ ϕ̂ȷ⃗,ι

m⃗ + i πȷ⃗,ι
m⃗

&

, (25)

with

ωȷ⃗,ι
m⃗ =

$

|K(0)
ȷ⃗,m⃗,ιK

(2)
ȷ⃗,m⃗,ι|. (26)

(Recall that K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι may be positive or nega-
tive, depending on the specific form of the GFT action.)
As usual, the creation and annihilation operators satisfy
the commutation relations

[ âȷ⃗1,m⃗1,ι1, â
†
ȷ⃗2,m⃗2,ι2

] = δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2 . (27)

Since the ladder operators satisfy the commutation re-
lations (27), GFT states live in the Fock space

F =
∞
'

n=0

SH⊗n, (28)

where H is the ‘single-particle’ Hilbert space for
SU(2)⊗4/SU(2) and S denotes the symmetrization of
H⊗n required by the bosonic statistics of the theory. As
usual, the GFT Fock ‘vacuum’ state |0⟩ is defined as the
state annihilated by all âȷ⃗,m⃗,ι operators. Note that |0⟩ is
not necessarily an eigenstate of the Hamiltonian operator
(even in the absence of a potential U) depending on the

signs of K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι.
The creation and annihilation operators make it pos-

sible to speak of quanta of geometry: the â†ȷ⃗,m⃗,ι cre-
ate quanta of geometry, i.e., spin-network nodes labeled
with ȷ⃗, m⃗, ι. So a spin-network with N nodes can be
constructed by acting on the GFT Fock vacuum with
N creation operators; connectivity between neighbour-
ing nodes is imposed by projection operators acting on
the two half-links that are to be connected, just as in the
non-deparametrized theory [17]. In this reformulation of
LQG (for gravity minimally coupled to a massless scalar
field), the physical Hilbert space can be understood as
the space of states that live in the GFT Fock space and
satisfy the relational Schrödinger equation, which deter-
mines the relational quantum gravity dynamics. (It may
also be possible to use other, non-Fock, representations
of states [26].)
The relational Hamiltonian can be expressed in terms

of the creation and annihilation operators. If K(0)
ȷ⃗,m⃗,ι and

K(2)
ȷ⃗,m⃗,ι have the same sign, then

Ĥ = !
!

j,m,ι

Mȷ⃗,m⃗,ι

(

â†ȷ⃗,m⃗,ιâȷ⃗,m⃗,ι +
ωȷ⃗,ι
m⃗

2

)

+ U [ϕ̂], (29)

while if they have opposite signs

Ĥ = !
!

j,m,ι

Mȷ⃗,m⃗,ι

%

(â†ȷ⃗,m⃗,ι)
2 + â2ȷ⃗,m⃗,ι

&

+ U [ϕ̂]. (30)

In both cases

Mȷ⃗,m⃗,ι = ±

*

+

+

,

-

-

-

-

-

K(0)
ȷ⃗,m⃗,ι

K(2)
ȷ⃗,m⃗,ι

-

-

-

-

-

, (31)

where the signs of K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι determine the overall
sign of Mȷ⃗,m⃗,ι by ensuring that the overall signs agree
between (23) and either (29) or (30).
An important point is that it is only for the Hamilto-

nian (29) that the state |0⟩ is an eigenstate of the Hamil-
tonian.
Of course, it is also possible that the two K have the

same sign for some quantum labels ȷ⃗, m⃗, ι, and a differ-
ent sign for others. As soon as one pair of K(0) and K(2)

have opposite signs, |0⟩ is not an eigenstate of the Hamil-
tonian.
If the Hamiltonian has at least one term of the form

(30), then since the Fock vacuum state |0⟩ is not an eigen-
state of Ĥ, |0⟩ cannot be the vacuum state of the rela-
tional Hamiltonian, even approximately (and this is the
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or

depending on relative sign of K^0 and K^2

IV. QUANTUM THEORY

An advantage of having a (relational) Hamiltonian for
GFT is that it is possible to perform a canonical quan-
tization of the theory, treating χ as a classical time vari-
able.
The first step is to replace the equal time Poisson

bracket for the basic GFT field ϕ and its momentum π by
commutation relations for the corresponding operators,

[ ϕ̂ȷ⃗1,ι1
m⃗1

, π̂ȷ⃗2,ι2
m⃗2

] = i! δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2 . (19)

The above expression is given in the Schrödinger picture,
in the Heisenberg picture (19) would be given in terms of
‘equal relational time’ commutation relations. As usual,
these operators can formally be represented by

ϕ̂ȷ⃗,ι
m⃗Ψ[ϕ] = ϕȷ⃗,ι

m⃗ Ψ[ϕ], (20)

π̂ȷ⃗,ι
m⃗ Ψ[ϕ] = −i!

δΨ[ϕ]

δϕȷ⃗,ι
m⃗

. (21)

The relational Schrödinger equation for GFT wave
functionals is

ĤΨ = i!
dΨ

dχ
, (22)

with the Hamiltonian operator

Ĥ = −
!

j,m,ι

"

π̂ȷ⃗,ι
m⃗ (χ)2

2K(2)
ȷ⃗,m⃗,ι

+K(0)
ȷ⃗,m⃗,ι

ϕ̂ȷ⃗,ι
m⃗ (χ)2

2

#

+ U [ϕ̂]. (23)

Given that the Hamiltonian contains terms that are
quadratic in the field and its momentum, it is convenient
to introduce creation and annihilation operators corre-
sponding respectively to

â†ȷ⃗,m⃗,ι =
1

$

2!ωȷ⃗,ι
m⃗

%

ωȷ⃗,ι
m⃗ ϕ̂ȷ⃗,ι

m⃗ − i πȷ⃗,ι
m⃗

&

, (24)

âȷ⃗,m⃗,ι =
1

$

2!ωȷ⃗,ι
m⃗

%

ωȷ⃗,ι
m⃗ ϕ̂ȷ⃗,ι

m⃗ + i πȷ⃗,ι
m⃗

&

, (25)

with

ωȷ⃗,ι
m⃗ =

$

|K(0)
ȷ⃗,m⃗,ιK

(2)
ȷ⃗,m⃗,ι|. (26)

(Recall that K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι may be positive or nega-
tive, depending on the specific form of the GFT action.)
As usual, the creation and annihilation operators satisfy
the commutation relations

[ âȷ⃗1,m⃗1,ι1, â
†
ȷ⃗2,m⃗2,ι2

] = δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2 . (27)

Since the ladder operators satisfy the commutation re-
lations (27), GFT states live in the Fock space

F =
∞
'

n=0

SH⊗n, (28)

where H is the ‘single-particle’ Hilbert space for
SU(2)⊗4/SU(2) and S denotes the symmetrization of
H⊗n required by the bosonic statistics of the theory. As
usual, the GFT Fock ‘vacuum’ state |0⟩ is defined as the
state annihilated by all âȷ⃗,m⃗,ι operators. Note that |0⟩ is
not necessarily an eigenstate of the Hamiltonian operator
(even in the absence of a potential U) depending on the

signs of K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι.
The creation and annihilation operators make it pos-

sible to speak of quanta of geometry: the â†ȷ⃗,m⃗,ι cre-
ate quanta of geometry, i.e., spin-network nodes labeled
with ȷ⃗, m⃗, ι. So a spin-network with N nodes can be
constructed by acting on the GFT Fock vacuum with
N creation operators; connectivity between neighbour-
ing nodes is imposed by projection operators acting on
the two half-links that are to be connected, just as in the
non-deparametrized theory [17]. In this reformulation of
LQG (for gravity minimally coupled to a massless scalar
field), the physical Hilbert space can be understood as
the space of states that live in the GFT Fock space and
satisfy the relational Schrödinger equation, which deter-
mines the relational quantum gravity dynamics. (It may
also be possible to use other, non-Fock, representations
of states [26].)
The relational Hamiltonian can be expressed in terms

of the creation and annihilation operators. If K(0)
ȷ⃗,m⃗,ι and

K(2)
ȷ⃗,m⃗,ι have the same sign, then

Ĥ = !
!

j,m,ι

Mȷ⃗,m⃗,ι

(

â†ȷ⃗,m⃗,ιâȷ⃗,m⃗,ι +
ωȷ⃗,ι
m⃗

2

)

+ U [ϕ̂], (29)

while if they have opposite signs

Ĥ = !
!

j,m,ι

Mȷ⃗,m⃗,ι

%

(â†ȷ⃗,m⃗,ι)
2 + â2ȷ⃗,m⃗,ι

&

+ U [ϕ̂]. (30)

In both cases

Mȷ⃗,m⃗,ι = ±

*

+

+

,

-

-

-

-

-

K(0)
ȷ⃗,m⃗,ι

K(2)
ȷ⃗,m⃗,ι

-

-

-

-

-

, (31)

where the signs of K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι determine the overall
sign of Mȷ⃗,m⃗,ι by ensuring that the overall signs agree
between (23) and either (29) or (30).
An important point is that it is only for the Hamilto-

nian (29) that the state |0⟩ is an eigenstate of the Hamil-
tonian.
Of course, it is also possible that the two K have the

same sign for some quantum labels ȷ⃗, m⃗, ι, and a differ-
ent sign for others. As soon as one pair of K(0) and K(2)

have opposite signs, |0⟩ is not an eigenstate of the Hamil-
tonian.
If the Hamiltonian has at least one term of the form

(30), then since the Fock vacuum state |0⟩ is not an eigen-
state of Ĥ, |0⟩ cannot be the vacuum state of the rela-
tional Hamiltonian, even approximately (and this is the
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can define "equal (relational) time" commutation relations:

IV. QUANTUM THEORY

An advantage of having a (relational) Hamiltonian for
GFT is that it is possible to perform a canonical quan-
tization of the theory, treating χ as a classical time vari-
able.
The first step is to replace the equal time Poisson

bracket for the basic GFT field ϕ and its momentum π by
commutation relations for the corresponding operators,

[ ϕ̂ȷ⃗1,ι1
m⃗1

, π̂ȷ⃗2,ι2
m⃗2

] = i! δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2 . (19)

The above expression is given in the Schrödinger picture,
in the Heisenberg picture (19) would be given in terms of
‘equal relational time’ commutation relations. As usual,
these operators can formally be represented by

ϕ̂ȷ⃗,ι
m⃗Ψ[ϕ] = ϕȷ⃗,ι

m⃗ Ψ[ϕ], (20)

π̂ȷ⃗,ι
m⃗ Ψ[ϕ] = −i!

δΨ[ϕ]

δϕȷ⃗,ι
m⃗

. (21)

The relational Schrödinger equation for GFT wave
functionals is

ĤΨ = i!
dΨ

dχ
, (22)

with the Hamiltonian operator

Ĥ = −
!

j,m,ι

"

π̂ȷ⃗,ι
m⃗ (χ)2

2K(2)
ȷ⃗,m⃗,ι

+K(0)
ȷ⃗,m⃗,ι

ϕ̂ȷ⃗,ι
m⃗ (χ)2

2

#

+ U [ϕ̂]. (23)

Given that the Hamiltonian contains terms that are
quadratic in the field and its momentum, it is convenient
to introduce creation and annihilation operators corre-
sponding respectively to

â†ȷ⃗,m⃗,ι =
1

$

2!ωȷ⃗,ι
m⃗

%

ωȷ⃗,ι
m⃗ ϕ̂ȷ⃗,ι

m⃗ − i πȷ⃗,ι
m⃗

&

, (24)

âȷ⃗,m⃗,ι =
1

$

2!ωȷ⃗,ι
m⃗

%

ωȷ⃗,ι
m⃗ ϕ̂ȷ⃗,ι

m⃗ + i πȷ⃗,ι
m⃗

&

, (25)

with

ωȷ⃗,ι
m⃗ =

$

|K(0)
ȷ⃗,m⃗,ιK

(2)
ȷ⃗,m⃗,ι|. (26)

(Recall that K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι may be positive or nega-
tive, depending on the specific form of the GFT action.)
As usual, the creation and annihilation operators satisfy
the commutation relations

[ âȷ⃗1,m⃗1,ι1, â
†
ȷ⃗2,m⃗2,ι2

] = δȷ⃗1,ȷ⃗2δm⃗1,m⃗2
δι1,ι2 . (27)

Since the ladder operators satisfy the commutation re-
lations (27), GFT states live in the Fock space

F =
∞
'

n=0

SH⊗n, (28)

where H is the ‘single-particle’ Hilbert space for
SU(2)⊗4/SU(2) and S denotes the symmetrization of
H⊗n required by the bosonic statistics of the theory. As
usual, the GFT Fock ‘vacuum’ state |0⟩ is defined as the
state annihilated by all âȷ⃗,m⃗,ι operators. Note that |0⟩ is
not necessarily an eigenstate of the Hamiltonian operator
(even in the absence of a potential U) depending on the

signs of K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι.
The creation and annihilation operators make it pos-

sible to speak of quanta of geometry: the â†ȷ⃗,m⃗,ι cre-
ate quanta of geometry, i.e., spin-network nodes labeled
with ȷ⃗, m⃗, ι. So a spin-network with N nodes can be
constructed by acting on the GFT Fock vacuum with
N creation operators; connectivity between neighbour-
ing nodes is imposed by projection operators acting on
the two half-links that are to be connected, just as in the
non-deparametrized theory [17]. In this reformulation of
LQG (for gravity minimally coupled to a massless scalar
field), the physical Hilbert space can be understood as
the space of states that live in the GFT Fock space and
satisfy the relational Schrödinger equation, which deter-
mines the relational quantum gravity dynamics. (It may
also be possible to use other, non-Fock, representations
of states [26].)
The relational Hamiltonian can be expressed in terms

of the creation and annihilation operators. If K(0)
ȷ⃗,m⃗,ι and

K(2)
ȷ⃗,m⃗,ι have the same sign, then

Ĥ = !
!

j,m,ι

Mȷ⃗,m⃗,ι

(

â†ȷ⃗,m⃗,ιâȷ⃗,m⃗,ι +
ωȷ⃗,ι
m⃗

2

)

+ U [ϕ̂], (29)

while if they have opposite signs

Ĥ = !
!

j,m,ι

Mȷ⃗,m⃗,ι

%

(â†ȷ⃗,m⃗,ι)
2 + â2ȷ⃗,m⃗,ι

&

+ U [ϕ̂]. (30)

In both cases

Mȷ⃗,m⃗,ι = ±

*

+

+

,

-

-

-

-

-

K(0)
ȷ⃗,m⃗,ι

K(2)
ȷ⃗,m⃗,ι

-

-

-

-

-

, (31)

where the signs of K(0)
ȷ⃗,m⃗,ι and K(2)

ȷ⃗,m⃗,ι determine the overall
sign of Mȷ⃗,m⃗,ι by ensuring that the overall signs agree
between (23) and either (29) or (30).
An important point is that it is only for the Hamilto-

nian (29) that the state |0⟩ is an eigenstate of the Hamil-
tonian.
Of course, it is also possible that the two K have the

same sign for some quantum labels ȷ⃗, m⃗, ι, and a differ-
ent sign for others. As soon as one pair of K(0) and K(2)

have opposite signs, |0⟩ is not an eigenstate of the Hamil-
tonian.
If the Hamiltonian has at least one term of the form

(30), then since the Fock vacuum state |0⟩ is not an eigen-
state of Ĥ, |0⟩ cannot be the vacuum state of the rela-
tional Hamiltonian, even approximately (and this is the
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Relational ("deparametrised") GFT dynamics



GFT (quantum) statistical mechanics



General problem in background independent (classical and) quantum gravity: 
what is "equilibrium" in absence of preferred temporal direction?
two main strategies for identifying/constructing equilibrium states, then applied to GFT context: 

applied to system of quantum tetrahedra (using Fock space)

13

Let us a consider a system of quantum tetrahedra with a model defined by a (self-adjoint) constraint operator Ĉ
defined on HF , and a generalised Gibbs state of the form,

⇢̂ =
1

Z
e��Ĉ , Z� = TrHF (e��Ĉ) (4.6)

where � is the Lagrange multiplier for hĈi = 0.
We can think of this state as the result of a maximisation of entropy with respect to a series of constraints hĈai = 0,

each one encoding a specific gluing interaction kernel. The form of the Gibbs state in (4.6) then results by coupling
the constraints via a global rescaling of the individual temperatures, along the line discussed in (2.15), so to give
Ĉ =

P
a
�a

� Ĉa.

Each Ĉa encodes a di↵erent coupling operator of given rank and combinatorial degeneracy. In this sense, we can
think of the individual relative temperatures �a/� as coupling constants in the sum

P
a
�a

� Ĉa, giving di↵erent weights
to the di↵erent gluing kernels, within a unique equilibrium distribution.

Particularly, a density operator with a contribution from a grand-canonical weight of the form eµN̂ , corresponds to
a statistical state with a varying particle number, where N̂ is the number operator associated with the Fock vacuum.
The corresponding partition function

Zµ,� = TrHF

h
e��(Ĉ�µN̂)

i
= TrHF

h
e��(

P
a
�a
� Ĉa� µ̃

� N̂)
i

(4.7)

provides the quantum counterpart of the expression (3.14) in III C.

B. Field theory of quantum tetrahedra

The Hilbert space HF
11 is generated by a set of ladder operators acting on the cyclic vacuum |0i, and satisfying

the algebra,

['̂(gI), '̂
⇤(g0J)] = �(gI , g

0
J) (4.8)

where � is an identity distribution on the space of smooth, complex-valued L2 functions on SU(2)4.
This formulation already hints at a second quantised language in terms of quantum fields of tetrahedra. This

language can indeed be applied to the whole statistical mechanics framework we have developed, in particular to the
partition function obtained in the previous section.

The way to obtain this field-theoretic reformulation is pretty standard. Indeed, the trace in the partition function
(4.6) can be evaluated using an overcomplete coherent state basis of (field) coherent states,

| i = e�
|| ||

2

2 e
R
SU(2)4  (gI)'̂⇤(gI) |0i . (4.9)

Here the states are labelled by  2 H and ||.|| is the L2 norm in H. This gives,

Z =

Z
[Dµ( ,  ̄)] h | e��Ĉ | i , (4.10)

where the resolution of identity is I =
R

[Dµ( ,  ̄)] | i h |, and the coherent state functional measure [42] is,

Dµ( ,  ̄) = [D D ̄] e�|| ||2 . (4.11)

This quantum statistical partition function can be reinterpreted as the partition function for a field theory (restricted
to complex-valued L2 fields) of the underlying quanta, which here are quantum tetrahedra [39]. This can be seen as
follows.

11 We remark that HF is the GNS representation space of the Fock algebraic state associated with a group field theory Weyl algebra
[22, 41].

Statistical Equilibrium of Tetrahedra from
Maximum Entropy Principle1

Isha Kotecha, Goffredo Chirco, Daniele Oriti

Max Planck Institute for Gravitational Physics (Albert Einstein Institute), Potsdam-Golm, Germany

Generalized Gibbs Equilibrium

• If 9 absolute time, then statistical equilibrium unambiguously given
by: invariance under Hamiltonian, or generally by KMS condition

!⇢[A(↵t+i�B)] = !⇢[(↵tB)A], ⇢ = e��H/Z

• But @ standard time/energy in constrained systems, including in
non-perturbative quantum gravity ! open problem3

• Propose2,1 to use Jaynes’s4 maximum information entropy principle

maximize S[⇢] = �hln ⇢i⇢ such that h1i⇢ = 1 , hOai⇢ = Ua

⇢{�a} =
1

Z{�a}
e�

Pk
a=1 �aOa

• Least-biased probability distribution ⇢{�a} for microscopics, given
partial knowledge {Ua} of macroscopics
• Observer-dependent equilibrium
• Versatile procedure
· Oa can be geometric e.g. volume2, area
· no symmetry flow needed a priori, but can extract a modular flow

• Generalized temperatures {�a} 2 Rk, energies Ua = �@ lnZ{�}
@�a

Statistically Open Tetrahedron

• Extended symplectic space of geometries of an open tetrahedron

� = S2
A1
⇥ ...⇥ S2

A4
⇠= {(XI) 2 su(2)⇤4 , ||XI || = AI}

• Closure constraint for triangles (with areas AI) is a momentum map
associated with diagonal action of Lie group SU(2)

J : �! su(2)⇤ , J =
P4

I=1 XI

• Usually, Closure (strong) J = 0

• But here, Statistical closure1 (weak)

hJi⇢ = 0

• Then, least-biased statistical distribution is generalized Gibbs

⇢� =
1

Z�
e�J(�) , J(�) =

3X

a=1

�aJa

• Stationary wrt Hamiltonian vector field of co-momentum map J(�)

• Vector-valued temperature � 2 su(2)

• Generalization of Souriau’s5 Gibbs states to first class constraints

‘Atoms’ of Geometry & Statistical Mechanics

Many-Body Spacetime

• Emergence of macroscopic spacetime from
collective, interacting behaviour of many fun-
damental ‘atoms’ of space6

• Crucial role of statistical techniques and equi-
librium configurations

• Discrete space  ! La-
belled cellular complex, or
dual graph, or dual trian-
gulation [figure

7
]

• Discrete spacetime  ! La-

belled 2-complex, or dual fat

graph, or dual simplicial (poly-

hedral) complex [figure
7
]

Interactions: Gluing Constraints

C` = g(nI)g(mJ) = e , D` = X(nI) +X(mJ) = 0

A Statistical Framework

• Many-body mechanics of tetrahedra: non-local,

combinatorial and algebraic

• State space of N classical/quantum tetrahedra

�N = T ⇤(SU(2)4/SU(2))⇥N

HN = L2(SU(2)4/SU(2))⌦N

• Fock space of quantum tetrahedra

HF =
M

N�0

symHN

• Gluing interactions encode dynamics

• Statistical states: probability density distribu-

tions/operators on classical/quantum state space

• Gibbs equilibrium states: maximize information

entropy under given constraints

Gibbs States of Tetrahedra & Discrete Gravity

Statistical Classical Twisted Geometries

• Simplicial complex �, with N tetrahedra, L shared triangles with
T ⇤(SU(2)) data  ! twisted geometry 2 �N with SU(2)- and su(2)⇤-
valued, area-matching gluing constraints {C`,a = 0, D`,a = 0}�

• Statistical relaxation of gluing {hC`,ai = 0, hD`,ai = 0}�

⇢{�,↵,�} / e�
PL
`=1

P3
a=1 ↵`,aC`,a+�`,aD`,a ⌘ e�G�(↵,�)

6L R-valued temperatures, with ↵`,�` 2 R3 controlling each triangle
• N -particle interaction potential G� , associated with � combinatorics
• Include several different interaction terms, for a fixed N
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1
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P
{�}N

1
Aut(�)��G�(↵,�)

• Generalize to number changing (grand-canonical) dynamics

Z(µ,�� ,↵,�) =
X

N

eµNZN (�� ,↵,�)

Statistical Field Theory of Quantum Tetrahedra

• Ladder operators '̂(~g), '̂†(~g) on HF

• Fock vacuum '̂(~g) |0i = 0, for all ~g 2 SU(2)4

• Use a basis of field coherent states

| i = e�
|| ||2

2 e
R
SU(2)4 d~g  (~g)'̂†(~g) |0i , '̂(~g) | i =  (~g) | i

• For dynamical constraint operator Ĉ, & effective dynamics hĈi⇢ = 0

Z = TrHF (e
��Ĉ) =

Z
[Dµ( ,  ̄)] h | e��Ĉ | i

=

Z
[Dµ( ,  ̄)](e��h |Ĉ| i + h | : po('̂, '̂†,�) : | i)

• Effective statistical field theory Z ⇡ Zeff =
R
[Dµ( ,  ̄)]e�Ceff( , ̄)

• Zeff generates 2-complexes (discrete spacetimes) as Feynman diagrams;
defines group field theory models of quantum gravity
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General problem in background independent (classical and) quantum gravity: 
what is "equilibrium" in absence of preferred temporal direction?
two main strategies for identifying/constructing equilibrium states, then applied to GFT context: 

applied to system of quantum tetrahedra (using Fock space)

13

Let us a consider a system of quantum tetrahedra with a model defined by a (self-adjoint) constraint operator Ĉ
defined on HF , and a generalised Gibbs state of the form,

⇢̂ =
1

Z
e��Ĉ , Z� = TrHF (e��Ĉ) (4.6)

where � is the Lagrange multiplier for hĈi = 0.
We can think of this state as the result of a maximisation of entropy with respect to a series of constraints hĈai = 0,

each one encoding a specific gluing interaction kernel. The form of the Gibbs state in (4.6) then results by coupling
the constraints via a global rescaling of the individual temperatures, along the line discussed in (2.15), so to give
Ĉ =

P
a
�a

� Ĉa.

Each Ĉa encodes a di↵erent coupling operator of given rank and combinatorial degeneracy. In this sense, we can
think of the individual relative temperatures �a/� as coupling constants in the sum

P
a
�a

� Ĉa, giving di↵erent weights
to the di↵erent gluing kernels, within a unique equilibrium distribution.

Particularly, a density operator with a contribution from a grand-canonical weight of the form eµN̂ , corresponds to
a statistical state with a varying particle number, where N̂ is the number operator associated with the Fock vacuum.
The corresponding partition function

Zµ,� = TrHF

h
e��(Ĉ�µN̂)

i
= TrHF

h
e��(

P
a
�a
� Ĉa� µ̃

� N̂)
i

(4.7)

provides the quantum counterpart of the expression (3.14) in III C.

B. Field theory of quantum tetrahedra

The Hilbert space HF
11 is generated by a set of ladder operators acting on the cyclic vacuum |0i, and satisfying

the algebra,

['̂(gI), '̂
⇤(g0J)] = �(gI , g

0
J) (4.8)

where � is an identity distribution on the space of smooth, complex-valued L2 functions on SU(2)4.
This formulation already hints at a second quantised language in terms of quantum fields of tetrahedra. This

language can indeed be applied to the whole statistical mechanics framework we have developed, in particular to the
partition function obtained in the previous section.

The way to obtain this field-theoretic reformulation is pretty standard. Indeed, the trace in the partition function
(4.6) can be evaluated using an overcomplete coherent state basis of (field) coherent states,

| i = e�
|| ||

2

2 e
R
SU(2)4  (gI)'̂⇤(gI) |0i . (4.9)

Here the states are labelled by  2 H and ||.|| is the L2 norm in H. This gives,

Z =

Z
[Dµ( ,  ̄)] h | e��Ĉ | i , (4.10)

where the resolution of identity is I =
R

[Dµ( ,  ̄)] | i h |, and the coherent state functional measure [42] is,

Dµ( ,  ̄) = [D D ̄] e�|| ||2 . (4.11)

This quantum statistical partition function can be reinterpreted as the partition function for a field theory (restricted
to complex-valued L2 fields) of the underlying quanta, which here are quantum tetrahedra [39]. This can be seen as
follows.

11 We remark that HF is the GNS representation space of the Fock algebraic state associated with a group field theory Weyl algebra
[22, 41].
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Generalized Gibbs Equilibrium

• If 9 absolute time, then statistical equilibrium unambiguously given
by: invariance under Hamiltonian, or generally by KMS condition

!⇢[A(↵t+i�B)] = !⇢[(↵tB)A], ⇢ = e��H/Z

• But @ standard time/energy in constrained systems, including in
non-perturbative quantum gravity ! open problem3

• Propose2,1 to use Jaynes’s4 maximum information entropy principle

maximize S[⇢] = �hln ⇢i⇢ such that h1i⇢ = 1 , hOai⇢ = Ua
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• Least-biased probability distribution ⇢{�a} for microscopics, given
partial knowledge {Ua} of macroscopics
• Observer-dependent equilibrium
• Versatile procedure
· Oa can be geometric e.g. volume2, area
· no symmetry flow needed a priori, but can extract a modular flow

• Generalized temperatures {�a} 2 Rk, energies Ua = �@ lnZ{�}
@�a

Statistically Open Tetrahedron

• Extended symplectic space of geometries of an open tetrahedron

� = S2
A1
⇥ ...⇥ S2

A4
⇠= {(XI) 2 su(2)⇤4 , ||XI || = AI}

• Closure constraint for triangles (with areas AI) is a momentum map
associated with diagonal action of Lie group SU(2)

J : �! su(2)⇤ , J =
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I=1 XI

• Usually, Closure (strong) J = 0

• But here, Statistical closure1 (weak)

hJi⇢ = 0

• Then, least-biased statistical distribution is generalized Gibbs
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e�J(�) , J(�) =

3X
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�aJa

• Stationary wrt Hamiltonian vector field of co-momentum map J(�)

• Vector-valued temperature � 2 su(2)

• Generalization of Souriau’s5 Gibbs states to first class constraints

‘Atoms’ of Geometry & Statistical Mechanics

Many-Body Spacetime

• Emergence of macroscopic spacetime from
collective, interacting behaviour of many fun-
damental ‘atoms’ of space6

• Crucial role of statistical techniques and equi-
librium configurations

• Discrete space  ! La-
belled cellular complex, or
dual graph, or dual trian-
gulation [figure

7
]

• Discrete spacetime  ! La-

belled 2-complex, or dual fat

graph, or dual simplicial (poly-

hedral) complex [figure
7
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C` = g(nI)g(mJ) = e , D` = X(nI) +X(mJ) = 0
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1- Jaynes' entropy maximization principle
▸ Constrained maximisation of  

Shannon/von Neumann entropy 

 
   “thermodynamical characterisation” 

▸ Accommodates past proposals + Many crucial advantages + Interesting features 
 
— no use of conjectures, physical assumptions or interpretations (esp useful in QG) 
— versatile: classical/quantum, wide variety of observables 
— no use of a special energy or time variable, or Hamiltonian flow  
— if wish to, can extract modular flow encoding stationarity 
— information entropy more fundamental than energy 
— observer-dependent equilibrium 
— observer-dependent modular flow “thermal time” 

Generalised Gibbs States

[IK, Oriti]

How to construct a Gibbs state without relying on prior 
 existence of a suitable, well-defined symmetry flow?

[IK, Oriti]

[Jaynes, Rovelli, Montesinos, IK, Oriti]

Maximising                                   under  

a set of macrostate constraints  

gives
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applied to system of quantum tetrahedra (using Fock space)
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Let us a consider a system of quantum tetrahedra with a model defined by a (self-adjoint) constraint operator Ĉ
defined on HF , and a generalised Gibbs state of the form,

⇢̂ =
1

Z
e��Ĉ , Z� = TrHF (e��Ĉ) (4.6)

where � is the Lagrange multiplier for hĈi = 0.
We can think of this state as the result of a maximisation of entropy with respect to a series of constraints hĈai = 0,

each one encoding a specific gluing interaction kernel. The form of the Gibbs state in (4.6) then results by coupling
the constraints via a global rescaling of the individual temperatures, along the line discussed in (2.15), so to give
Ĉ =

P
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Each Ĉa encodes a di↵erent coupling operator of given rank and combinatorial degeneracy. In this sense, we can
think of the individual relative temperatures �a/� as coupling constants in the sum

P
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� Ĉa, giving di↵erent weights
to the di↵erent gluing kernels, within a unique equilibrium distribution.

Particularly, a density operator with a contribution from a grand-canonical weight of the form eµN̂ , corresponds to
a statistical state with a varying particle number, where N̂ is the number operator associated with the Fock vacuum.
The corresponding partition function

Zµ,� = TrHF
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e��(Ĉ�µN̂)
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provides the quantum counterpart of the expression (3.14) in III C.

B. Field theory of quantum tetrahedra

The Hilbert space HF
11 is generated by a set of ladder operators acting on the cyclic vacuum |0i, and satisfying

the algebra,

['̂(gI), '̂
⇤(g0J)] = �(gI , g

0
J) (4.8)

where � is an identity distribution on the space of smooth, complex-valued L2 functions on SU(2)4.
This formulation already hints at a second quantised language in terms of quantum fields of tetrahedra. This

language can indeed be applied to the whole statistical mechanics framework we have developed, in particular to the
partition function obtained in the previous section.

The way to obtain this field-theoretic reformulation is pretty standard. Indeed, the trace in the partition function
(4.6) can be evaluated using an overcomplete coherent state basis of (field) coherent states,
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Here the states are labelled by  2 H and ||.|| is the L2 norm in H. This gives,

Z =

Z
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where the resolution of identity is I =
R

[Dµ( ,  ̄)] | i h |, and the coherent state functional measure [42] is,

Dµ( ,  ̄) = [D D ̄] e�|| ||2 . (4.11)

This quantum statistical partition function can be reinterpreted as the partition function for a field theory (restricted
to complex-valued L2 fields) of the underlying quanta, which here are quantum tetrahedra [39]. This can be seen as
follows.

11 We remark that HF is the GNS representation space of the Fock algebraic state associated with a group field theory Weyl algebra
[22, 41].

Statistical Equilibrium of Tetrahedra from
Maximum Entropy Principle1

Isha Kotecha, Goffredo Chirco, Daniele Oriti

Max Planck Institute for Gravitational Physics (Albert Einstein Institute), Potsdam-Golm, Germany

Generalized Gibbs Equilibrium

• If 9 absolute time, then statistical equilibrium unambiguously given
by: invariance under Hamiltonian, or generally by KMS condition

!⇢[A(↵t+i�B)] = !⇢[(↵tB)A], ⇢ = e��H/Z

• But @ standard time/energy in constrained systems, including in
non-perturbative quantum gravity ! open problem3

• Propose2,1 to use Jaynes’s4 maximum information entropy principle

maximize S[⇢] = �hln ⇢i⇢ such that h1i⇢ = 1 , hOai⇢ = Ua

⇢{�a} =
1

Z{�a}
e�

Pk
a=1 �aOa

• Least-biased probability distribution ⇢{�a} for microscopics, given
partial knowledge {Ua} of macroscopics
• Observer-dependent equilibrium
• Versatile procedure
· Oa can be geometric e.g. volume2, area
· no symmetry flow needed a priori, but can extract a modular flow

• Generalized temperatures {�a} 2 Rk, energies Ua = �@ lnZ{�}
@�a

Statistically Open Tetrahedron

• Extended symplectic space of geometries of an open tetrahedron

� = S2
A1
⇥ ...⇥ S2

A4
⇠= {(XI) 2 su(2)⇤4 , ||XI || = AI}

• Closure constraint for triangles (with areas AI) is a momentum map
associated with diagonal action of Lie group SU(2)

J : �! su(2)⇤ , J =
P4

I=1 XI

• Usually, Closure (strong) J = 0

• But here, Statistical closure1 (weak)

hJi⇢ = 0

• Then, least-biased statistical distribution is generalized Gibbs

⇢� =
1

Z�
e�J(�) , J(�) =

3X

a=1

�aJa

• Stationary wrt Hamiltonian vector field of co-momentum map J(�)

• Vector-valued temperature � 2 su(2)

• Generalization of Souriau’s5 Gibbs states to first class constraints

‘Atoms’ of Geometry & Statistical Mechanics

Many-Body Spacetime

• Emergence of macroscopic spacetime from
collective, interacting behaviour of many fun-
damental ‘atoms’ of space6

• Crucial role of statistical techniques and equi-
librium configurations

• Discrete space  ! La-
belled cellular complex, or
dual graph, or dual trian-
gulation [figure

7
]

• Discrete spacetime  ! La-

belled 2-complex, or dual fat

graph, or dual simplicial (poly-

hedral) complex [figure
7
]
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C` = g(nI)g(mJ) = e , D` = X(nI) +X(mJ) = 0

A Statistical Framework

• Many-body mechanics of tetrahedra: non-local,

combinatorial and algebraic

• State space of N classical/quantum tetrahedra

�N = T ⇤(SU(2)4/SU(2))⇥N

HN = L2(SU(2)4/SU(2))⌦N

• Fock space of quantum tetrahedra

HF =
M

N�0

symHN

• Gluing interactions encode dynamics

• Statistical states: probability density distribu-
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— versatile: classical/quantum, wide variety of observables 
— no use of a special energy or time variable, or Hamiltonian flow  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— information entropy more fundamental than energy 
— observer-dependent equilibrium 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what is "equilibrium" in absence of preferred temporal direction?
two main strategies for identifying/constructing equilibrium states, then applied to GFT context: 

applied to system of quantum tetrahedra (using Fock space)
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Let us a consider a system of quantum tetrahedra with a model defined by a (self-adjoint) constraint operator Ĉ
defined on HF , and a generalised Gibbs state of the form,

⇢̂ =
1

Z
e��Ĉ , Z� = TrHF (e��Ĉ) (4.6)

where � is the Lagrange multiplier for hĈi = 0.
We can think of this state as the result of a maximisation of entropy with respect to a series of constraints hĈai = 0,

each one encoding a specific gluing interaction kernel. The form of the Gibbs state in (4.6) then results by coupling
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where � is an identity distribution on the space of smooth, complex-valued L2 functions on SU(2)4.
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(4.6) can be evaluated using an overcomplete coherent state basis of (field) coherent states,

| i = e�
|| ||

2

2 e
R
SU(2)4  (gI)'̂⇤(gI) |0i . (4.9)

Here the states are labelled by  2 H and ||.|| is the L2 norm in H. This gives,

Z =

Z
[Dµ( ,  ̄)] h | e��Ĉ | i , (4.10)

where the resolution of identity is I =
R

[Dµ( ,  ̄)] | i h |, and the coherent state functional measure [42] is,

Dµ( ,  ̄) = [D D ̄] e�|| ||2 . (4.11)

This quantum statistical partition function can be reinterpreted as the partition function for a field theory (restricted
to complex-valued L2 fields) of the underlying quanta, which here are quantum tetrahedra [39]. This can be seen as
follows.

11 We remark that HF is the GNS representation space of the Fock algebraic state associated with a group field theory Weyl algebra
[22, 41].

Statistical Equilibrium of Tetrahedra from
Maximum Entropy Principle1

Isha Kotecha, Goffredo Chirco, Daniele Oriti

Max Planck Institute for Gravitational Physics (Albert Einstein Institute), Potsdam-Golm, Germany

Generalized Gibbs Equilibrium

• If 9 absolute time, then statistical equilibrium unambiguously given
by: invariance under Hamiltonian, or generally by KMS condition

!⇢[A(↵t+i�B)] = !⇢[(↵tB)A], ⇢ = e��H/Z

• But @ standard time/energy in constrained systems, including in
non-perturbative quantum gravity ! open problem3

• Propose2,1 to use Jaynes’s4 maximum information entropy principle

maximize S[⇢] = �hln ⇢i⇢ such that h1i⇢ = 1 , hOai⇢ = Ua

⇢{�a} =
1

Z{�a}
e�

Pk
a=1 �aOa

• Least-biased probability distribution ⇢{�a} for microscopics, given
partial knowledge {Ua} of macroscopics
• Observer-dependent equilibrium
• Versatile procedure
· Oa can be geometric e.g. volume2, area
· no symmetry flow needed a priori, but can extract a modular flow

• Generalized temperatures {�a} 2 Rk, energies Ua = �@ lnZ{�}
@�a

Statistically Open Tetrahedron

• Extended symplectic space of geometries of an open tetrahedron

� = S2
A1
⇥ ...⇥ S2

A4
⇠= {(XI) 2 su(2)⇤4 , ||XI || = AI}

• Closure constraint for triangles (with areas AI) is a momentum map
associated with diagonal action of Lie group SU(2)

J : �! su(2)⇤ , J =
P4

I=1 XI

• Usually, Closure (strong) J = 0

• But here, Statistical closure1 (weak)

hJi⇢ = 0

• Then, least-biased statistical distribution is generalized Gibbs

⇢� =
1

Z�
e�J(�) , J(�) =

3X

a=1

�aJa

• Stationary wrt Hamiltonian vector field of co-momentum map J(�)

• Vector-valued temperature � 2 su(2)

• Generalization of Souriau’s5 Gibbs states to first class constraints

‘Atoms’ of Geometry & Statistical Mechanics

Many-Body Spacetime

• Emergence of macroscopic spacetime from
collective, interacting behaviour of many fun-
damental ‘atoms’ of space6

• Crucial role of statistical techniques and equi-
librium configurations

• Discrete space  ! La-
belled cellular complex, or
dual graph, or dual trian-
gulation [figure

7
]

• Discrete spacetime  ! La-

belled 2-complex, or dual fat

graph, or dual simplicial (poly-

hedral) complex [figure
7
]

Interactions: Gluing Constraints

C` = g(nI)g(mJ) = e , D` = X(nI) +X(mJ) = 0

A Statistical Framework

• Many-body mechanics of tetrahedra: non-local,

combinatorial and algebraic

• State space of N classical/quantum tetrahedra

�N = T ⇤(SU(2)4/SU(2))⇥N

HN = L2(SU(2)4/SU(2))⌦N

• Fock space of quantum tetrahedra

HF =
M

N�0

symHN

• Gluing interactions encode dynamics

• Statistical states: probability density distribu-

tions/operators on classical/quantum state space

• Gibbs equilibrium states: maximize information

entropy under given constraints

Gibbs States of Tetrahedra & Discrete Gravity

Statistical Classical Twisted Geometries

• Simplicial complex �, with N tetrahedra, L shared triangles with
T ⇤(SU(2)) data  ! twisted geometry 2 �N with SU(2)- and su(2)⇤-
valued, area-matching gluing constraints {C`,a = 0, D`,a = 0}�

• Statistical relaxation of gluing {hC`,ai = 0, hD`,ai = 0}�

⇢{�,↵,�} / e�
PL
`=1

P3
a=1 ↵`,aC`,a+�`,aD`,a ⌘ e�G�(↵,�)

6L R-valued temperatures, with ↵`,�` 2 R3 controlling each triangle
• N -particle interaction potential G� , associated with � combinatorics
• Include several different interaction terms, for a fixed N

⇢N =
1

ZN (�� ,↵,�)
e�

P
{�}N

1
Aut(�)��G�(↵,�)

• Generalize to number changing (grand-canonical) dynamics

Z(µ,�� ,↵,�) =
X

N

eµNZN (�� ,↵,�)

Statistical Field Theory of Quantum Tetrahedra

• Ladder operators '̂(~g), '̂†(~g) on HF

• Fock vacuum '̂(~g) |0i = 0, for all ~g 2 SU(2)4

• Use a basis of field coherent states

| i = e�
|| ||2

2 e
R
SU(2)4 d~g  (~g)'̂†(~g) |0i , '̂(~g) | i =  (~g) | i

• For dynamical constraint operator Ĉ, & effective dynamics hĈi⇢ = 0

Z = TrHF (e
��Ĉ) =

Z
[Dµ( ,  ̄)] h | e��Ĉ | i

=

Z
[Dµ( ,  ̄)](e��h |Ĉ| i + h | : po('̂, '̂†,�) : | i)

• Effective statistical field theory Z ⇡ Zeff =
R
[Dµ( ,  ̄)]e�Ceff( , ̄)

• Zeff generates 2-complexes (discrete spacetimes) as Feynman diagrams;
defines group field theory models of quantum gravity
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choices for C: volume operator, 
gluing + simplicity constraints, 
LQG Hamiltonian constraint, 
LQG physical projector

GFT (quantum) statistical mechanics 
C. Rovelli, '12; G. Chirco, T. Josset, 
C. Rovelli, '15; I. Kotecha, '19

1- Jaynes' entropy maximization principle
▸ Constrained maximisation of  

Shannon/von Neumann entropy 

 
   “thermodynamical characterisation” 

▸ Accommodates past proposals + Many crucial advantages + Interesting features 
 
— no use of conjectures, physical assumptions or interpretations (esp useful in QG) 
— versatile: classical/quantum, wide variety of observables 
— no use of a special energy or time variable, or Hamiltonian flow  
— if wish to, can extract modular flow encoding stationarity 
— information entropy more fundamental than energy 
— observer-dependent equilibrium 
— observer-dependent modular flow “thermal time” 

Generalised Gibbs States

[IK, Oriti]

How to construct a Gibbs state without relying on prior 
 existence of a suitable, well-defined symmetry flow?

[IK, Oriti]

[Jaynes, Rovelli, Montesinos, IK, Oriti]

Maximising                                   under  

a set of macrostate constraints  

gives

[IK]

[Jaynes]

GENERALISED GIBBS STATES

M. Montesinos, C. Rovelli, '01; G. Chirco, I. Kotecha, DO, '18

I. Kotecha, DO, '17; G. Chirco, 
I. Kotecha, DO, '18

can then be used to define generalised QG thermodynamics I. Kotecha, '19

GFT partition function 
(encodes LQG dynamics) DO, '13
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Motivations
Background Independence & Statistical Equilibrium

Group Field Theory
Generalised Gibbs states in GFT

Summary & Outlook

Covariant statistical mechanics: Insights
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Examples

Gibbs states

KMS Condition
“dynamical”
⇢ / e

��G

Entropy Maximisation
“thermodynamical”
⇢ / e

�
P

` �`O`

· wrt Hamiltonian in standard non-
relativistic systems

· wrt clock Hamiltonian in de-
parametrized constrained systems [Rov-

elli, Chirco, Montesinos,... Oriti, IK]

· wrt kinematical/structural symmetries
[Souriau,... Oriti, IK]

· wrt gauge-invariant charges in spa-
tiotemporal constrained system [Mon-

tesinos, Rovelli]

· wrt gluing constraints in a system of
tetrahedra [Chirco, IK, Oriti - in prep]

· wrt geometric volume and area in spin
network systems [Astuti, Christodoulou,

Rovelli, Krasnov, Oriti, IK]

Secondary characterisation via nature of exponents G,O`:

Physical or Structural

Isha Kotecha Gibbs States in Group Field Theory

Kotecha, DO

Kotecha, DO Kotecha, DO

Chirco, Kotecha, DO

Statistical equilibrium in (background-indep) QG
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applied to GFT system and (Weyl) algebra of field observables

I. Kotecha, DO, '17
• with respect to group (rotation) symmetries


• with respect to relational (scalar field) clock variable

corresponding equilibrium states constructed - effective GFT quantum statistical framework
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▸ Understood as homogeneous effective spacetime in GFT condensate cosmology 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▸      good semi-classical state but: unentangled  
                                                            doesn’t incorporate fluctuations in diff observables 

▸ Thermal eigenstate equation 

▸ Observable avgs incl thermal contributions 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zero temperature)
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and compute thermal fluctuations of geometric observables in such condensate state

Thermal squeezed vacua, QG condensates 
▸ Coherent, zero temperature condensates over deg vac 

▸ Understood as homogeneous effective spacetime in GFT condensate cosmology 
 
Further generalisation understood for quantum black holes 
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APPLICATIONS OF GGS

e.g. number operator:applications in GFT 
condensate cosmology



Part III: 
GFT quantum consistency 

and continuum limit



Quantum consistency of GFT models

quantum consistency 


=

quantum dynamics  is valid for all 

ranges of dynamical variables 

GFT perturbative renormalizability
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Quantum consistency of GFT models

quantum consistency 


=

quantum dynamics  is valid for all 

ranges of dynamical variables 

GFT perturbative renormalizability

A. Perez, ‘07

GFT model building mostly based on their Feynman amplitudes, 
i.e. lattice gravity path integrals and spin foam amplitudes

these present several ambiguities, e.g.:

• exact way of imposing simplicity constraints
• generalisations at combinatorial level (which spin foam complexes?)
• quantisation ambiguities (choice of quantisation map)
• quantum corrections and stability of spin foam amplitudes
• “measure” terms
• quantization/construction ambiguities in LQG Hamiltonian constraint

quantum consistency implies taming such ambiguities
(not so much issue of divergences or existence of physical cut-offs)
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Z
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Continuum limit of GFT models
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our QG d.o.f. are interacting

physics of few d.o.f. is very different from physics of many d.o.f. !

Continuum limit of GFT models
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our QG d.o.f. are interacting

physics of few d.o.f. is very different from physics of many d.o.f. !

expect different phases 
and phase transitions 
as result of quantum dynamics
(what are the phases of LQG?)

which ones are “geometric”
in which one does spacetime emerge?

Koslowski, ’07; DO, ‘07
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Continuum limit of GFT models

controlling the continuum limit 
= 

evaluating full GFT partition function (in non-perturbative regime) 

this means: evaluating full lattice gravity 
path integral, complete spin foam model (all 
complexes), whole LQG quantum dynamics

GFT non-perturbative renormalization group flow
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GFT renormalization



GFT renormalisation - general scheme

general strategy: 
treat GFTs as ordinary QFTs defined on Lie group manifold 
use group structures (Killing form, topology, etc) to define notion of scale and to set up mode integration

scales:   
  defined by propagator: e.g. spectrum of Laplacian on G = indexed by group representations

Z =
Z
D'D' ei S�(',') =

X

�

�N�

sym(�)
A�

S(',') =
1
2

Z
[dgi]'(gi)K(gi)'(gi) +

�

D!

Z
[dgia]'(gi1)....'(ḡiD)V(gia, ḡiD) + c.c.

Abstract notion of scale

Scales in space-time based QFTs: energy. Not available in a background
independent context.

In Matrix/Tensor Models (Ti1,...,id |ik 2 {1, . . . ,N}): size N of the tensors viewed as
a cut-o↵.

’UV’ scales ⌘ large ik ;
’IR’ scales ⌘ small ik .

One possible generalization to GFT: eigenvalues of
P
`
�` [Ben Geloun, Bonzom ’11; Ben

Geloun, Rivasseau ’11]. For instance, for a field '(g1, . . . , gd), with gk 2 U(1) or SU(2):

scale =
dX

`=1

p2

` . ⇤2 or
dX

`=1

j`(j` + 1) . ⇤2

’UV’ ⌘ large momenta |p`| or spins j`;
’IR’ ⌘ small momenta |p`| spins j`.

Natural flow from a large cut-o↵ on the spins to a smaller one: not inconsistent
with continuum limit in LQG, despite the fact that large spins means large area.

Sylvain Carrozza (CPT) GFT and the Renormalization Group QGP 2015 14 / 32
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Geloun, Rivasseau ’11]. For instance, for a field '(g1, . . . , gd), with gk 2 U(1) or SU(2):

scale =
dX

`=1

p2

` . ⇤2 or
dX

`=1

j`(j` + 1) . ⇤2

’UV’ ⌘ large momenta |p`| or spins j`;
’IR’ ⌘ small momenta |p`| spins j`.

Natural flow from a large cut-o↵ on the spins to a smaller one: not inconsistent
with continuum limit in LQG, despite the fact that large spins means large area.

Sylvain Carrozza (CPT) GFT and the Renormalization Group QGP 2015 14 / 32

• need to have control over “theory space” (e.g. via symmetries)

• technical difficulties:
controlling the combinatorics of GFT Feynman diagrams 
need to adapt/redefine many QFT notions: connectedness, subgraph contraction, Wick ordering, ….. 

missing in simplicial GFT models

most work done for tensorial GFT models



GFT Renormalization: geometric interpretation?

b b

b

b

1

2

3

4

N
arguments of GFT field: bi 2 su(2) gravity case: d=4

| b | ~  J = irrep of SU(2) ~  “area of triangles”

“geometric” interpretation?

RG flow from large areas to small areas?

continuum geometric intepretation?

• CAUTION in interpreting things geometrically outside continuum geometric approx.

• expect “physical” continuum areas   A ~ < J > < n > , for < n > large

• expect proper continuum geometric interpretation (and effective metric field) 

for  < J >  small,  < n >  large,  A  finite (not too small)

• from continuum geometric perspective, large areas are result of coarse graining of microscopic dofs 

from LQG
from Regge calculus



Quasi-locality: when should renormalization work?

Necessary condition: divergent subgraphs must be quasi-local, i.e. look like
(connected) tensor invariants.

Example: when internal scales j � external scales i

This property is not generic in TGFTs ! ”traciality” criterion:

flatness condition: the parallel transports must peak around 1l (up to gauge);

combinatorial condition: connected boundary graph.

Models studied so far dominated by melonic graphs ! always tracial.

Sylvain Carrozza (CPT) GFT and the Renormalization Group QGP 2015 20 / 32

GFT Renormalization: combinatorics of FDs

1 13 3

1 1

13

2

Figure 4: Feynman graph with 4 external legs and 4 vertices.

2.2 Canonical dimensions

Another important quantity for our purpose is the canonical dimension. The reader interested in more
detail may consult [52, 66], we only focus on the key arguments here. As proven in [51], the divergence
degree !(G) of a leading order graph G is given by

!(G) = 3� N(G)
2

� 2n2(G)� n4(G) , (13)

where nk(G) is the number of bubble vertices of valency k in G. For N = 4, ! is bounded by 1, and
melonic graphs containing only order-6 interactions have ! = 1. This indicates that, perturbatively,
�4(⇤) naturally scales as ⇤ in the ultraviolet. We therefore attribute it a canonical dimension [�4] = 1.
More generally, a bubble interaction b of order Nb is associated to a coupling constant �b of dimension:

[�b] := 3� Nb

2
, (14)

in such a way that renormalizable interactions are characterized by [�b] � 0. Including the mass term
in this definition, we have:

[m2] = 2 , [�4] = 1 , [�6,1] = [�6,2] = 0 . (15)

Hence, the dimensionless coupling constants u2, u4, u6,1 and u6,2 are defined as:

u2(⇤) :=
m

2(⇤)

⇤2
, u4(⇤) :=

�4(⇤)

⇤
, u6,1(⇤) := �6,1(⇤) , u6,2(⇤) := �6,2(⇤) . (16)

We will use this dimensionless parametrization from section 3 onwards, in order to obtain well-defined
autonomous systems of renormalization group equations.

3 Functional renormalization group: order 6 truncation

In this section, we introduce the effective average action associated to the field theory defined by (1).
It satisfies a Functional Renormalization Group (FRG) or Wetterich–Morris equation [54, 55], which
can be viewed as a particular realization of Wilson’s renormalization group. After recalling the general
construction of the FRG in the context of tensorial field theories [65, 66, 67, 68, 49]7, we will use a �

6

truncation of the Wetterich–Morris equation to extract approximate renormalization group equations.
For general reviews ans applications of the FRG, we refer the reader to [56, 57, 58, 59, 60, 61, 62].

7
See also [76, 77, 78] for a FRG based on the Polchinski equation [79].

6

example of Feynman diagram in 4d (interaction 
process of tetrahedra ~ 4d complex)

contraction of (divergent) subgraphs 
+ absorption in effective vertices is 
coarse-graining of simplicial lattices

(perturbative) GFT renormalization = 
renormalization of lattice gravity path integral

spin foam amplitude consistency under coarse graining 
= RG consistency of GFT Feynman amplitudes



GFT perturbative renormalisation

GFT ROOTS GFT OVERVIEW OF RESULTS CONCLUSIONS

PERTURBATIVE GFT RENORMALIZATION

radiative corrections to the GFT 2-point function of the BF GFT models

Ben Geloun, Bonzom, arXiv:1101.4294 [hep-th]

g1

g2
g3

g′1
g′2
g′3

h1

h2

h3

two leading divergences:
a mass renormalization

a divergence proportional to the second derivatives of the propagator

this needs to be balanced by a new counter-term in the GFT Boulatov action:

m2
Z

[dg]φ(g1, g2, g3) →

Z
[dg]φ(g1, g2, g3)

"
3X

i=1

∆i + m2

#

φ(g1, g2, g3)

similar (and higher) derivative divergences in higher dimensions
BF GFT model could be fixed point of more general GFT dynamics - attractive or
repulsive? role of symmetries? - see Bianca’s talk

analogous calculations for EPRL model (Perini, Roveli, Speziale, arXiv:0810.1714 [gr-qc])

need to tackle intensively all 4d gravity models!!!

perturbative GFT renormalization vs renormalization of discrete gravity?

what is the relevant notion of locality, if any? (Rivasseau, arXiv:1103.1900 [gr-qc])
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A class of dynamical models with gauge symmetry
General properties of amplitudes

Multi-scale analysis
Application to U(1), d = 4 models

Graphs

The amplitudes are indexed by (d + 1)-colored graphs, obtained by
connecting d-bubble vertices through propagators (dotted, color-0 lines).
Example: 4-point graph with 3 vertices and 6 (internal) lines.

Nomenclature:
L(G) = set of (dotted) lines of a graph G.
Face of color (0�) = connected set of (alternating) color-0 and color-� lines.
Fint(G) (resp. Fext(G)) = set of internal (resp. external) i.e. closed (resp.
open) faces of G.

Sylvain Carrozza Renormalization of Tensorial Group Field Theories: U(1) Models in Four Dimensions

A class of dynamical models with gauge symmetry
General properties of amplitudes

Multi-scale analysis
Application to U(1), d = 4 models

Locality as tensor invariance

Assume S is a tensor invariant, because:
combinatorial control over topologies
analytical tool: 1/N expansion
universal properties

More precisely, assume S to be a finite sum of connected tensor
invariants, indexed by d-colored graphs (d-bubble):

S(�,�) =
�

b�B

tbIb(�,�) .

d-colored graphs are regular (valency d), bipartite,
edge-colored graphs.
Correspondence with tensor invariants:

white (resp. black) dot � field (resp. complex
conjugate field);
edge of color ⌅ � convolution of ⌅-th indices of �
and �.

�
[dgi ]

12�(g1, g2, g3, g4)�(g1, g2, g3, g5)�(g8, g7, g6, g5)

�(g8, g9, g10, g11)�(g12, g9, g10, g11)�(g12, g7, g6, g4)

Sylvain Carrozza Renormalization of Tensorial Group Field Theories: U(1) Models in Four Dimensions

towards renormalizable 4d gravity simplicial GFT models:
• calculation of radiative corrections and basic divergences

• finiteness results in 3d simplicial models (Boulatov with Laplacian kinetic term)

• renormalizable TGFT models (3d, 4d, and higher - multi scale analysis) - Laplacian + tensorial interactions

—> with gauge invariance 
—> non-abelian ( SU(2) )
—> on homogeneous spaces (towards TGFTs for 4d QG): first steps
————> generic asymptotic freedom/safety

T. Krajewski et al., ’10; A. Riello, ’13; V. Bonzom, B. Dittrich, ’15; P. Dona’, ‘17; P. Dona et al, '19; 
M. Finocchiaro, DO, to appear 

Ben Geloun, Bonzom, ’11; Ben Geloun, ‘13

Ben Geloun, Rivasseau, ’11
Carrozza, DO, Rivasseau, ’12. ‘13

Lahoche, DO, ’15

Ben Geloun, ’12; Carrozza, ’14; Carrozza, Lahoche, ‘16

• Hopf algebra methods in TGFT renormalization
M. Raasakka, A. Tanasa, ’13; R. Cochou, V. Rivasseau, A. Tanasa, ‘17

Γ γ

∆′

!→
γ′

Γ γ/γ′

⊗
γ′

+

Γ/(γ/γ′)

⊗

γ
γ′

2

Figure 3: An example of the coproduct structure for λφ4-model.

Notice that here the sum runs over all disjoint unions γ = ∪iγi ∈ ∪Gω
sd of superficially

divergent disjoint 1PI subgraphs γi of Γ. Since ∆ is an algebra homomorphism, it may be

extended to H. It may be proved

Lemma 2.2 ([7], Theorem 1.27). ∆ : H → H⊗H is a coassociative coproduct.

The counit of H with respect to ∆ is given by the linear extension of ϵ : G → C such

that ϵ(1) = 1 and ϵ(Γ) = 0 for all Γ ≠ 1. H equipped with the above structure thus forms

a bialgebra.

Moreover, we have a natural grading for the elements of H given by the number of

internal edges, which is compatible with the coproduct ∆. Clearly, H(0) = C1 = u(C).

Thus, H constitutes a graded connected bialgebra, and accordingly we have

Theorem 2.1 ([7], Theorem 1.27). (H, u,m, ϵ,∆, S) is a Hopf algebra, where the antipode

S is given by the formula (13) (or (14)).

Consequently, the combinatorial algebraic properties of Feynman graphs and ampli-

tudes join their forces in the following theorem by Connes and Kreimer [6].

Theorem 2.2 ([6]). For a local perturbatively renormalizable QFT model the renormalized

Feynman amplitudes are given by the formula

φR(Γ) = Sφ
R(φ(Γ)) ⋆ φ(Γ) , (16)

where

Sφ
R(φ(Γ)) = −R[φ(Γ)]−R

⎡

⎢

⎢

⎣

∑

γ!Γ
γ∈Gω

sd

Sφ
R(φ(γ))φ(Γ/γ)

⎤

⎥

⎥

⎦

(17)

is given through recursion. Here, the R-operator defines the corresponding renormalization

scheme. Notice that we have Sφ
R(φ(Γ)) = −R(φ(Γ)) for Γ without superficially divergent

subgraphs, which facilitates the recursion.

Finally, let us describe the dual operation to subgraph contraction.
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key goals: identify theory space, characterize divergent configurations

key (most divergent, renormalizable) diagrams: 
melonic diagrams

S, Carrozza, '16



GFT non-perturbative renormalisation
• GFT constructive analysis

• FRG analysis of (discrete gravity) tensor models and SYK-like tensor models/QFTs

• TGFT non-perturbative renormalization (e.g. FRG analysis ala Wetterich-Morris)

non-perturbative resummation of perturbative (spin foam) series
variety of techniques: • intermediate field method (loop-vertex expansion)

• Borel summability
• proof of existence of phase transition

Benedetti, Ben Geloun, DO, Martini, Lahoche, Carrozza, Ousmane-Samary, Duarte Pereira, ….

Freidel, Louapre, Noui, Magnen, Smerlak, Gurau, Rivasseau, Tanasa, Dartois, Delpouve, …..

Benedetti, Ben Geloun, Carrozza, Gurau, Rivasseau, Sfondrini, Tanasa, Wulkenhaar, ….Eichhorn, Koslowski, Duarte Pereira, ….

comparison with results from resummation of matrix 
models (FRG counterpart of double scaling limit)

S, Carrozza, '16



GFT non-perturbative renormalisation
recent results:

FRG for (tensorial) GFT models (similar to matrix/tensor models but distinctively field-theoretic)
Eichhorn, Koslowski, ‘14

challenges:


• scaling dimensions of couplings (depend on 
combinatorics of corresponding interactions)


• non-autonomous systems of flow equations


• more subtle thermodynamic limit


• combinatorics


• ..............
• epsilon-expansion Carrozza, ‘14

S, Carrozza, '16

S. Carrozza, V. Lahoche, DO, ‘17

• Polchinski formulation based on SD equations
• general set-up for Wetterich-Morris formulation based on effective action

• RG flow and phase diagram for:
• TGFT on compact U(1)^d (with gauge invariance)
• TGFT on non-compact R^d (with gauge invariance)
• TGFT on SU(2)^3 (with gauge invariance)     Carrozza, Lahoche, ‘16

Benedetti, Ben Geloun, DO, ’14 ; Ben Geloun, Martini, DO, ’15, ’16, 
Benedetti, Lahoche, ’15; Lahoche, Ousmane-Samary, ’16; ……

Krajewski, Toriumi, ‘14

J. Ben Geloun, T. Koslowski, A. Duarte Pereira, DO, ‘18

• non-melonic TGFT on SU(2)^4 with gauge invariance

• TGFT on U(1)^3 in full quartic truncation

• consequences of Ward identities on RG flow
V. Lahoche, D. Ousmane-Samary, '17, '18,'19, '20



GFT non-perturbative renormalisation
recent results:

FRG for (tensorial) GFT models (similar to matrix/tensor models but distinctively field-theoretic)
Eichhorn, Koslowski, ‘14

14
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!0.4

!0.2
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ΛN
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N

FIG. 4. The flow diagram at small N . The blue dot is the GFP, while the red one is the NGFP at {m̄⇤
, �̄

⇤}. Ordinary
trajectories are in blue, while the eigen-perturbations for the GFP are in green and those for the NGFP are in brown. Arrows
point towards the UV, i.e. growing N .

However, we should stress that such NGFPs were obtained from di↵erent rescaling of �, and going back to the
original coupling via (38), we notice that for N ! 0 the NGFP (41) corresponds to �

⇤ = 0, while the one in (28) was
at �⇤ 6= 0.

This observation could also explain the integer critical exponents. Even though m̄N and �̄N have a nontrivial fixed
point, the scaling (24) and (38) implies that at such fixed point the renormalised mass and the renormalised coupling
(i.e. their value in the limit N ! 0) are zero. Once again, modulo an exchange in the scaling dimensions of mass
and coupling, the same conclusion can be reached for the standard Wilson-Fisher fixed point in three dimensions.
However, in such a case we can easily study higher-order truncations, and find that also the coupling g6 of the �

6

interaction reaches a fixed point, and being g6 dimensionless in d = 3, it remains finite also as we remove the IR
cuto↵. That the Wilson-Fisher fixed point theory is truly an interacting one, can also be inferred more reliably from
the local potential approximation or the next orders in the derivative expansion [38]. In the Tensorial GFT case, on
the other hand, we are not able to do a full local potential approximation, but from our truncation we can easily
guess that the IR scaling dimension for the coupling of a general interaction is (B.8) with ↵ = 0, and hence all such
couplings would flow to zero at an IR fixed point. The non-trivial fixed point is really a trivial one in disguise. We
also notice that such scaling dimensions for the couplings are the one we would get for standard couplings in zero
dimensions, where we expect no phase transition and no non-trivial fixed point.

Figure 4 might seem to contradict such expectation at first, but in fact a similar flow diagram is found by analytically
continuing the usual beta equations to d = 0 (which in fact have the same structure as (39)-(40)). The explanation of
the apparent paradox is again found by remembering that in the broken phase we should better use a more appropriate
truncation, such as V (�) = �(�2 � �

2
0)

2. Then one finds that in zero dimensions the non-trivial fixed point is IR
attractive for both � and �

2
0, and it lies at �

2
0 < 0, meaning that actually there is always symmetry restoration in

the deep IR. Although we cannot at the moment repeat this analysis from scratch in the Tensorial GFT case, the
similarity of the equations in the symmetric case, together with the scaling argument, give us confidence that the
same is true here.

The fact that the zero modes surviving in the deep IR lead to an e↵ective zero-dimensional theory is very reminiscent
of what observed in [57] for scalar field theory on a spherical background. Just like in that case, also in our case we
can trace back the origin of such phenomenon to the compactness of the background space, which in [57] was S

d,
while here is (S1)d ' T

d.

All in all, for a quantum field theory on a compact space we would not expect a phase transition, on general grounds,
and our results seem to confirm this in the Tensorial GFT case as well, and the apparent NGFP is most likely an

generically (so far):

• asymptotic freedom/safety

• hints of broken or condensate phase (non-trivial minimum of classical potential)

S, Carrozza, '16

• TGFTs can flow naturally out of melonic sector

• truncation (incl. non-melonic, disconnected diagrams) matters
• non-melonic TGFTs can be renormalizable

• Polchinski formulation based on SD equations
• general set-up for Wetterich-Morris formulation based on effective action

• RG flow and phase diagram for:
• TGFT on compact U(1)^d (with gauge invariance)
• TGFT on non-compact R^d (with gauge invariance)
• TGFT on SU(2)^3 (with gauge invariance)     Carrozza, Lahoche, ‘16

Benedetti, Ben Geloun, DO, ’14 ; Ben Geloun, Martini, DO, ’15, ’16, 
Benedetti, Lahoche, ’15; Lahoche, Ousmane-Samary, ’16; ……

Krajewski, Toriumi, ‘14

J. Ben Geloun, T. Koslowski, A. Duarte Pereira, DO, ‘18

• non-melonic TGFT on SU(2)^4 with gauge invariance

• TGFT on U(1)^3 in full quartic truncation

• consequences of Ward identities on RG flow
V. Lahoche, D. Ousmane-Samary, '17, '18,'19, '20



Part IV: 
effective continuum physics 

from GFT



GFT and (quantum) many-body systems



GFT, tensor models & (quantum) many-body systems
• recently, large body of work applying GFTs & tensor models to SYK systems
SYK-like tensor models

Sachdev-Ye-Kitaev models = disordered systems of N Majorana fermions

[Sachdev, Ye, George, Parcollet ’90s...; Kitaev ’15, Maldacena, Stanford, Polchinski, Rosenhaus...]

Hint ⇠ Ji1 i2 i3 i4  i1 i2 i3 i4 ,
⌦
Ji1 i2 i3 i4

↵
⇠ 0 ,

D
J2i1 i2 i3 i4

E
⇠ J2

N3

Many interesting properties:

solvable at large N

emergent conformal symmetry at strong coupling

maximal quantum chaos

holography in low dimension: ”NAdS2/NCFT1”

Same melonic large N limit as tensor models [Witten ’16]�

�

⌧

�

! SYK-like quantum-mechanical models:

same qualitative properties at large N and strong coupling;

no disorder.

! New class of QFTs with solvable large N limits.

Sylvain Carrozza Large N fermionic tensor models Bad Honnef – 20/6/2018 5 / 17
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many related models have been constructed (bosonic, supersymmetric, different dimension, etc)

same large-N behaviour of simple GFT/tensor models - melonic diagrams


related TGFT/tensor models - abelian with extra real direction (time)

In the path-integral formulation, the dynamics is encoded in time-dependent Grassmann variables
{ ̄abc(t), abc(t)} governed by the action:

S[ ̄, ] =

Z
dt

⇣
i ̄abc@t abc �

g

2
✏bg✏dh ̄abc ̄fge ade fhc

⌘
. (7)

Importantly, the tensors  abc and  ̄abc must be confined to the irreducible vector space associated to P;
the total number of field components being summed over in the path-integral is therefore 2TrP = 2n.
Equivalently, one can view  abc and  ̄abc as generic tensor fields, with bare propagator given by:

hT ( ̄abc(t) a0b0c0(t
0
))i0 = G0(t� t0) Pabc,a0b0c0 = sgn(t� t0) Pabc,a0b0c0 , (8)

which automatically projects the degrees of freedom down to the appropriate subspace.
The kernel of the Sp(N) invariant interaction term will be denoted Va,b,c,d with the shorthand

notation a = a1a2a3, b = b1b2b3 etc. Since the index contractions follow the combinatorial pattern
of a tetrahedron, we will follow the literature and refer to it as a tetrahedral interaction. We will
furthermore use the following two graphical representations

g  ̄a b ̄c d Va,b,c,d = g  ̄a b ̄c d ✏a2c2✏b2d2�a1b1�b3c3�c1d1�d3a3 (9)

=  ̄a b ̄c d a2
a3

a1
c2
c1

c3

b1b2b3

d3d2d1

(10)

=  ̄a  ̄c

 b

 d

(11)

where the arrows in the first representation keep track of the ordering of indices in ✏ contractions, while
the arrows in the second encode the type of field (by convention,  ’s are attached to ingoing arrows,
and  ̄’s to outgoing ones).

The kernel V has an obvious symmetry under rotation by a ⇡ angle:

Va,b,c,d = Vc,d,a,b . (12)

Since the associated permutation is even, the interaction itself is invariant. In addition, the latter
changes sign under a reflection about a vertical (or horizontal) axis:

 ̄a b ̄c d Va,b,c,d = g  ̄a b ̄c d ✏a2c2✏b2d2�a1b1�b3c3�c1d1�d3a3 (13)
= �g  ̄a b ̄c d ✏c2a2✏b2d2�a1b1�b3c3�c1d1�d3a3 (14)
=

1$3
�g  ̄a b ̄c d ✏c2a2✏b2d2�c1b1�b3a3�d1a1�d3c3 (15)

= � ̄a b ̄c d Vc,b,a,d , (16)

where we have used that  a1a2a3 =  a3a2a1 for the S representation, and  a1a2a3 = � a3a2a1 for the
A and M representations. Note at this stage how important it is to work with fermions: the bosonic
theory with complex tensors �abc and �̄abc (in any of the representations S, A or M) has a vanishing
tetrahedral interaction:

�̄a�b�̄c�d Va,b,c,d = ��̄a�b�̄c�d Vc,b,a,d = ��̄c�b�̄a�d Vc,b,a,d = 0 . (17)

Instead, in our fermionic model the statistics and the antisymmetry of ✏ conspire to make the interaction
non-trivial. In fact, comparing with the tensor quantum mechanics of O(N) irreducible tensors, we find

4

e.g.

Witten, Gurau, Klebanov, Tarnopolsky, 
Benedetti, Bonzom, Carrozza, Tanasa, 
Ben Geloun, Rivasseau, Ferrari, .....
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S[ ̄, ] =

Z
dt

⇣
i ̄abc@t abc �

g

2
✏bg✏dh ̄abc ̄fge ade fhc

⌘
. (7)

Importantly, the tensors  abc and  ̄abc must be confined to the irreducible vector space associated to P;
the total number of field components being summed over in the path-integral is therefore 2TrP = 2n.
Equivalently, one can view  abc and  ̄abc as generic tensor fields, with bare propagator given by:

hT ( ̄abc(t) a0b0c0(t
0
))i0 = G0(t� t0) Pabc,a0b0c0 = sgn(t� t0) Pabc,a0b0c0 , (8)

which automatically projects the degrees of freedom down to the appropriate subspace.
The kernel of the Sp(N) invariant interaction term will be denoted Va,b,c,d with the shorthand

notation a = a1a2a3, b = b1b2b3 etc. Since the index contractions follow the combinatorial pattern
of a tetrahedron, we will follow the literature and refer to it as a tetrahedral interaction. We will
furthermore use the following two graphical representations

g  ̄a b ̄c d Va,b,c,d = g  ̄a b ̄c d ✏a2c2✏b2d2�a1b1�b3c3�c1d1�d3a3 (9)

=  ̄a b ̄c d a2
a3

a1
c2
c1

c3

b1b2b3

d3d2d1

(10)

=  ̄a  ̄c

 b

 d

(11)

where the arrows in the first representation keep track of the ordering of indices in ✏ contractions, while
the arrows in the second encode the type of field (by convention,  ’s are attached to ingoing arrows,
and  ̄’s to outgoing ones).

The kernel V has an obvious symmetry under rotation by a ⇡ angle:

Va,b,c,d = Vc,d,a,b . (12)

Since the associated permutation is even, the interaction itself is invariant. In addition, the latter
changes sign under a reflection about a vertical (or horizontal) axis:

 ̄a b ̄c d Va,b,c,d = g  ̄a b ̄c d ✏a2c2✏b2d2�a1b1�b3c3�c1d1�d3a3 (13)
= �g  ̄a b ̄c d ✏c2a2✏b2d2�a1b1�b3c3�c1d1�d3a3 (14)
=

1$3
�g  ̄a b ̄c d ✏c2a2✏b2d2�c1b1�b3a3�d1a1�d3c3 (15)

= � ̄a b ̄c d Vc,b,a,d , (16)

where we have used that  a1a2a3 =  a3a2a1 for the S representation, and  a1a2a3 = � a3a2a1 for the
A and M representations. Note at this stage how important it is to work with fermions: the bosonic
theory with complex tensors �abc and �̄abc (in any of the representations S, A or M) has a vanishing
tetrahedral interaction:

�̄a�b�̄c�d Va,b,c,d = ��̄a�b�̄c�d Vc,b,a,d = ��̄c�b�̄a�d Vc,b,a,d = 0 . (17)

Instead, in our fermionic model the statistics and the antisymmetry of ✏ conspire to make the interaction
non-trivial. In fact, comparing with the tensor quantum mechanics of O(N) irreducible tensors, we find

4

e.g.

Witten, Gurau, Klebanov, Tarnopolsky, 
Benedetti, Bonzom, Carrozza, Tanasa, 
Ben Geloun, Rivasseau, Ferrari, .....

• other applications to statistical systems on random lattices
• Ising model


• dimer models


• .......
Bonzom, Gurau, Smerlak, Rivasseau, 
Lahoche, Ousmane-Samary, .....



GFT, entanglement, tensor networks 
and holography



GFT, entanglement, tensor networks and holography
graph structure from entanglement

2– spin network states can be regarded as linear combinations of disconnected

open spin network states with additional conditions enforcing the gluing =>
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=> more general, purely algebraic and combinatorial picture
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probability measure

Group Field Theories (GFTs) are combinatorially non-local quantum field theories 
defined on a group manifold

provide a 2n quantisation scheme for LQG: 

no embedding in a continuum manifold and no cylindrical consistency imposed on our 
quantum geometry wave-functionals 
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with gauge invariance 
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Fock construction through 
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corresponding to tensor maps 
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gauge invariance/closure at vertices ~ 
entanglement of link dofs ~ volume information

entanglement across link ~ j 
~ area of dual surface
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GFT, entanglement, tensor networks and holography
being tensor field theories, GFTS reproduce the structure of very interesting TN states: 
random tensor networks (RTS)

Group Field Random Tensor Networks

|Mi = 1p
D
��1�2 |�1i ⌦ |�2i1 -  maximally entangled link states

tensors Tv are unit vectors chosen independently at random from their respective Hilbert 
spaces. the unique “uniform” unitarily invariant  distribution is induced by the Haar 
measure on the unitary group by acting on an arbitrarily chosen generating vector:
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|Tvi = U |0vi|0vi         (for arbitrary reference state            define                          with U unitary )     
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Figure 3. Boundary @N of network N is divided into two parts A and B.

where P(⇡0
A
;N, d) is the permutation operator acting on the states in region A,

P(⇡0
A;N, d) =

NY

s=1

�
µ
([s+1]D)
A µ

(s)
A

(3.6)

and d is the dimension of the Hilbert space in the same region A.

The replica trick is useful because the Rényi entropy SN , which is easier to compute,

coincides with the von Neumann entropy of region A, and thus with the entanglement

entropy between regions A and B, in the limit Nrightarrow1

SEE(A) = lim
N!1

SN (A) (3.7)

3.2 S2 in RTN with Gauge Symmetry

As the first step, let us calculate the S2 for a give tensor network state | N i. The tensor

network state | N i is given by (2.32), which is in the Hilbert space of H@N . States can be

written in terms of index notation.

| N i ()  {�A}{�B} ⌘  AB (3.8)

O

n

|Tni ()

 
O

n

Tn

!

{�A}{�B}{�C}

⌘ TABC (3.9)

O

`

hM`| ()

 
O

`

M `

!

{�C}

⌘ MC (3.10)

So based on the definition (2.32), the tensor network state is rewritten as

 AB = MCTABC (3.11)

where we divide the boundary @N into two parts, labeled as A and B.

All links are internal links that contract with nodes. The density matrix corresponding

to  AB is

⇢
AABB

=  
AB
 AB (3.12)
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In the large bond dimension limit, RTS saturate the 
TN entropy bound, reproducing the holographic Ryu 
Takanayagi entropy formula

S(A) ' log(D)|�A|

�A

v

3 -  

Tensor Networks

In the tensor network methods, a quantum state        is described in terms of a set of 
tensors. Consider a lattice L made of N sites, where each site is described by a complex 
vector space     of finite dimension d.

| i =
dX

i1,i2,...,iN=1

( )i1,i2,...,iN |i1, i2, ..., iN i

( )i1,i2,...,iN = tTr

 
O

v

T (v)

!

a TN decomposition for        consists of a set of tensors          and a network pattern or 
graph characterised by a set of vertices and a set of directed edges

 - a pure state                        of the lattice can be expanded as  | i 2 V⌦N

where         denotes a basis of      for site s in L

| i

V

T (v)| i

|isi V

the tensor trace contracts all bond 
indices, leaving only the physical indices

auxiliary 
bond 
indices=

i1 i2
i3

T 1

T 2 T 3

e.g. N=3

T 4

 - 

( )

[Vidal]

Group field theory states are a field-theoretic generalization of random 
tensor networks - GFT dynamics is probability measure for tensor

Dictionary: GFT states (many body wave-functions) as tensors networks

Table A Group Fields Tensors
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! C

gi 7! '(gi)

T : X ! C

X = {~� |~� = (�1, . . . ,�d)}

'(~g) ⌘ '(g1, g2, · · · , gd) T�1�2···�d
⌘ T (~�)

gi 2 G generic group e.g. �i 2 Zn, nth cyclic group

gauge sym '(h~g) = '(~gi) our case T (~�+ ~̀) = T (~�)
~̀⌘ (`, · · · , `), ` 2 Z

quantum |~g i 2 H
⌦d
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random

tensor state

The generalisation of tensor networks in terms of group fields states is evident in the

spin-j decomposition of the latter '(gi) =
P

j
Tr[' j

{m}

⇣Q
i

p
djiD

ji
mi,ni(gi)

⌘
ī j{n} ].

Once we turn o↵ the sum over all possible js, fix the representation labels and ask

them to be equal, generically Fourier transformed GFT fields ' j

{m}, are tensors of single

rank d, with discrete indices mi = {m1, . . . ,md} spanning a finite dimensional space. The
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probability measure (GFT dynamics):

S. Singh, R. Pfeifer, G. Vidal, ’09; G. Evenbly, G. Vidal, ’11; S.Singh, G. 
Vidal, ’12; S. Singh, N. McMahon, G. Brennen, ‘17

Spin networks (for fixed and equal spins) are a special 
case of tensor networks (with local gauge symmetry)

Dictionary: Spin-networks as gauge invariant tensors networks

equivalence is resumed in table B:

Table B GFT network Spin Tensor Network Tensor Network

node '(~g)
⌘ '(g1, g2, g3, g4)

' j

{m}
/

P
{k} '̂

j
{m}{k} i

j{k}

T{µ}

link M(g†1g`g2) M j
mn M�1�2

sym '(h~g) = '(~g)
Q

v

s
Dj

msm
0
s
(g)ii

m
0
1···m0

v

= iim1···mv

Q
v

s
Uµsµ

0
s
Tµ

0
1···µ0

v
=

Tµ1···µv

state
���g`

�

↵
⌘N

`
hMg` |

N
n
| ni

| ji

�i ⌘N
`
hM j` |

N
n
|� jnin

n i

| N i ⌘N
L

`
hM`|

N
N

n
|Tni

indices gi 2 G ,

|gi i 2 H ' L2[G]

mi 2 Hj , SU(2) spin-j

irrep.

µi 2 Zn, nth

cyclic group

dim 1 dimHj = 2j + 1 dimZn = n

In the following sections, with the longer-term goal of a full understanding and com-

putation of the RT formula in the field-theoretic GFT context, we are going to use the

inputs provided by the established dictionary between GFT states and (random) tensor

networks to reproduce the RT formula in three di↵erent cases corresponding to three dif-

ferent truncations/approximations, suggested by the established correspondence. In the

next section, we derive a RT formula by calculating the 2nd Rényi entropy, reproducing

the original argument given in [23] for the case of a random tensor network with additional

gauge symmetry described above. Then, we further generalize the approach by means of

the GFT formalism and spin network techniques, as further steps towards the calculation

of the RT formula within a complete quantum gravity setting. We expect the random

character at the core of the original derivation to be naturally captured by our field the-

oretic generalization. In particular, the correspondence will allow us to use the standard

path integral formalism to evaluate the expectation values of entropies and other tensor

observables.

3 Ryu-Takayanagi formula for Random Tensor Networks with Gauge
Symmetry

The Ryu-Takayanagi formula[20], originally derived in the context of the gauge gravity du-

ality, for continuum fields on a smooth background, shows that the entanglement entropy

in d+1 dimensional conformal field theories can be obtained from the area of d-dimensional

minimal surfaces in AdSd+2. This entropy-area relation is recognised to be of fundamen-

tal importance for at least three key reasons. First, it suggests a convenient approach to
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and d is the dimension of the Hilbert space in the same region A.
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So based on the definition (2.32), the tensor network state is rewritten as
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The generalisation of tensor networks in terms of group fields states is evident in the

spin-j decomposition of the latter '(gi) =
P

j
Tr[' j

{m}

⇣Q
i

p
djiD

ji
mi,ni(gi)

⌘
ī j{n} ].

Once we turn o↵ the sum over all possible js, fix the representation labels and ask

them to be equal, generically Fourier transformed GFT fields ' j

{m}, are tensors of single

rank d, with discrete indices mi = {m1, . . . ,md} spanning a finite dimensional space. The
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Spin networks (for fixed and equal spins) are a special 
case of tensor networks (with local gauge symmetry)

Dictionary: Spin-networks as gauge invariant tensors networks

equivalence is resumed in table B:

Table B GFT network Spin Tensor Network Tensor Network

node '(~g)
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' j

{m}
/

P
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j{k}
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s
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msm
0
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(g)ii
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v
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Q
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0
s
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v
=
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state
���g`

�

↵
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`
hMg` |

N
n
| ni

| ji

�i ⌘N
`
hM j` |

N
n
|� jnin

n i

| N i ⌘N
L

`
hM`|

N
N

n
|Tni

indices gi 2 G ,

|gi i 2 H ' L2[G]

mi 2 Hj , SU(2) spin-j

irrep.

µi 2 Zn, nth

cyclic group

dim 1 dimHj = 2j + 1 dimZn = n

In the following sections, with the longer-term goal of a full understanding and com-

putation of the RT formula in the field-theoretic GFT context, we are going to use the

inputs provided by the established dictionary between GFT states and (random) tensor

networks to reproduce the RT formula in three di↵erent cases corresponding to three dif-

ferent truncations/approximations, suggested by the established correspondence. In the

next section, we derive a RT formula by calculating the 2nd Rényi entropy, reproducing

the original argument given in [23] for the case of a random tensor network with additional

gauge symmetry described above. Then, we further generalize the approach by means of

the GFT formalism and spin network techniques, as further steps towards the calculation

of the RT formula within a complete quantum gravity setting. We expect the random

character at the core of the original derivation to be naturally captured by our field the-

oretic generalization. In particular, the correspondence will allow us to use the standard

path integral formalism to evaluate the expectation values of entropies and other tensor

observables.

3 Ryu-Takayanagi formula for Random Tensor Networks with Gauge
Symmetry

The Ryu-Takayanagi formula[20], originally derived in the context of the gauge gravity du-

ality, for continuum fields on a smooth background, shows that the entanglement entropy

in d+1 dimensional conformal field theories can be obtained from the area of d-dimensional

minimal surfaces in AdSd+2. This entropy-area relation is recognised to be of fundamen-

tal importance for at least three key reasons. First, it suggests a convenient approach to
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Towards Ryu-Takanayagi formula in full QG

being tensor field theories, GFTS reproduce the structure of very interesting TN states: 
random tensor networks (RTS)

Group Field Random Tensor Networks
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where P(⇡0
A
;N, d) is the permutation operator acting on the states in region A,

P(⇡0
A;N, d) =

NY

s=1

�
µ
([s+1]D)
A µ

(s)
A

(3.6)

and d is the dimension of the Hilbert space in the same region A.

The replica trick is useful because the Rényi entropy SN , which is easier to compute,

coincides with the von Neumann entropy of region A, and thus with the entanglement

entropy between regions A and B, in the limit Nrightarrow1

SEE(A) = lim
N!1

SN (A) (3.7)

3.2 S2 in RTN with Gauge Symmetry

As the first step, let us calculate the S2 for a give tensor network state | N i. The tensor

network state | N i is given by (2.32), which is in the Hilbert space of H@N . States can be

written in terms of index notation.

| N i ()  {�A}{�B} ⌘  AB (3.8)

O

n

|Tni ()

 
O

n

Tn

!

{�A}{�B}{�C}

⌘ TABC (3.9)

O

`

hM`| ()

 
O

`

M `

!

{�C}

⌘ MC (3.10)

So based on the definition (2.32), the tensor network state is rewritten as

 AB = MCTABC (3.11)

where we divide the boundary @N into two parts, labeled as A and B.

All links are internal links that contract with nodes. The density matrix corresponding

to  AB is

⇢
AABB

=  
AB
 AB (3.12)
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In the large bond dimension limit, RTS saturate the 
TN entropy bound, reproducing the holographic Ryu 
Takanayagi entropy formula

S(A) ' log(D)|�A|

�A
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calculation of the RT formula within a complete quantum gravity setting, a concrete and

general indication of the holographic character of gravity, which goes beyond the AdS/CFT

gauge gravity duality framework.

III. RYU-TAKAYANAGI FORMULA FOR A GFT TENSOR NETWORKS

The starting point of our analysis is the state | �i, corresponding to an open network

graph where each node is dressed with a group field generalised tensor. Because of the

field theoretic description, we can see the network as a random tensor network and use

the established correspondence to apply standard path integral formalism to evaluate the

expectation values of entropies and other tensor observables. In particular, then, our goal

consists in investigate the holographic entanglement properties of the GFT network by means

of techniques recently applied to the study of the holographic behaviour for Random Tensor

Networks [23], building on the dictionary we have established between the two languages.

This calculation is not in the full GFT setup, i.e. the state | �i is not treated, in the

calculation of the averaging over random (generalised) tensors, as an n-point function of

a given GFT. This more complete calculation is postponed to a future analysis. Still, we

apply several techniques from GFT and generalized the calculations in [23] based on our

dictionary:

1. Tensors are generalized to group fields, from a finite dimensional object to a square

integrable L
2 function, mapping from group manifolds to the complex numbers C.

2. A gauge symmetry of the group field associated to each vertex as a vertex wave function

is introduced in order to fit our setup more to the context of the quantum gravity

theory.

3. The average over the N -replica of the wave functions (generalised tensors) associated

to each network vertex is reinterpreted as a N -point correlation function of a (simple)

GFT model, which turns the averaged Rényi entropy into an amplitude in GFT.

The last point can be seen as an approximation of a more complete calculation in which

the (average over the) whole tensor network is understood as a GFT N-point function, and

computed as such. This more complete calculation based on the full GFT setup is being

21

Goal: compute entanglement entropy for QG (GFT) state defined 
by generalised Tensor Network

(topological BF) entanglement entropy defined via Renyi entropy, and 
computed using replica trick
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and d is the dimension of the Hilbert space in the same region A.

The replica trick is useful because the Rényi entropy SN , which is easier to compute,

coincides with the von Neumann entropy of region A, and thus with the entanglement

entropy between regions A and B, in the limit Nrightarrow1

SEE(A) = lim
N!1

SN (A) (3.7)

3.2 S2 in RTN with Gauge Symmetry

As the first step, let us calculate the S2 for a give tensor network state | N i. The tensor

network state | N i is given by (2.32), which is in the Hilbert space of H@N . States can be

written in terms of index notation.

| N i ()  {�A}{�B} ⌘  AB (3.8)
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So based on the definition (2.32), the tensor network state is rewritten as

 AB = MCTABC (3.11)

where we divide the boundary @N into two parts, labeled as A and B.

All links are internal links that contract with nodes. The density matrix corresponding

to  AB is

⇢
AABB

=  
AB
 AB (3.12)
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In the large bond dimension limit, RTS saturate the 
TN entropy bound, reproducing the holographic Ryu 
Takanayagi entropy formula
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Towards Ryu-Takanayagi formula in full QG
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——> entropy from evaluation of sum over lattice BF amplitudes (on “bulk lattices”) 
~ GFT Feynman amplitudes - result dominated by most divergent ones 

Freidel, Gurau, DO ’09, Bonzom, Smerlak ’10-’12 
! this results from choice of specific GFT dynamics/model!
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and d is the dimension of the Hilbert space in the same region A.

The replica trick is useful because the Rényi entropy SN , which is easier to compute,

coincides with the von Neumann entropy of region A, and thus with the entanglement

entropy between regions A and B, in the limit Nrightarrow1

SEE(A) = lim
N!1

SN (A) (3.7)

3.2 S2 in RTN with Gauge Symmetry

As the first step, let us calculate the S2 for a give tensor network state | N i. The tensor

network state | N i is given by (2.32), which is in the Hilbert space of H@N . States can be

written in terms of index notation.
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So based on the definition (2.32), the tensor network state is rewritten as

 AB = MCTABC (3.11)

where we divide the boundary @N into two parts, labeled as A and B.

All links are internal links that contract with nodes. The density matrix corresponding

to  AB is

⇢
AABB
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– 20 –
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Towards Ryu-Takanayagi formula in full QG

which can be understood as the Ryu-Takayanagi formula in a GFT context, with the 
same interpretation for the area of the minimal surface that we have mentioned in 
the previous section, concerning the tensor network techniques.

Finally, the Nth order Rényi entropy SN is then:

e(1�N)SN =
ZN

ZN

0

= [�(1)](1�N)min(#`2@AB
) ⇥1 +O(��1(1)) +O(�)

⇤
. (4.71)

When N goes to 1, SN becomes the entanglement entropy SEE. The leading term of the

entanglement entropy SEE is therefore

SEE = min(#`2@AB ) ln �(1) , (4.72)

which can be understood as the Ryu-Takayanagi formula in a GFT context, with the same

interpretation for the area of the minimal surface that we have mentioned in the previous

section, concerning the tensor network techniques.

Before moving on to a di↵erent derivation of the same result, we want to clarify the inter-

pretation of this calculation.

The definition of the expectation value (4.5) in the GFT language shows that the expo-

nential of SN can be interpreted as a GFT 2N -point function, at least within the limits of

the approximation made, focusing on the average over group field functions at each node,

without recasting the whole generalized tensor network as a GFT correlation function. As

shown in previous sections, the GFT amplitudes can in turn be written, by standard per-

turbative expansion, as a sum of Feynman amplitudes associated to Feynman diagrams,

each of which corresponds to a di↵erent discretized “space-time”with fixed boundary, with

the Feynman amplitude defining (for quantum gravity models) a lattice path integral for

gravity discretised on the corresponding cellular complex. This allows a tentative (and par-

tial) interpretation of the entropy formula we have derived, in geometric spatiotemporal

terms. It implies, in fact, that, in the calculation of the entropy, not only the information

of a time-slice of a space-time is considered, as encoded in a given network, but also its

full quantum dynamics. This, at least, is true when the complete GFT partition function

(for quantum gravity models) is employed in the computation of the entropy. The leading

term, the free GFT amplitude, captures only a sector of that full quantum dynamics. With

the specific (trivial) choice of kinetic term we have used, the quantum dynamics can at

best correspond to (summing over) static space-times. When N goes to 1, in particular,

the amplitude becomes the trivial propagation of GFT states, with any given network

propagating to itself. This corresponds exactly to the context (static space-time) in which

the Ryu-Takayanagi formula is usually derived. In other words, our calculation provides a

realization of the Ryu-Takayanagi formula, at least in one extremely simple case, within the

full dynamics of a non-perturbative approach to quantum gravity, the group field theory

formalism, which can also be seen as a di↵erent definition of loop quantum gravity. Our

result also shows that the same formalism allows to compute non-perturbative quantum

gravity corrections to the Ryu-Takayanagi formula, by including the contributions from

the GFT interaction term into the amplitude (as well as considering di↵erent choices for

the GFT kinetic term).
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When N goes to 1, SN becomes the entanglement entropy SEE. The leading term of the 
entanglement entropy SEE  is

Figure 3. Boundary @N of network N is divided into two parts A and B.
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and d is the dimension of the Hilbert space in the same region A.

The replica trick is useful because the Rényi entropy SN , which is easier to compute,

coincides with the von Neumann entropy of region A, and thus with the entanglement

entropy between regions A and B, in the limit Nrightarrow1

SEE(A) = lim
N!1

SN (A) (3.7)

3.2 S2 in RTN with Gauge Symmetry

As the first step, let us calculate the S2 for a give tensor network state | N i. The tensor

network state | N i is given by (2.32), which is in the Hilbert space of H@N . States can be

written in terms of index notation.

| N i ()  {�A}{�B} ⌘  AB (3.8)
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So based on the definition (2.32), the tensor network state is rewritten as

 AB = MCTABC (3.11)

where we divide the boundary @N into two parts, labeled as A and B.

All links are internal links that contract with nodes. The density matrix corresponding

to  AB is

⇢
AABB

=  
AB
 AB (3.12)
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and d is the dimension of the Hilbert space in the same region A.

The replica trick is useful because the Rényi entropy SN , which is easier to compute,

coincides with the von Neumann entropy of region A, and thus with the entanglement
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coincides with the von Neumann entropy of region A, and thus with the entanglement

entropy between regions A and B, in the limit Nrightarrow1

SEE(A) = lim
N!1

SN (A) (3.7)

3.2 S2 in RTN with Gauge Symmetry

As the first step, let us calculate the S2 for a give tensor network state | N i. The tensor

network state | N i is given by (2.32), which is in the Hilbert space of H@N . States can be

written in terms of index notation.
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So based on the definition (2.32), the tensor network state is rewritten as

 AB = MCTABC (3.11)

where we divide the boundary @N into two parts, labeled as A and B.

All links are internal links that contract with nodes. The density matrix corresponding

to  AB is

⇢
AABB

=  
AB
 AB (3.12)
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result:
entropy proportional to area of minimal “bulk” surface 
(number of crossing links) (it is surface in 3d region 
associated to spin network, though)

 (Ryu-Takanayagi-like formula) 

Chirco, DO, Zhang, ‘17Hayden et al. ‘16

——> entropy from evaluation of sum over lattice BF amplitudes (on “bulk lattices”) 
~ GFT Feynman amplitudes - result dominated by most divergent ones 

Freidel, Gurau, DO ’09, Bonzom, Smerlak ’10-’12 
! this results from choice of specific GFT dynamics/model!

can compute (perturbative) QG (GFT) corrections…..

Boulatov model possibly too trivial to have non-trivial effects (topological field theory)
Chirco, Goessmann, DO, Zhang, ‘19
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So based on the definition (2.32), the tensor network state is rewritten as
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In the large bond dimension limit, RTS saturate the 
TN entropy bound, reproducing the holographic Ryu 
Takanayagi entropy formula

S(A) ' log(D)|�A|

�A

v

3 -  

Towards Ryu-Takanayagi formula in full QG

which can be understood as the Ryu-Takayanagi formula in a GFT context, with the 
same interpretation for the area of the minimal surface that we have mentioned in 
the previous section, concerning the tensor network techniques.

Finally, the Nth order Rényi entropy SN is then:

e(1�N)SN =
ZN

ZN

0

= [�(1)](1�N)min(#`2@AB
) ⇥1 +O(��1(1)) +O(�)

⇤
. (4.71)

When N goes to 1, SN becomes the entanglement entropy SEE. The leading term of the

entanglement entropy SEE is therefore

SEE = min(#`2@AB ) ln �(1) , (4.72)

which can be understood as the Ryu-Takayanagi formula in a GFT context, with the same

interpretation for the area of the minimal surface that we have mentioned in the previous

section, concerning the tensor network techniques.

Before moving on to a di↵erent derivation of the same result, we want to clarify the inter-

pretation of this calculation.

The definition of the expectation value (4.5) in the GFT language shows that the expo-

nential of SN can be interpreted as a GFT 2N -point function, at least within the limits of

the approximation made, focusing on the average over group field functions at each node,

without recasting the whole generalized tensor network as a GFT correlation function. As

shown in previous sections, the GFT amplitudes can in turn be written, by standard per-

turbative expansion, as a sum of Feynman amplitudes associated to Feynman diagrams,

each of which corresponds to a di↵erent discretized “space-time”with fixed boundary, with

the Feynman amplitude defining (for quantum gravity models) a lattice path integral for

gravity discretised on the corresponding cellular complex. This allows a tentative (and par-

tial) interpretation of the entropy formula we have derived, in geometric spatiotemporal

terms. It implies, in fact, that, in the calculation of the entropy, not only the information

of a time-slice of a space-time is considered, as encoded in a given network, but also its

full quantum dynamics. This, at least, is true when the complete GFT partition function

(for quantum gravity models) is employed in the computation of the entropy. The leading

term, the free GFT amplitude, captures only a sector of that full quantum dynamics. With

the specific (trivial) choice of kinetic term we have used, the quantum dynamics can at

best correspond to (summing over) static space-times. When N goes to 1, in particular,

the amplitude becomes the trivial propagation of GFT states, with any given network

propagating to itself. This corresponds exactly to the context (static space-time) in which

the Ryu-Takayanagi formula is usually derived. In other words, our calculation provides a

realization of the Ryu-Takayanagi formula, at least in one extremely simple case, within the

full dynamics of a non-perturbative approach to quantum gravity, the group field theory

formalism, which can also be seen as a di↵erent definition of loop quantum gravity. Our

result also shows that the same formalism allows to compute non-perturbative quantum

gravity corrections to the Ryu-Takayanagi formula, by including the contributions from

the GFT interaction term into the amplitude (as well as considering di↵erent choices for

the GFT kinetic term).
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When N goes to 1, SN becomes the entanglement entropy SEE. The leading term of the 
entanglement entropy SEE  is

Figure 3. Boundary @N of network N is divided into two parts A and B.
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So based on the definition (2.32), the tensor network state is rewritten as
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to  AB is
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result:
entropy proportional to area of minimal “bulk” surface 
(number of crossing links) (it is surface in 3d region 
associated to spin network, though)

 (Ryu-Takanayagi-like formula) 

Chirco, DO, Zhang, ‘17Hayden et al. ‘16

——> entropy from evaluation of sum over lattice BF amplitudes (on “bulk lattices”) 
~ GFT Feynman amplitudes - result dominated by most divergent ones 

Freidel, Gurau, DO ’09, Bonzom, Smerlak ’10-’12 
! this results from choice of specific GFT dynamics/model!

key points remain: 1) potential of formalism to compute entanglement entropy including QG dynamics; 
2) entanglement entropy is measure of connectivity between two regions, via “bulk” geometry

can compute (perturbative) QG (GFT) corrections…..

Boulatov model possibly too trivial to have non-trivial effects (topological field theory)
Chirco, Goessmann, DO, Zhang, ‘19
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Simple GFT condensates as homogeneous continuum geometries (not encoding any topological information)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)
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to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=
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if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:
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where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
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I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1
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We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find
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Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g
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I )⇤(gIg
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I
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) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
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⇥
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�V5
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
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) = 0 . (23)
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Simple GFT condensates as homogeneous continuum geometries (not encoding any topological information)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
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⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:
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We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
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) = 0 . (23)

•  simplest
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Simple GFT condensates as homogeneous continuum geometries (not encoding any topological information)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:
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d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

•  simplest
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• (generalised) EPRL model for 4d Lorentzian QG with SU(2) data, coupled to (discretised) (pre-)scalar field

DO, Sindoni, Wilson-Ewing, ‘16

• coupling of free massless scalar field

GFT with a Scalar Field

A matter field is needed for cosmology. A scalar field can be added to

GFTs via

'̂(gv ) ! '̂(gv ,�).

From a spin foam perspective, it is reasonable to discretize the scalar

field on chunks of 4D space-time, or at the vertices of the

two-complex dual to the discretization of the space-time.

This means that the interaction term in the GFT action must include

delta functions so all � have the same value at the vertex. Clearly,

the gradients of � will be encoded in the propagator of the GFT.

Furthermore, if we assume � is massless and minimally coupled to

gravity, the symmetries � ! �+ const and � ! �� require

K2(gv1 , gv2 ,�1,�2) = K2(gv1 , gv2 , (�1 � �2)
2
),

V5(gva ,�a) = V5(gva)
Y

�(�a � �1).

E. Wilson-Ewing (AEI) GFT Cosmology February 15, 2016 9 / 21

Condensate States

A simple family of condensate states are the Gross-Pitaevskii

condensate states, i.e., coherent states of the GFT field operator

which are, up to a numerical prefactor, [Gielen, Oriti, Sindoni]

|�i ⇠ exp

✓Z
dgvd� �(gv ,�)�̂

†
(gv ,�)

◆
|0i,

where �(gv ,�) is the condensate wave function. Note that �(gv ,�)
is not normalized; rather, its norm gives the number of fundamental

GFT quanta.

Importantly, the massless scalar field can be used as a relational

clock: �(gv ,�o) can be understood as the condensate wave function

evaluated at the ‘time’ �o .

Thus, imposing the quantum equations of motion on |�i will give
relational dynamics with respect to �.

E. Wilson-Ewing (AEI) GFT Cosmology February 15, 2016 11 / 21

'̂†

want to use effective scalar field variable as “physical clock” to define “time”

dynamics chosen so that Feynman amplitudes are discrete 
path integrals for gravity coupled to free massless scalar field

Emergent bouncing cosmology from full QG



• (generalised) EPRL model for 4d Lorentzian QG with SU(2) data, coupled to (discretised) (pre-)scalar field

DO, Sindoni, Wilson-Ewing, ‘16

and the ' field variable can be Taylor-expanded in its scalar field argument around �.
Then, after evaluating the integral over u, the kinetic term becomes

K =
1X

n=0

Z
dgvdgwd� '̄(gv,�)K

(2n)
2 (gv, gw)

@2n

@�2n
'(gw,�), (33)

where

K(2n)
2 (gv, gw) =

Z
du

u2n

(2n)!
K2(gv, gw; u

2). (34)

Note that all of the odd terms in the Taylor expansion do not contribute to the sum in (33)
since the integral over u of an odd power of u multiplying the even function K2(gv, gw, u2)
gives zero.

The functional form of the K(2n)
2 (gv, gw), which is of course determined by the kinetic

term in the GFT action, encodes order by order in derivatives of � how the quantum
geometric and matter degrees of freedom propagate. In particular, their exact form could
be determined by ensuring that the GFT Feynman amplitudes match term by term the
discrete path integral for gravity coupled to a minimally coupled massless scalar field; we
leave this analysis for future work.

It will not be necessary to determine the exact functional form of the K(2n)
2 (gv, gw) for

our purposes. Instead, having ensured that the GFT action has the correct symmetries,
we will work in the small derivative limit of the scalar field (i.e., where di↵erences in
the scalar field are small compared to the Planck mass), and truncate the kinetic term
in the action to the lowest two orders, keeping only the terms corresponding to n = 0
and n = 1 in the sum (33). Then, it will be possible to obtain some constraints on
their form by studying the dynamics of condensate states of this GFT model —which as
shall be explained shortly, are expected to capture the degrees of freedom of the spatially
flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) space-time— and comparing these
dynamics, in the appropriate semi-classical limit, to the Friedmann equations of general
relativity.

Finally, here we are interested in the GFT model based on the EPRL spin foam model
(whose kinetic and interaction terms in the vacuum case were given respectively in (15)
and (16)) with a minimally coupled massless scalar field. It is easy to add repeat the
procedure outlined in this section starting from the GFT action for the vacuum EPRL
model, this gives (in the spin representation)

S = K(0) +K(2) + V + V †, (35)

with

K(0) =

Z
d�

X

ji,mi,◆

'̄ jv◆
mv

(�)'jv◆
mv

(�) (K (0)
2 )jv◆mv

, (36)
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and the ' field variable can be Taylor-expanded in its scalar field argument around �.
Then, after evaluating the integral over u, the kinetic term becomes

K =
1X

n=0

Z
dgvdgwd� '̄(gv,�)K

(2n)
2 (gv, gw)

@2n

@�2n
'(gw,�), (33)

where

K(2n)
2 (gv, gw) =

Z
du

u2n

(2n)!
K2(gv, gw; u

2). (34)

Note that all of the odd terms in the Taylor expansion do not contribute to the sum in (33)
since the integral over u of an odd power of u multiplying the even function K2(gv, gw, u2)
gives zero.

The functional form of the K(2n)
2 (gv, gw), which is of course determined by the kinetic

term in the GFT action, encodes order by order in derivatives of � how the quantum
geometric and matter degrees of freedom propagate. In particular, their exact form could
be determined by ensuring that the GFT Feynman amplitudes match term by term the
discrete path integral for gravity coupled to a minimally coupled massless scalar field; we
leave this analysis for future work.

It will not be necessary to determine the exact functional form of the K(2n)
2 (gv, gw) for

our purposes. Instead, having ensured that the GFT action has the correct symmetries,
we will work in the small derivative limit of the scalar field (i.e., where di↵erences in
the scalar field are small compared to the Planck mass), and truncate the kinetic term
in the action to the lowest two orders, keeping only the terms corresponding to n = 0
and n = 1 in the sum (33). Then, it will be possible to obtain some constraints on
their form by studying the dynamics of condensate states of this GFT model —which as
shall be explained shortly, are expected to capture the degrees of freedom of the spatially
flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) space-time— and comparing these
dynamics, in the appropriate semi-classical limit, to the Friedmann equations of general
relativity.

Finally, here we are interested in the GFT model based on the EPRL spin foam model
(whose kinetic and interaction terms in the vacuum case were given respectively in (15)
and (16)) with a minimally coupled massless scalar field. It is easy to add repeat the
procedure outlined in this section starting from the GFT action for the vacuum EPRL
model, this gives (in the spin representation)

S = K(0) +K(2) + V + V †, (35)

with

K(0) =

Z
d�

X

ji,mi,◆

'̄ jv◆
mv

(�)'jv◆
mv

(�) (K (0)
2 )jv◆mv

, (36)
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K(2) =

Z
d�

X

ji,mi,◆

'̄ jv◆
mv

(�)
@2

@�2
'jv◆
mv

(�) (K (2)
2 )jv◆mv

, (37)

where the ' and '̄ field variables having the same arguments in the kinetic terms in the
action having imposed the Kronecker deltas, and

V =
X

ji,mi,◆i


'j1j2j3j4◆1
m1m2m3m4

(�)'j4j5j6j7◆2
m4m5m6m7

(�)'j7j3j8j9◆3
m7m3m8m9

(�)'j9j6j2j10◆4
m9m6m2m10

(�)'j10j8j5j1◆5
m10m8m5m1

(�)

⇥ Ṽ5(j1, . . . , j10; ◆1, . . . , ◆5)

�
, (38)

Note that the kinetic term has been truncated since, as explained above, we are considering
the small derivative limit in �.

A few comments on this GFT model are in order. First, it was not necessary to
assume the presence of any space-time symmetries in order to derive this action; in par-
ticular neither homogeneity nor isotropy were imposed. The simplicity of the GFT action
is a result of not only working with a particularly simple matter field (the minimally
coupled massless scalar field), but also the chosen discretization where the scalar field is
discretized on each 4-simplex. The simplicity of the GFT classical equations of motion can
be understood as the result of coarse-graining the small-scale complexity and obtaining
the hydrodynamical equations of motion for the collective behaviour. This interpretation
will be relevant in the following sections. Second, somewhat surprisingly from a purely
formal GFT viewpoint, the minimally coupled massless scalar field enters the GFT action
in exactly the same fashion as the standard time coordinate in ordinary quantum field
theory. The presence of the scalar field allows for the definition of a host of new relational
observations, but the above observation is stronger: the minimally coupled massless scalar
field can be used to define a global relational clock and thus provides a well-defined notion
of global time evolution in a di↵eomorphism invariant context. This will be particularly
useful in the cosmological context, but it is likely that this will be a powerful tool in a
number of other physical settings as well.

IV. GFT CONDENSATES

As in any interacting quantum field theory, it would be näıve to expect to be able to
solve the quantum dynamics exactly for realistic GFT models (and note that the situation
is potentially worse in the GFT context due to the background independence of GFT
models as well as the non-local nature of the quantum geometric interactions). Instead, the
appropriate strategy is to study simplified trial states and look for approximate solutions
that may capture the relevant properties of the physical setting of interest. Then, if these
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K(2) =

Z
d�

X

ji,mi,◆

'̄ jv◆
mv

(�)
@2

@�2
'jv◆
mv

(�) (K (2)
2 )jv◆mv

, (37)

where the ' and '̄ field variables having the same arguments in the kinetic terms in the
action having imposed the Kronecker deltas, and

V =
X

ji,mi,◆i


'j1j2j3j4◆1
m1m2m3m4

(�)'j4j5j6j7◆2
m4m5m6m7

(�)'j7j3j8j9◆3
m7m3m8m9

(�)'j9j6j2j10◆4
m9m6m2m10

(�)'j10j8j5j1◆5
m10m8m5m1

(�)

⇥ Ṽ5(j1, . . . , j10; ◆1, . . . , ◆5)

�
, (38)

Note that the kinetic term has been truncated since, as explained above, we are considering
the small derivative limit in �.

A few comments on this GFT model are in order. First, it was not necessary to
assume the presence of any space-time symmetries in order to derive this action; in par-
ticular neither homogeneity nor isotropy were imposed. The simplicity of the GFT action
is a result of not only working with a particularly simple matter field (the minimally
coupled massless scalar field), but also the chosen discretization where the scalar field is
discretized on each 4-simplex. The simplicity of the GFT classical equations of motion can
be understood as the result of coarse-graining the small-scale complexity and obtaining
the hydrodynamical equations of motion for the collective behaviour. This interpretation
will be relevant in the following sections. Second, somewhat surprisingly from a purely
formal GFT viewpoint, the minimally coupled massless scalar field enters the GFT action
in exactly the same fashion as the standard time coordinate in ordinary quantum field
theory. The presence of the scalar field allows for the definition of a host of new relational
observations, but the above observation is stronger: the minimally coupled massless scalar
field can be used to define a global relational clock and thus provides a well-defined notion
of global time evolution in a di↵eomorphism invariant context. This will be particularly
useful in the cosmological context, but it is likely that this will be a powerful tool in a
number of other physical settings as well.

IV. GFT CONDENSATES

As in any interacting quantum field theory, it would be näıve to expect to be able to
solve the quantum dynamics exactly for realistic GFT models (and note that the situation
is potentially worse in the GFT context due to the background independence of GFT
models as well as the non-local nature of the quantum geometric interactions). Instead, the
appropriate strategy is to study simplified trial states and look for approximate solutions
that may capture the relevant properties of the physical setting of interest. Then, if these
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• coupling of free massless scalar field

GFT with a Scalar Field

A matter field is needed for cosmology. A scalar field can be added to

GFTs via

'̂(gv ) ! '̂(gv ,�).

From a spin foam perspective, it is reasonable to discretize the scalar

field on chunks of 4D space-time, or at the vertices of the

two-complex dual to the discretization of the space-time.

This means that the interaction term in the GFT action must include

delta functions so all � have the same value at the vertex. Clearly,

the gradients of � will be encoded in the propagator of the GFT.

Furthermore, if we assume � is massless and minimally coupled to

gravity, the symmetries � ! �+ const and � ! �� require

K2(gv1 , gv2 ,�1,�2) = K2(gv1 , gv2 , (�1 � �2)
2
),

V5(gva ,�a) = V5(gva)
Y

�(�a � �1).
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Condensate States

A simple family of condensate states are the Gross-Pitaevskii

condensate states, i.e., coherent states of the GFT field operator

which are, up to a numerical prefactor, [Gielen, Oriti, Sindoni]

|�i ⇠ exp

✓Z
dgvd� �(gv ,�)�̂

†
(gv ,�)

◆
|0i,

where �(gv ,�) is the condensate wave function. Note that �(gv ,�)
is not normalized; rather, its norm gives the number of fundamental

GFT quanta.

Importantly, the massless scalar field can be used as a relational

clock: �(gv ,�o) can be understood as the condensate wave function

evaluated at the ‘time’ �o .

Thus, imposing the quantum equations of motion on |�i will give
relational dynamics with respect to �.
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'̂†

want to use effective scalar field variable as “physical clock” to define “time”

dynamics chosen so that Feynman amplitudes are discrete 
path integrals for gravity coupled to free massless scalar field

Emergent bouncing cosmology from full QG



• (generalised) EPRL model for 4d Lorentzian QG with SU(2) data, coupled to (discretised) (pre-)scalar field

• reduction to isotropic condensate configurations (depending on single variable j):

Relational Dynamics

We expect the condensate state to only be an approximate solution

to the quantum equations of motion. So, we will only impose the

first Schwinger-Dyson equation [Gielen, Oriti, Sindoni],

h�|
c�S
�'̄

|�i = 0.

Since we are neglecting connectivity, and only considering equilateral

spin network nodes, �(gv ,�) ! �j(�) since for each j only one

equilateral spin network node exists.

Imposing the first Schwinger-Dyson equation on |�i gives the
non-linear equation (assuming a GFT action based on EPRL)

@2

��j(�)�m2

j �j(�) + wj �̄j(�)
4
= 0,

where the numerical values of the m2

j ⇠ K (0)

2
/K (2)

2
and wj ⇠ V5/K

(2)

2

depend on the details of the GFT action.
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DO, Sindoni, Wilson-Ewing, ‘16

and the ' field variable can be Taylor-expanded in its scalar field argument around �.
Then, after evaluating the integral over u, the kinetic term becomes

K =
1X

n=0

Z
dgvdgwd� '̄(gv,�)K

(2n)
2 (gv, gw)

@2n

@�2n
'(gw,�), (33)

where

K(2n)
2 (gv, gw) =

Z
du

u2n

(2n)!
K2(gv, gw; u

2). (34)

Note that all of the odd terms in the Taylor expansion do not contribute to the sum in (33)
since the integral over u of an odd power of u multiplying the even function K2(gv, gw, u2)
gives zero.

The functional form of the K(2n)
2 (gv, gw), which is of course determined by the kinetic

term in the GFT action, encodes order by order in derivatives of � how the quantum
geometric and matter degrees of freedom propagate. In particular, their exact form could
be determined by ensuring that the GFT Feynman amplitudes match term by term the
discrete path integral for gravity coupled to a minimally coupled massless scalar field; we
leave this analysis for future work.

It will not be necessary to determine the exact functional form of the K(2n)
2 (gv, gw) for

our purposes. Instead, having ensured that the GFT action has the correct symmetries,
we will work in the small derivative limit of the scalar field (i.e., where di↵erences in
the scalar field are small compared to the Planck mass), and truncate the kinetic term
in the action to the lowest two orders, keeping only the terms corresponding to n = 0
and n = 1 in the sum (33). Then, it will be possible to obtain some constraints on
their form by studying the dynamics of condensate states of this GFT model —which as
shall be explained shortly, are expected to capture the degrees of freedom of the spatially
flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) space-time— and comparing these
dynamics, in the appropriate semi-classical limit, to the Friedmann equations of general
relativity.

Finally, here we are interested in the GFT model based on the EPRL spin foam model
(whose kinetic and interaction terms in the vacuum case were given respectively in (15)
and (16)) with a minimally coupled massless scalar field. It is easy to add repeat the
procedure outlined in this section starting from the GFT action for the vacuum EPRL
model, this gives (in the spin representation)

S = K(0) +K(2) + V + V †, (35)

with

K(0) =

Z
d�

X

ji,mi,◆

'̄ jv◆
mv

(�)'jv◆
mv

(�) (K (0)
2 )jv◆mv

, (36)
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and the ' field variable can be Taylor-expanded in its scalar field argument around �.
Then, after evaluating the integral over u, the kinetic term becomes

K =
1X

n=0

Z
dgvdgwd� '̄(gv,�)K

(2n)
2 (gv, gw)

@2n

@�2n
'(gw,�), (33)

where

K(2n)
2 (gv, gw) =

Z
du

u2n

(2n)!
K2(gv, gw; u

2). (34)

Note that all of the odd terms in the Taylor expansion do not contribute to the sum in (33)
since the integral over u of an odd power of u multiplying the even function K2(gv, gw, u2)
gives zero.

The functional form of the K(2n)
2 (gv, gw), which is of course determined by the kinetic

term in the GFT action, encodes order by order in derivatives of � how the quantum
geometric and matter degrees of freedom propagate. In particular, their exact form could
be determined by ensuring that the GFT Feynman amplitudes match term by term the
discrete path integral for gravity coupled to a minimally coupled massless scalar field; we
leave this analysis for future work.

It will not be necessary to determine the exact functional form of the K(2n)
2 (gv, gw) for

our purposes. Instead, having ensured that the GFT action has the correct symmetries,
we will work in the small derivative limit of the scalar field (i.e., where di↵erences in
the scalar field are small compared to the Planck mass), and truncate the kinetic term
in the action to the lowest two orders, keeping only the terms corresponding to n = 0
and n = 1 in the sum (33). Then, it will be possible to obtain some constraints on
their form by studying the dynamics of condensate states of this GFT model —which as
shall be explained shortly, are expected to capture the degrees of freedom of the spatially
flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) space-time— and comparing these
dynamics, in the appropriate semi-classical limit, to the Friedmann equations of general
relativity.

Finally, here we are interested in the GFT model based on the EPRL spin foam model
(whose kinetic and interaction terms in the vacuum case were given respectively in (15)
and (16)) with a minimally coupled massless scalar field. It is easy to add repeat the
procedure outlined in this section starting from the GFT action for the vacuum EPRL
model, this gives (in the spin representation)

S = K(0) +K(2) + V + V †, (35)

with

K(0) =

Z
d�

X

ji,mi,◆

'̄ jv◆
mv

(�)'jv◆
mv

(�) (K (0)
2 )jv◆mv

, (36)
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K(2) =

Z
d�

X

ji,mi,◆

'̄ jv◆
mv

(�)
@2

@�2
'jv◆
mv

(�) (K (2)
2 )jv◆mv

, (37)

where the ' and '̄ field variables having the same arguments in the kinetic terms in the
action having imposed the Kronecker deltas, and

V =
X

ji,mi,◆i


'j1j2j3j4◆1
m1m2m3m4

(�)'j4j5j6j7◆2
m4m5m6m7

(�)'j7j3j8j9◆3
m7m3m8m9

(�)'j9j6j2j10◆4
m9m6m2m10

(�)'j10j8j5j1◆5
m10m8m5m1

(�)

⇥ Ṽ5(j1, . . . , j10; ◆1, . . . , ◆5)

�
, (38)

Note that the kinetic term has been truncated since, as explained above, we are considering
the small derivative limit in �.

A few comments on this GFT model are in order. First, it was not necessary to
assume the presence of any space-time symmetries in order to derive this action; in par-
ticular neither homogeneity nor isotropy were imposed. The simplicity of the GFT action
is a result of not only working with a particularly simple matter field (the minimally
coupled massless scalar field), but also the chosen discretization where the scalar field is
discretized on each 4-simplex. The simplicity of the GFT classical equations of motion can
be understood as the result of coarse-graining the small-scale complexity and obtaining
the hydrodynamical equations of motion for the collective behaviour. This interpretation
will be relevant in the following sections. Second, somewhat surprisingly from a purely
formal GFT viewpoint, the minimally coupled massless scalar field enters the GFT action
in exactly the same fashion as the standard time coordinate in ordinary quantum field
theory. The presence of the scalar field allows for the definition of a host of new relational
observations, but the above observation is stronger: the minimally coupled massless scalar
field can be used to define a global relational clock and thus provides a well-defined notion
of global time evolution in a di↵eomorphism invariant context. This will be particularly
useful in the cosmological context, but it is likely that this will be a powerful tool in a
number of other physical settings as well.

IV. GFT CONDENSATES

As in any interacting quantum field theory, it would be näıve to expect to be able to
solve the quantum dynamics exactly for realistic GFT models (and note that the situation
is potentially worse in the GFT context due to the background independence of GFT
models as well as the non-local nature of the quantum geometric interactions). Instead, the
appropriate strategy is to study simplified trial states and look for approximate solutions
that may capture the relevant properties of the physical setting of interest. Then, if these
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K(2) =

Z
d�

X

ji,mi,◆

'̄ jv◆
mv

(�)
@2

@�2
'jv◆
mv

(�) (K (2)
2 )jv◆mv

, (37)

where the ' and '̄ field variables having the same arguments in the kinetic terms in the
action having imposed the Kronecker deltas, and

V =
X

ji,mi,◆i


'j1j2j3j4◆1
m1m2m3m4

(�)'j4j5j6j7◆2
m4m5m6m7

(�)'j7j3j8j9◆3
m7m3m8m9

(�)'j9j6j2j10◆4
m9m6m2m10

(�)'j10j8j5j1◆5
m10m8m5m1

(�)

⇥ Ṽ5(j1, . . . , j10; ◆1, . . . , ◆5)

�
, (38)

Note that the kinetic term has been truncated since, as explained above, we are considering
the small derivative limit in �.

A few comments on this GFT model are in order. First, it was not necessary to
assume the presence of any space-time symmetries in order to derive this action; in par-
ticular neither homogeneity nor isotropy were imposed. The simplicity of the GFT action
is a result of not only working with a particularly simple matter field (the minimally
coupled massless scalar field), but also the chosen discretization where the scalar field is
discretized on each 4-simplex. The simplicity of the GFT classical equations of motion can
be understood as the result of coarse-graining the small-scale complexity and obtaining
the hydrodynamical equations of motion for the collective behaviour. This interpretation
will be relevant in the following sections. Second, somewhat surprisingly from a purely
formal GFT viewpoint, the minimally coupled massless scalar field enters the GFT action
in exactly the same fashion as the standard time coordinate in ordinary quantum field
theory. The presence of the scalar field allows for the definition of a host of new relational
observations, but the above observation is stronger: the minimally coupled massless scalar
field can be used to define a global relational clock and thus provides a well-defined notion
of global time evolution in a di↵eomorphism invariant context. This will be particularly
useful in the cosmological context, but it is likely that this will be a powerful tool in a
number of other physical settings as well.

IV. GFT CONDENSATES

As in any interacting quantum field theory, it would be näıve to expect to be able to
solve the quantum dynamics exactly for realistic GFT models (and note that the situation
is potentially worse in the GFT context due to the background independence of GFT
models as well as the non-local nature of the quantum geometric interactions). Instead, the
appropriate strategy is to study simplified trial states and look for approximate solutions
that may capture the relevant properties of the physical setting of interest. Then, if these
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• coupling of free massless scalar field

GFT with a Scalar Field

A matter field is needed for cosmology. A scalar field can be added to

GFTs via

'̂(gv ) ! '̂(gv ,�).

From a spin foam perspective, it is reasonable to discretize the scalar

field on chunks of 4D space-time, or at the vertices of the

two-complex dual to the discretization of the space-time.

This means that the interaction term in the GFT action must include

delta functions so all � have the same value at the vertex. Clearly,

the gradients of � will be encoded in the propagator of the GFT.

Furthermore, if we assume � is massless and minimally coupled to

gravity, the symmetries � ! �+ const and � ! �� require

K2(gv1 , gv2 ,�1,�2) = K2(gv1 , gv2 , (�1 � �2)
2
),

V5(gva ,�a) = V5(gva)
Y

�(�a � �1).
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Condensate States

A simple family of condensate states are the Gross-Pitaevskii

condensate states, i.e., coherent states of the GFT field operator

which are, up to a numerical prefactor, [Gielen, Oriti, Sindoni]

|�i ⇠ exp

✓Z
dgvd� �(gv ,�)�̂

†
(gv ,�)

◆
|0i,

where �(gv ,�) is the condensate wave function. Note that �(gv ,�)
is not normalized; rather, its norm gives the number of fundamental

GFT quanta.

Importantly, the massless scalar field can be used as a relational

clock: �(gv ,�o) can be understood as the condensate wave function

evaluated at the ‘time’ �o .

Thus, imposing the quantum equations of motion on |�i will give
relational dynamics with respect to �.
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'̂†

want to use effective scalar field variable as “physical clock” to define “time”

dynamics chosen so that Feynman amplitudes are discrete 
path integrals for gravity coupled to free massless scalar field

Emergent bouncing cosmology from full QG
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models where these amplitudes exactly match any de-
sired spin foam amplitudes (e.g., those directly motivated
from LQG). These are easily generated starting from sim-
ple action functionals, that we split into linear and non-
linear parts as S[', '̄] = K[', '̄] + V [', '̄], with the ki-
netic term encoding the edge amplitude of the spin foam
model and having the form (with a minimally coupled
massless scalar field)

K =
X

j,m,◆

Z
d�1d�2


'̄
jv1 ,◆1
mv1

(�1) '
jv2 ,◆2
mv2

(�2)

⇥K
jv1 ,jv2 ,◆1,◆2
mv1 ,mv2

((�1 � �2)
2)

�
, (3)

while the potential V [', '̄] encodes the vertex amplitude,
is of fifth order in the field variables ' and '̄ (for simpli-
cial GFT models) and is local in the scalar field �.

It is convenient to rewrite the kinetic term as a deriva-
tive expansion in � in the field variable '

jv2 ,◆2
mv2

(�2) around
�2 = �1 = �, giving

K =
1X

n=0

X

j,m,◆

Z
d� '̄

jv1 ,◆1
mv1

(�)'
jv2 ,◆2
mv2

(�)(K(2n))j,◆m , (4)

where the notation on Kj,◆
m has been compressed, and

(K(2n))j,◆m =

Z
du

u2n

(2n)!
Kj,◆

m (u2). (5)

In cases where the di↵erence between �1 and �2 in (3) is
small compared to the Planck mass (i.e., a slowly chang-
ing scalar field), a good approximation to the full kinetic
term can be provided by a truncation of the derivative
expansion. This is the case we will consider here, keeping
only the first two non-trivial terms n = 0 and n = 1.

Finally, for a GFT model with the action S[', '̄], the
quantum equations of motion for a state | i are simply

c�S
�'̄

| i = 0, (6)

together with the conjugate of this equation.
As with any interacting field theory, it is not possible

to obtain the general solution of these equations. The
particular formulation given by GFT, however, allows us
to make use of ideas and methods that are used in analo-
gous problems in condensed matter physics. We will seek
some state that approximates a full solution state | i, at
least for a restricted set of observables. The restriction to
the case of homogeneous cosmologies suggests that these
states should be modeled with a wave function homo-
geneity principle [8–10, 14], i.e., by condensate states in
which the wave functions associated to the each of the
quanta are the same.

Isotropic Condensates — The simplest way to
model such cosmological states, including an arbitrary
large number of quanta, is to use the field coherent states

|�i = e�k�k2/2 exp

0

@
X

j,m,◆

�jv,◆
mv

(�)('̂†)jv,◆mv
(�)

1

A |0i, (7)

where �jv,◆
mv

(�) is the condensate wave function and
k�k2 =

R
d� k�(�)k2. An important point here is that

the condensate wave function is not normalized: rather
the norm of �jv,◆

mv
(�),

k�(�)k2 =
X

j,m,◆

|�jv,◆
mv

(�)|2, (8)

is the expectation value of the number operator N̂(�) on
the condensate state |�i at the relational time �.
These states have been extensively studied in the GFT

context [8–10] as approximate solutions of the quantum
equations of motion. As they neglect correlations be-
tween di↵erent quanta (and thus the connectivity of the
spin network nodes), these are approximate solutions
only in regimes in which the interaction term in (6) is
subdominant.
Since we are only interested in the homogeneous and

isotropic degrees of freedom, it is possible to choose a par-
ticularly simple form of the condensate wave function by
imposing that the condensate wave function be isotropic,
i.e., that all of the spin labels be equal, and that the other
geometric indices be uniquely defined by j. Hence, for an
isotropic condensate wave function,

�jv,◆
mv

(�) = Cjv,◆
mv

· �j(�), (9)

where the Cjv,◆
mv

are uniquely determined by the value
of j (in particular, the intertwiner is chosen so that it
is an eigenvalue of the LQG volume operator and that
its eigenvalue is the largest possible for a spin network
node with four links all coloured by j, see [12] for de-
tails). Therefore, the coarse-grained degrees of freedom
of isotropic GFT condensate states are entirely captured
by the functions �j(�), one for each spin.
The e↵ective dynamics are obtained by asking that the

condensate states (7) approximately solve the quantum
equations of motion (6). To be specific, we assume a sim-
ple Gross–Pitaevskii form of the dynamics, obtained by
taking the expectation value of the equations of motion:

h�|
c�S
�'̄

|�i = 0, (10)

which is clearly a weaker condition than (6).
For the isotropic GFT condensate states (7), and for

a GFT model with a minimally coupled massless scalar
field whose geometric contribution is based on the Engle–
Livine–Pereira–Rovelli spin foam model [13] (the most
developed one for 4D Lorentzian quantum gravity), (10)
gives the equation of motion for the �j(�)

Aj@
2
��j(�)�Bj�j(�) + wj �̄j(�)

4 = 0. (11)

It is clear that the scalar field � is acting as a relational
clock here and can be interpreted as ‘time’. This will
be important when extracting the coarse-grained cosmo-
logical dynamics from this condensate state. Here Aj

2

functions A, B, w define the details of the EPRL model

• effective condensate hydrodynamics (non-linear quantum cosmology):
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GFT interaction terms assumed to be sub-dominant
consistent with (even necessary for) spin foam dynamics
also regime in which simple condensate has good chance to 
be good approximation of true solution of quantum dynamics

focus first on dynamics 
of free mean field
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while the potential V [', '̄] encodes the vertex amplitude,
is of fifth order in the field variables ' and '̄ (for simpli-
cial GFT models) and is local in the scalar field �.

It is convenient to rewrite the kinetic term as a deriva-
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In cases where the di↵erence between �1 and �2 in (3) is
small compared to the Planck mass (i.e., a slowly chang-
ing scalar field), a good approximation to the full kinetic
term can be provided by a truncation of the derivative
expansion. This is the case we will consider here, keeping
only the first two non-trivial terms n = 0 and n = 1.

Finally, for a GFT model with the action S[', '̄], the
quantum equations of motion for a state | i are simply

c�S
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| i = 0, (6)

together with the conjugate of this equation.
As with any interacting field theory, it is not possible

to obtain the general solution of these equations. The
particular formulation given by GFT, however, allows us
to make use of ideas and methods that are used in analo-
gous problems in condensed matter physics. We will seek
some state that approximates a full solution state | i, at
least for a restricted set of observables. The restriction to
the case of homogeneous cosmologies suggests that these
states should be modeled with a wave function homo-
geneity principle [8–10, 14], i.e., by condensate states in
which the wave functions associated to the each of the
quanta are the same.

Isotropic Condensates — The simplest way to
model such cosmological states, including an arbitrary
large number of quanta, is to use the field coherent states
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is the expectation value of the number operator N̂(�) on
the condensate state |�i at the relational time �.
These states have been extensively studied in the GFT

context [8–10] as approximate solutions of the quantum
equations of motion. As they neglect correlations be-
tween di↵erent quanta (and thus the connectivity of the
spin network nodes), these are approximate solutions
only in regimes in which the interaction term in (6) is
subdominant.
Since we are only interested in the homogeneous and

isotropic degrees of freedom, it is possible to choose a par-
ticularly simple form of the condensate wave function by
imposing that the condensate wave function be isotropic,
i.e., that all of the spin labels be equal, and that the other
geometric indices be uniquely defined by j. Hence, for an
isotropic condensate wave function,
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mv

(�) = Cjv,◆
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· �j(�), (9)

where the Cjv,◆
mv

are uniquely determined by the value
of j (in particular, the intertwiner is chosen so that it
is an eigenvalue of the LQG volume operator and that
its eigenvalue is the largest possible for a spin network
node with four links all coloured by j, see [12] for de-
tails). Therefore, the coarse-grained degrees of freedom
of isotropic GFT condensate states are entirely captured
by the functions �j(�), one for each spin.
The e↵ective dynamics are obtained by asking that the

condensate states (7) approximately solve the quantum
equations of motion (6). To be specific, we assume a sim-
ple Gross–Pitaevskii form of the dynamics, obtained by
taking the expectation value of the equations of motion:

h�|
c�S
�'̄

|�i = 0, (10)

which is clearly a weaker condition than (6).
For the isotropic GFT condensate states (7), and for

a GFT model with a minimally coupled massless scalar
field whose geometric contribution is based on the Engle–
Livine–Pereira–Rovelli spin foam model [13] (the most
developed one for 4D Lorentzian quantum gravity), (10)
gives the equation of motion for the �j(�)
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��j(�)�Bj�j(�) + wj �̄j(�)
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It is clear that the scalar field � is acting as a relational
clock here and can be interpreted as ‘time’. This will
be important when extracting the coarse-grained cosmo-
logical dynamics from this condensate state. Here Aj
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functions A, B, w define the details of the EPRL model

• effective condensate hydrodynamics (non-linear quantum cosmology):
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• key relational observables (expectation values in condensate state) with scalar field as clock:

obtained by replacing the GFT field in the GFT action by the condensate wave function.
Here it is clear that the scalar field � plays the role of a relational time variable.

The condensate equations of motion depend directly on the details of the GFT action,
since these determine in part the coe�cients Aj, Bj and wj. It will be possible to constrain
their form by requiring that the Friedmann equation be recovered in an appropriate semi-
classical limit.

Crucially, the interaction term does not couple �j(�) with di↵erent j. This is due to
the combination of the isotropic restriction and the form of the EPRL vertex amplitude
which contain Kronecker deltas �j,j0 for all edges that meet in the four-simplex. Thus, if
five equilateral tetrahedra are combined in a four-simplex, and the vertex amplitude is
the EPRL one (or one with an analogous property) then it immediately follows that all
of the five equilateral tetrahedra must have the same j. This decoupling does not occur
generically, even in the isotropic restriction, for other spin foam models, e.g., those like
the Baratin–Oriti model [70] involving more elaborate fusion coe�cients. For this reason,
the interaction term is ‘local’ in the spin label since it has the form ⇠ wj�j(�)4 rather
than ⇠ wjklmn�k(�)�l(�)�m(�)�n(�). Clearly, this significantly simplifies the equations of
motion.

As true in general for GFT condensates, we have thus obtained a quantum cosmology-
like equation for a cosmological wave function on the space of (isotropic) homogeneous
geometries. This equation is however non-linear, as to be expected in a hydrodynamic
context, with the non-linearities e↵ectively encoding the microscopic interactions between
the fundamental ‘atoms of space’, which are also ultimately responsible for the generation
of inhomogeneities at both microscopic and macroscopic scales (see also [85] for a similar
construction).

Before we start analyzing the e↵ective dynamical equations, we point out that, from
the symmetries of Sj, it is obvious that there is a conserved quantity for every j, the
‘energy’ Ej of the condensate wave function �j(�) with respect to the relational time �,

Ej = Aj|@��j(�)|2 � Bj|�j(�)|2 +
2

5
Re

�
wj�j(�)

5
�
. (63)

In addition, in the regime in which the interaction term is small (which is necessary for
the Gross-Pitaevskii approximation to hold), the U(1) charge Qj related to the symmetry
�j(�) ! ei↵�j(�) emerges as another conserved quantity

Qj = � i

2

h
�̄j(�)@��j(�)� �j(�)@��̄j(�)

i
. (64)

Note that, following from the definition of the momentum of the massless scalar field, it is
easy to check that h�|⇡̂�(�)|�i = ~

P
j Qj and therefore ⇡� = h�|⇡̂�(�)|�i is a conserved

quantity also in the limit where the Gross-Pitaevskii approximation holds.
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momentum of scalar field (at fixed “time”)

the condensate be isotropic, and we are working in the limit where the scalar field � is
assumed to evolve slowly. Finally, we are considering the regime where the interaction
term in (58) is subdominant, and hence where the ⇢j are su�ciently small.

On the other hand, for there to exist a continuum interpretation of the condensate
state as a space-time, there must be a large number of quanta of geometry in the conden-
sate state, which requires the ⇢j to be large. (Also, in order for a consistent continuum
geometric interpretation to be valid at least for large total spatial volumes of the universe,
a few more conditions are needed, namely that there be a small curvature and a small vol-
ume associated to each individual GFT quantum. These last conditions are not necessary
for the mathematical consistency of the condensate approximation, but are necessary to
have a clear space-time interpretation for the condensate state.)

A delicate interplay between the values of ⇢j and the coupling constants (and kernels)
of the theory is required for the condensate approximation to be valid while at the same
time neglecting the interactions. It is only when all of these assumptions hold that a
reliable cosmological interpretation of the condensate state exists and that the e↵ective
dynamics extracted here from the full theory can be trusted.

B. Condensate Friedmann Equations

The e↵ective dynamics of the GFT condensates is (part of) the hydrodynamics of the
GFT model we are studying, and is encoded in an equation for the mean field � (and its
complex conjugate) or, in more conventional hydrodynamic form, for a density ⇢ and a
phase ✓, which in turn can be decomposed in terms of modes associated to representations
j. This type of equation has the form of a non-linear extension of a quantum cosmology
dynamics, even though the physical interpretation is di↵erent. From this type of equation,
just as in (loop) quantum cosmology, it is possible to extract the gravitational dynamics
in the form of equations for geometric quantities. In particular, for homogeneous and
isotropic configurations, a natural choice is to derive an e↵ective equation that governs
the dynamics of the volume of the universe, coupled to the scalar field.

This can be done in a straightforward fashion in this case starting from the equations
of motion for ⇢j obtained in the previous section and relating the spatial volume to the
⇢j. By using the massless scalar field � as a relational clock, the resulting equations of
motion for V (�) can be compared to the Friedmann equations of cosmology, which are
presented in the Appendix A.

The quantity of interest here is the total volume of the universe in the condensate
state, at a given moment of the relational time �,

V (�) =
X

j

Vj�̄j(�)�j(�) =
X

j

Vj⇢j(�)
2, (73)
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universe volume (at fixed “time”) where Vj ⇠ j3/2`3Pl is the eigenvalue of the volume operator in canonical loop quantum
gravity acting on an equilateral (as defined in Sec. IVC) four-valent spin network node
in the representation j. (Clearly, it follows from the definition of equilateral spin network
nodes that Vj is the largest eigenvalue of the LQG volume operator possible for a node
with all ji = j.) Note that the scaling mentioned here is approximate, and for a detailed
analysis it would be necessary to explicitly calculate Vj for each j. However, this will not
be necessary here.

A technical comment is also in order here. The LQG volume operator depends on the
Barbero-Immirzi parameter �, which only appears in spin foam models after the simplicity
constraints have been imposed. In the GFT models based on spin foam models, the sim-
plicity constraints are imposed in the interaction term in the GFT action, whose e↵ect in
the equations of motion has been assumed to be negligible. However, an operator in GFT
can only be interpreted as a geometric operator after simplicity has been imposed. This
is why it is important to remember that we are not ignoring the e↵ect of the interaction
term but instead we are considering the case where the contribution of the interaction
term to the equations of motion is negligible compared to that of the kinetic terms. The
interaction term is nonetheless present and imposes simplicity, but its contribution to the
equations of motion of the condensate wave function is negligible and can be ignored.

Now, given (73), and using the notation of Sec. VA,

V 0 = 2
X

j

Vj⇢
0
j ⇢j = 2

X

j

Vj ⇢j

s

Ej �
Q2

j

⇢2j
+m2

j⇢
2
j , (74)

and

V 00 = 2
X

j

Vj

h
⇢00j ⇢j + (⇢0j)

2
i
= 2

X

j

Vj

h
Ej + 2m2

j⇢
2
j

i
. (75)

Both V 0 and V 00 depend also on the wj interaction term in the equations of motion, but
the contribution from the interaction term is assumed to be subdominant in the Gross-
Pitaevskii approximation and therefore we neglect these terms here.

From the equations above it follows immediately that the generalised Friedmann equa-
tions in terms of the relational time � are given by
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and

V 00

V
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P

j Vj

h
Ej + 2m2
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j

i

P
j Vj⇢2j

. (77)
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energy density of scalar field (at fixed “time”)

These e↵ective Friedmann equations for the GFT condensate include the correct classical
limit (i.e., they reproduce the standard Friedmann equations of general relativity, justi-
fying their name), as shall be shown in Sec. VC, as well as some quantum corrections
coming from the microscopic GFT theory. Interestingly, some of these corrections have
a clear geometric meaning, which shall be discussed shortly. From these equations, it is
possible to solve for the dynamics of the total volume, given some initial state �j(�o) at
an initial time �o.

An important point here is that, for the energy density of the massless scalar field,
which is defined in terms of the expectation values of scalar field momentum and volume
operators as

⇢ =
⇡2
�

2V 2
=

~2(
P

j Qj)2

2(
P

j Vj⇢2j)
2
, (78)

to be non-zero, at least one of the Qj must be non-zero6. The condition that at least one
of the Qj be non-zero is necessary for the relational dynamics to be well-defined, and also
to ensure that the homogeneous and isotropic space-time is an FLRW space-time, not the
vacuum Minkowski space-time.

This restriction has important consequences. Obviously, the condition that at least one
of the Qj be non-zero is a necessary (although not su�cient) condition for the existence
of solutions with a good cosmological interpretation, and also for the consistency of the
relational description in the first place. On the other hand, this is not in itself a necessary
condition for the mathematical consistency of the condensate dynamics. This means that
there may be solutions which do not satisfy this condition, but are still mathematically
well-defined and within the regime of validity of the condensate hydrodynamics we are
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Requiring that the energy density of the massless scalar field be non-vanishing has a
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P
j Vj⇢2j , it follows that

V will always remain non-zero. Therefore, we find that for all cosmological solutions, the
volume will never become zero.

6 The energy density of the massless scalar field ⇢ —without an index j— is not to be confused with the

amplitude of �j(�) denoted by ⇢j , nor with the amplitude |�| of the total condensate wave function

� =
P

j �j .
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observables defined in fundamental Hilbert space; intuition comes from discrete geometric interpretation of 
fundamental dofs; full continuum geometric interpretation emerges at collective, hydrodynamic level

GFT interaction terms assumed to be sub-dominant
consistent with (even necessary for) spin foam dynamics
also regime in which simple condensate has good chance to 
be good approximation of true solution of quantum dynamics

focus first on dynamics 
of free mean field

models where these amplitudes exactly match any de-
sired spin foam amplitudes (e.g., those directly motivated
from LQG). These are easily generated starting from sim-
ple action functionals, that we split into linear and non-
linear parts as S[', '̄] = K[', '̄] + V [', '̄], with the ki-
netic term encoding the edge amplitude of the spin foam
model and having the form (with a minimally coupled
massless scalar field)
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((�1 � �2)
2)

�
, (3)

while the potential V [', '̄] encodes the vertex amplitude,
is of fifth order in the field variables ' and '̄ (for simpli-
cial GFT models) and is local in the scalar field �.

It is convenient to rewrite the kinetic term as a deriva-
tive expansion in � in the field variable '

jv2 ,◆2
mv2

(�2) around
�2 = �1 = �, giving

K =
1X

n=0

X

j,m,◆

Z
d� '̄

jv1 ,◆1
mv1

(�)'
jv2 ,◆2
mv2

(�)(K(2n))j,◆m , (4)

where the notation on Kj,◆
m has been compressed, and

(K(2n))j,◆m =

Z
du

u2n

(2n)!
Kj,◆

m (u2). (5)

In cases where the di↵erence between �1 and �2 in (3) is
small compared to the Planck mass (i.e., a slowly chang-
ing scalar field), a good approximation to the full kinetic
term can be provided by a truncation of the derivative
expansion. This is the case we will consider here, keeping
only the first two non-trivial terms n = 0 and n = 1.

Finally, for a GFT model with the action S[', '̄], the
quantum equations of motion for a state | i are simply

c�S
�'̄

| i = 0, (6)

together with the conjugate of this equation.
As with any interacting field theory, it is not possible

to obtain the general solution of these equations. The
particular formulation given by GFT, however, allows us
to make use of ideas and methods that are used in analo-
gous problems in condensed matter physics. We will seek
some state that approximates a full solution state | i, at
least for a restricted set of observables. The restriction to
the case of homogeneous cosmologies suggests that these
states should be modeled with a wave function homo-
geneity principle [8–10, 14], i.e., by condensate states in
which the wave functions associated to the each of the
quanta are the same.

Isotropic Condensates — The simplest way to
model such cosmological states, including an arbitrary
large number of quanta, is to use the field coherent states

|�i = e�k�k2/2 exp

0

@
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j,m,◆

�jv,◆
mv

(�)('̂†)jv,◆mv
(�)

1

A |0i, (7)

where �jv,◆
mv

(�) is the condensate wave function and
k�k2 =

R
d� k�(�)k2. An important point here is that

the condensate wave function is not normalized: rather
the norm of �jv,◆

mv
(�),

k�(�)k2 =
X

j,m,◆

|�jv,◆
mv

(�)|2, (8)

is the expectation value of the number operator N̂(�) on
the condensate state |�i at the relational time �.
These states have been extensively studied in the GFT

context [8–10] as approximate solutions of the quantum
equations of motion. As they neglect correlations be-
tween di↵erent quanta (and thus the connectivity of the
spin network nodes), these are approximate solutions
only in regimes in which the interaction term in (6) is
subdominant.
Since we are only interested in the homogeneous and

isotropic degrees of freedom, it is possible to choose a par-
ticularly simple form of the condensate wave function by
imposing that the condensate wave function be isotropic,
i.e., that all of the spin labels be equal, and that the other
geometric indices be uniquely defined by j. Hence, for an
isotropic condensate wave function,

�jv,◆
mv

(�) = Cjv,◆
mv

· �j(�), (9)

where the Cjv,◆
mv

are uniquely determined by the value
of j (in particular, the intertwiner is chosen so that it
is an eigenvalue of the LQG volume operator and that
its eigenvalue is the largest possible for a spin network
node with four links all coloured by j, see [12] for de-
tails). Therefore, the coarse-grained degrees of freedom
of isotropic GFT condensate states are entirely captured
by the functions �j(�), one for each spin.
The e↵ective dynamics are obtained by asking that the

condensate states (7) approximately solve the quantum
equations of motion (6). To be specific, we assume a sim-
ple Gross–Pitaevskii form of the dynamics, obtained by
taking the expectation value of the equations of motion:

h�|
c�S
�'̄

|�i = 0, (10)

which is clearly a weaker condition than (6).
For the isotropic GFT condensate states (7), and for

a GFT model with a minimally coupled massless scalar
field whose geometric contribution is based on the Engle–
Livine–Pereira–Rovelli spin foam model [13] (the most
developed one for 4D Lorentzian quantum gravity), (10)
gives the equation of motion for the �j(�)

Aj@
2
��j(�)�Bj�j(�) + wj �̄j(�)

4 = 0. (11)

It is clear that the scalar field � is acting as a relational
clock here and can be interpreted as ‘time’. This will
be important when extracting the coarse-grained cosmo-
logical dynamics from this condensate state. Here Aj
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functions A, B, w define the details of the EPRL model

• effective condensate hydrodynamics (non-linear quantum cosmology):

Emergent bouncing cosmology from full QG



effective dynamics for volume - generalised Friedmann equations:

where Vj ⇠ j3/2`3Pl is the eigenvalue of the volume operator in canonical loop quantum
gravity acting on an equilateral (as defined in Sec. IVC) four-valent spin network node
in the representation j. (Clearly, it follows from the definition of equilateral spin network
nodes that Vj is the largest eigenvalue of the LQG volume operator possible for a node
with all ji = j.) Note that the scaling mentioned here is approximate, and for a detailed
analysis it would be necessary to explicitly calculate Vj for each j. However, this will not
be necessary here.

A technical comment is also in order here. The LQG volume operator depends on the
Barbero-Immirzi parameter �, which only appears in spin foam models after the simplicity
constraints have been imposed. In the GFT models based on spin foam models, the sim-
plicity constraints are imposed in the interaction term in the GFT action, whose e↵ect in
the equations of motion has been assumed to be negligible. However, an operator in GFT
can only be interpreted as a geometric operator after simplicity has been imposed. This
is why it is important to remember that we are not ignoring the e↵ect of the interaction
term but instead we are considering the case where the contribution of the interaction
term to the equations of motion is negligible compared to that of the kinetic terms. The
interaction term is nonetheless present and imposes simplicity, but its contribution to the
equations of motion of the condensate wave function is negligible and can be ignored.

Now, given (73), and using the notation of Sec. VA,
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Both V 0 and V 00 depend also on the wj interaction term in the equations of motion, but
the contribution from the interaction term is assumed to be subdominant in the Gross-
Pitaevskii approximation and therefore we neglect these terms here.

From the equations above it follows immediately that the generalised Friedmann equa-
tions in terms of the relational time � are given by
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classical approx.

In this way, the big-bang and big-crunch singularities of classical FLRW space-times
that occur generically in general relativity are resolved in the GFT condensate states
studied here. The equation of motion for ⇢j (72) clearly shows that the individual ⇢j will
reach a minimal value at which point they will bounce (and it is clear that there is only a
single bounce since ⇢j has only one turning point), and thus the cosmological space-time
that emerges from the GFT condensate state is that of a bouncing FLRW space-time.

In order to see exactly how the singularity is resolved, and better understand the
nature of the quantum e↵ects causing this resolution, it is necessary to solve our modified
Friedmann equations for V (�) for some initial conditions. Unfortunately, it is di�cult to
provide an exact solution to these equations of motion for generic initial conditions, but
there are two special cases when an explicit solution can be found.

C. Classical Limit

As already mentioned, the momentum of the scalar field, defined as the expectation
value of the operator (23) in the condensate state, is given by ⇡� = ~

P
j Qj and therefore

⇡� is a conserved quantity: this is exactly the continuity equation for a massless scalar
field in an FLRW space-time. Therefore, the only other requirement in order to verify
that the correct semi-classical limit is obtained is to ensure that the correct Friedmann
equation is recovered.

The classical limit of the generalised Friedmann equations is obtained when the Hubble
rate is small compared to the inverse Planck time, and this will occur at su�ciently large
volumes, i.e., when ⇢2j � |Ej|/m2

j and ⇢4j � Q2
j/m

2
j (note that the semi-classical limit is

not the limit of large volume, but of small space-time curvature; nonetheless, the space-
time curvature decreases as the space-time expands and therefore the dominant term in
the Friedmann equation at large volumes is also the dominant term when the space-time
curvature is small). As shall be seen in the next section, the terms containing Ej and
Qj/⇢2j can be understood as quantum corrections.

In this limit, the generalised Friedmann equations become
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and
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2
jP

j Vj⇢2j
. (80)

We immediately see from these equations that, in order to recover the classical Friedmann
equations of general relativity in terms of the relational time �, which are given in Ap-
pendix A 1, (in this specific context where the FLRW space-time emerges as a condensate
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effective dynamics for volume - generalised Friedmann equations:

where Vj ⇠ j3/2`3Pl is the eigenvalue of the volume operator in canonical loop quantum
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with all ji = j.) Note that the scaling mentioned here is approximate, and for a detailed
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be necessary here.
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the equations of motion has been assumed to be negligible. However, an operator in GFT
can only be interpreted as a geometric operator after simplicity has been imposed. This
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term but instead we are considering the case where the contribution of the interaction
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Both V 0 and V 00 depend also on the wj interaction term in the equations of motion, but
the contribution from the interaction term is assumed to be subdominant in the Gross-
Pitaevskii approximation and therefore we neglect these terms here.

From the equations above it follows immediately that the generalised Friedmann equa-
tions in terms of the relational time � are given by
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where Vj ⇠ j3/2`3Pl is the eigenvalue of the volume operator in canonical loop quantum
gravity acting on an equilateral (as defined in Sec. IVC) four-valent spin network node
in the representation j. (Clearly, it follows from the definition of equilateral spin network
nodes that Vj is the largest eigenvalue of the LQG volume operator possible for a node
with all ji = j.) Note that the scaling mentioned here is approximate, and for a detailed
analysis it would be necessary to explicitly calculate Vj for each j. However, this will not
be necessary here.
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classical approx.

In this way, the big-bang and big-crunch singularities of classical FLRW space-times
that occur generically in general relativity are resolved in the GFT condensate states
studied here. The equation of motion for ⇢j (72) clearly shows that the individual ⇢j will
reach a minimal value at which point they will bounce (and it is clear that there is only a
single bounce since ⇢j has only one turning point), and thus the cosmological space-time
that emerges from the GFT condensate state is that of a bouncing FLRW space-time.

In order to see exactly how the singularity is resolved, and better understand the
nature of the quantum e↵ects causing this resolution, it is necessary to solve our modified
Friedmann equations for V (�) for some initial conditions. Unfortunately, it is di�cult to
provide an exact solution to these equations of motion for generic initial conditions, but
there are two special cases when an explicit solution can be found.

C. Classical Limit

As already mentioned, the momentum of the scalar field, defined as the expectation
value of the operator (23) in the condensate state, is given by ⇡� = ~

P
j Qj and therefore

⇡� is a conserved quantity: this is exactly the continuity equation for a massless scalar
field in an FLRW space-time. Therefore, the only other requirement in order to verify
that the correct semi-classical limit is obtained is to ensure that the correct Friedmann
equation is recovered.

The classical limit of the generalised Friedmann equations is obtained when the Hubble
rate is small compared to the inverse Planck time, and this will occur at su�ciently large
volumes, i.e., when ⇢2j � |Ej|/m2

j and ⇢4j � Q2
j/m

2
j (note that the semi-classical limit is

not the limit of large volume, but of small space-time curvature; nonetheless, the space-
time curvature decreases as the space-time expands and therefore the dominant term in
the Friedmann equation at large volumes is also the dominant term when the space-time
curvature is small). As shall be seen in the next section, the terms containing Ej and
Qj/⇢2j can be understood as quantum corrections.

In this limit, the generalised Friedmann equations become
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We immediately see from these equations that, in order to recover the classical Friedmann
equations of general relativity in terms of the relational time �, which are given in Ap-
pendix A 1, (in this specific context where the FLRW space-time emerges as a condensate
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approx. classical Friedmann 
eqns if m2

j ⇡ 3GN

Emergent bouncing cosmology from full QG
DO, Sindoni, Wilson-Ewing, ‘16

(GFT interaction terms sub-dominant)

9j / ⇢j(�) 6= 0 8�

These e↵ective Friedmann equations for the GFT condensate include the correct classical
limit (i.e., they reproduce the standard Friedmann equations of general relativity, justi-
fying their name), as shall be shown in Sec. VC, as well as some quantum corrections
coming from the microscopic GFT theory. Interestingly, some of these corrections have
a clear geometric meaning, which shall be discussed shortly. From these equations, it is
possible to solve for the dynamics of the total volume, given some initial state �j(�o) at
an initial time �o.

An important point here is that, for the energy density of the massless scalar field,
which is defined in terms of the expectation values of scalar field momentum and volume
operators as

⇢ =
⇡2
�

2V 2
=

~2(
P

j Qj)2

2(
P

j Vj⇢2j)
2
, (78)

to be non-zero, at least one of the Qj must be non-zero6. The condition that at least one
of the Qj be non-zero is necessary for the relational dynamics to be well-defined, and also
to ensure that the homogeneous and isotropic space-time is an FLRW space-time, not the
vacuum Minkowski space-time.

This restriction has important consequences. Obviously, the condition that at least one
of the Qj be non-zero is a necessary (although not su�cient) condition for the existence
of solutions with a good cosmological interpretation, and also for the consistency of the
relational description in the first place. On the other hand, this is not in itself a necessary
condition for the mathematical consistency of the condensate dynamics. This means that
there may be solutions which do not satisfy this condition, but are still mathematically
well-defined and within the regime of validity of the condensate hydrodynamics we are
studying. Therefore, this is an additional requirement beyond the assumptions for a
condensate which is necessary for the condensate state to be interpreted as a cosmological
space-time.

An open question is whether setting all Qj = 0 (but still having large ⇢j) gives
Minkowski space, in which case the condensate state would correspond to a large space-
time although there would be no relational dynamics. We comment further on the vacuum
limit in Sec. VI.

Requiring that the energy density of the massless scalar field be non-vanishing has a
very important consequence: since at least one Qj must be non-zero to have a solution
that can be interpreted as a cosmological space-time, it follows from (72) that at least
one ⇢j will always remain greater than zero. In turn, since V =

P
j Vj⇢2j , it follows that

V will always remain non-zero. Therefore, we find that for all cosmological solutions, the
volume will never become zero.

6 The energy density of the massless scalar field ⇢ —without an index j— is not to be confused with the

amplitude of �j(�) denoted by ⇢j , nor with the amplitude |�| of the total condensate wave function

� =
P

j �j .
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remains positive at all times
(with single turning point)

generic quantum bounce (solving classical singularity)!
M. De Cesare, M. Sakellariadou, ‘16



Special case: single spin condensate
cosmological dynamics entirely due to growth (in relational time) of number of “atoms of space”

of isotropic GFT quanta) it is necessary to identify m2
j = 3⇡G for all j. For these val-

ues of mj, the GFT condensate dynamics reproduce the classical Friedmann equations of
general relativity. (As an aside, note that while it may be possible, at a specific relational
instant �o, to choose a di↵erent set of values for mj that also gives the correct limit,
this identification will not be preserved by the dynamics and hence the correct classical
Friedmann equations would in this case only be recovered in a small neighbourhood of
relational time around �o.)

The condition that m2
j = 3⇡G is a requirement on the form of the terms Aj and Bj that

are determined by the GFT action: if Bj/Aj 6= 3⇡G for some j, then it follows that the
correct Friedmann equations are not recovered in the classical limit. Note also that this
should be understood as a definition of G which arises as a hydrodynamic parameter and it
is thus a function of the microscopic GFT parameters, and not as an interpretation of the
microscopic parameters. This is an important conceptual point since this identification
has no reason to be valid in a generic regime of the dynamics (e.g., for non-condensate
GFT states) and may be di↵erent in other settings.

So, if all m2
j = 3⇡G, then the generalised Friedmann equations of the GFT condensate

become, in the classical limit,
✓
V 0

V

◆2

=
V 00

V
= 12⇡G, (81)

which are exactly the Friedmann equations of general relativity for a spatially flat FLRW
space-time with a massless scalar field �, used as a relational time (see Appendix A 1 for
details).

The solution to these equations of motion is the standard one of classical general
relativity,

V = Voe
±
p
12⇡G�, (82)

as expected, with the sign in the exponent depending on whether the universe is expanding
or contracting, and Vo depending on the initial conditions.

D. Single Spin Condensates

The other case where the equations of motion for V (�) can be solved exactly, and
for generic initial conditions, is when only one ⇢j is non-zero, which corresponds to a
condensate wave function that is very sharply (infinitely) peaked in j,

�j(�) = 0, for all j 6= jo. (83)

Then the sum over j in all of the expressions trivializes and an exact solution can be
found which includes quantum corrections.
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simple condensate:

This assumption mirrors the situation that is thought to be relevant in LQC, where
there is also the extra assumption that the underlying LQG state consists of a graph
with a very large number of nodes and links, and that the spins on all of the links are
identical (often chosen to be jo = 1/2). It follows that in the LQC picture, a cosmological
space-time expands or contracts by modifications to the combinatorial structure of the
spin network that consist of adding or removing nodes, rather than by changing the spin
labels on the spin network; this is analogous to the volume dynamics extracted from the
underlying GFT model where changes in V correspond to changes in the number of GFT
quanta, rather than transitions between GFT quanta coloured by di↵erent spin represen-
tations. In the limiting case (83) considered here, the volume dynamics is entirely dictated
by the number of GFT quanta via V (�) = VjoNjo(�); this is essentially identical to the
heuristic interpretation suggested by the LQC ‘improved dynamics’ relating LQC to the
underlying LQG spin networks. Finally, note that the missing connectivity information
in the simple GFT condensates considered here does not play any role in LQC either.

Of course, if only one mode j = jo contributes to the e↵ective dynamics, then the cor-
rect classical limit requires a milder condition on the microscopic dynamics to reproduce
the classical Friedmann equation with respect to the more general case considered in the
previous subsection, namely that m2

jo = 3⇡G (and there are no requirements on the other
mj).

Therefore, we set m2
jo = 3⇡G in the following so that the correct classical limit is

ensured. Now, since ⇢j = 0 for all j 6= jo, only Qjo is non-zero and

⇡� = ~Qjo . (84)

Given (83), the total volume is simply given by

V = Vjo⇢
2
jo , (85)

and the first modified Friedmann equation simplifies to
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which can be rewritten, using the relation for the energy density of a massless scalar field
⇢ = ⇡2
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with ⇢c = 6⇡G~2/V 2
jo ⇠ (6⇡/j3o)⇢Pl. It is clear that the first term is the classical limit,

and that the second term is a quantum gravity correction. In addition, from scaling
arguments (the Friedmann equation must be invariant under V ! ↵V and ⇡� ! ↵⇡�)

41

This assumption mirrors the situation that is thought to be relevant in LQC, where
there is also the extra assumption that the underlying LQG state consists of a graph
with a very large number of nodes and links, and that the spins on all of the links are
identical (often chosen to be jo = 1/2). It follows that in the LQC picture, a cosmological
space-time expands or contracts by modifications to the combinatorial structure of the
spin network that consist of adding or removing nodes, rather than by changing the spin
labels on the spin network; this is analogous to the volume dynamics extracted from the
underlying GFT model where changes in V correspond to changes in the number of GFT
quanta, rather than transitions between GFT quanta coloured by di↵erent spin represen-
tations. In the limiting case (83) considered here, the volume dynamics is entirely dictated
by the number of GFT quanta via V (�) = VjoNjo(�); this is essentially identical to the
heuristic interpretation suggested by the LQC ‘improved dynamics’ relating LQC to the
underlying LQG spin networks. Finally, note that the missing connectivity information
in the simple GFT condensates considered here does not play any role in LQC either.

Of course, if only one mode j = jo contributes to the e↵ective dynamics, then the cor-
rect classical limit requires a milder condition on the microscopic dynamics to reproduce
the classical Friedmann equation with respect to the more general case considered in the
previous subsection, namely that m2

jo = 3⇡G (and there are no requirements on the other
mj).

Therefore, we set m2
jo = 3⇡G in the following so that the correct classical limit is

ensured. Now, since ⇢j = 0 for all j 6= jo, only Qjo is non-zero and

⇡� = ~Qjo . (84)

Given (83), the total volume is simply given by

V = Vjo⇢
2
jo , (85)

and the first modified Friedmann equation simplifies to

✓
V 0

3V

◆2

=
4⇡G

3
+

VjoEjo

9V
�

V 2
jo⇡

2
�

9~2V 2
, (86)

which can be rewritten, using the relation for the energy density of a massless scalar field
⇢ = ⇡2

�/2V
2, as ✓

V 0

3V

◆2

=
4⇡G

3

✓
1� ⇢

⇢c

◆
+

VjoEjo

9V
, (87)

with ⇢c = 6⇡G~2/V 2
jo ⇠ (6⇡/j3o)⇢Pl. It is clear that the first term is the classical limit,

and that the second term is a quantum gravity correction. In addition, from scaling
arguments (the Friedmann equation must be invariant under V ! ↵V and ⇡� ! ↵⇡�)

41

LQC-like 
modified 
dynamics!

DO, Sindoni, Wilson-Ewing, ‘16

dominance of single-spin condensate realised in several contexts:

• mean field analysis of static GFT models in isotropic restriction: vacua strongly peaked on single spin

• mean field analysis of evolution (in relational time) of isotropic models: single spin dominates at late times

A. Pithis, M. Sakellariadou, ‘16S. Gielen, ‘16

A. Pithis, M. Sakellariadou, P. Tomov, ‘16

interactions are also much simpler to study, for such simple condensates



Assorted recent results in GFT cosmology

• effect of GFT interactions:




effect of fundamental GFT interactions

for phenomenological isotropic model with:  simplified interaction kernels and only single spin component

one gets effective GFT hydro equations: 

3

are strongly suppressed), as shown in Ref. [7]. Thus,
throughout the article we will work under the assump-
tion that the spin representation j is fixed.

The macroscopic dynamics following from the e↵ective
GFT action can be given in terms of e↵ective Friedmann
equations, giving the relational evolution of the volume
with respect to the scalar field �. Those are obtained by
di↵erentiating Eq. (3)

@�V

V
= 2

@�⇢

⇢
, (4)

@
2
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V
= 2

"
@
2
�⇢

⇢
+

✓
@�⇢

⇢

◆2
#
. (5)

Notice that from a macroscopic standpoint Eqs. (4), (5)
give the evolution of the emergent spacetime, with ⇢ play-
ing the rôle of an auxiliary field (the modulus of �) whose
dynamics is determined by the e↵ective action in Eq. (1).

In this work we consider an e↵ective potential of the
following form

V(�) = B|�(�)|2 + 2

n
w|�|n +

2

n0w
0|�|n

0
, (6)

where we can assume n
0
> n without loss of general-

ity. The terms in the e↵ective potential can be similarly
motivated as in Ref. [1]. The interaction terms appear-
ing in GFT actions are usually defined in such a way that
the perturbative expansion of the GFT partition function
reproduces that of spin foam models. Specifically, spin
foam models for 4d quantum gravity are mostly based on
interaction terms of power 5, called simplicial. In the case
that the GFT field is endowed by a particular tensorial
transformation property, other classes of models can be
obtained whose interaction terms, called tensorial, are
based on even powers of the modulus of the field. In
this light, the particular type of interactions considered
here can be understood as mimicking such types of in-
teractions, which is the reason why we will refer to them
as pseudosimplicial and pseudotensorial, respectively. In
the following we will study their phenomenological con-
sequences, and show how interesting physical e↵ects are
determined as a result of the interplay between two inter-
actions of this type. The integer-valued powers n, n0 in
the interactions will be kept unspecified throughout the
article, thus making our analysis retain its full generality.
The particular values motivated by the above discussion
can be retrieved as particular cases. In the following
we will show how di↵erent ranges for such powers lead
to phenomenologically interesting features of the model,
most notably concerning an early era of accelerated ex-
pansion in Section IVB.

Since V(�) has to be bounded from below, we require
w

0
> 0. The equation of motion of the field � obtained

from Eqs. (1), (6) is

�A@
2
�� +B� + w|�|n�2

� + w
0|�|n

0�2
� = 0. (7)

Writing the complex field � in polar form � = ⇢ ei✓ one
finds (Ref. [1]) that the equation of motion for the angular

component leads to the conservation law

@�Q = 0, with Q ⌘ ⇢
2
@�✓, (8)

while the radial component satisfies a second order ODE

@
2
�⇢�

Q
2

⇢3
� B

A
⇢� w

A
⇢
n�1 � w

0

A
⇢
n0�1 = 0. (9)

The conserved charge Q is proportional to the momen-
tum of the scalar field ⇡� = ~Q [1]. One immediately

observes, that for large values of ⇢ the term ⇢
n0�1 be-

comes dominant. In order to ensure that Eq. (9) does
not lead to drastic departures from standard cosmology
at late times (Eq. (4)), the coe�cient of such term has
to be positive

µ ⌘ �w
0

A
> 0, (10)

which implies, since w
0
> 0, that one must have A < 0.

In fact, the opposite case µ < 0 would lead to an open
cosmology expanding at a faster than exponential rate,
which relates to a Big Rip. Thus, considering A < 0,
compatibility with the free case (see Refs. [1, 2]) demands

m
2 ⌘ B

A
> 0, (11)

which in turn implies B < 0. The sign of w is a priori
not constrained, which leaves a considerable freedom in
the model. Given the signs of the parameters B and w

0,
the potential in Eq. (6) can be related to models with
spontaneous symmetry breaking in Statistical Mechanics
and Quantum Field Theory. The sub-leading term in
the potential plays an important rôle in determining an
inflationary-like era, as shown below in Section IVB.
The connection to the theory of critical phenomena is

to be expected from the conjecture that GFT condensates
arise through a phase transition from a non-geometric to
a geometric phase [8], which could be a possible realiza-
tion of the geometrogenesis scenario [9]. Despite the lack
of a detailed theory near criticality and the fact that the
occurrence of the aforementioned phase transition is still
a conjecture, there are nonetheless encouraging results
coming from the analysis (both perturbative and non-
perturbative) of the Renormalization Group flow, which
shows the existence of IR fixed points in certain models,
see Refs. [10, 11]. On this ground we will adopt, as a
working hypothesis, the formation of a condensate as a
result of the phase transition, as in Refs. [1, 5, 7, 12–14].
From Eqs. (10), (11) and defining
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Notice that from a macroscopic standpoint Eqs. (4), (5)
give the evolution of the emergent spacetime, with ⇢ play-
ing the rôle of an auxiliary field (the modulus of �) whose
dynamics is determined by the e↵ective action in Eq. (1).
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ity. The terms in the e↵ective potential can be similarly
motivated as in Ref. [1]. The interaction terms appear-
ing in GFT actions are usually defined in such a way that
the perturbative expansion of the GFT partition function
reproduces that of spin foam models. Specifically, spin
foam models for 4d quantum gravity are mostly based on
interaction terms of power 5, called simplicial. In the case
that the GFT field is endowed by a particular tensorial
transformation property, other classes of models can be
obtained whose interaction terms, called tensorial, are
based on even powers of the modulus of the field. In
this light, the particular type of interactions considered
here can be understood as mimicking such types of in-
teractions, which is the reason why we will refer to them
as pseudosimplicial and pseudotensorial, respectively. In
the following we will study their phenomenological con-
sequences, and show how interesting physical e↵ects are
determined as a result of the interplay between two inter-
actions of this type. The integer-valued powers n, n0 in
the interactions will be kept unspecified throughout the
article, thus making our analysis retain its full generality.
The particular values motivated by the above discussion
can be retrieved as particular cases. In the following
we will show how di↵erent ranges for such powers lead
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most notably concerning an early era of accelerated ex-
pansion in Section IVB.
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coming from the analysis (both perturbative and non-
perturbative) of the Renormalization Group flow, which
shows the existence of IR fixed points in certain models,
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teractions, which is the reason why we will refer to them
as pseudosimplicial and pseudotensorial, respectively. In
the following we will study their phenomenological con-
sequences, and show how interesting physical e↵ects are
determined as a result of the interplay between two inter-
actions of this type. The integer-valued powers n, n0 in
the interactions will be kept unspecified throughout the
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ing in GFT actions are usually defined in such a way that
the perturbative expansion of the GFT partition function
reproduces that of spin foam models. Specifically, spin
foam models for 4d quantum gravity are mostly based on
interaction terms of power 5, called simplicial. In the case
that the GFT field is endowed by a particular tensorial
transformation property, other classes of models can be
obtained whose interaction terms, called tensorial, are
based on even powers of the modulus of the field. In
this light, the particular type of interactions considered
here can be understood as mimicking such types of in-
teractions, which is the reason why we will refer to them
as pseudosimplicial and pseudotensorial, respectively. In
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actions of this type. The integer-valued powers n, n0 in
the interactions will be kept unspecified throughout the
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of a detailed theory near criticality and the fact that the
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obtained whose interaction terms, called tensorial, are
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teractions, which is the reason why we will refer to them
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the interactions will be kept unspecified throughout the
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occurrence of the aforementioned phase transition is still
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perturbative) of the Renormalization Group flow, which
shows the existence of IR fixed points in certain models,
see Refs. [10, 11]. On this ground we will adopt, as a
working hypothesis, the formation of a condensate as a
result of the phase transition, as in Refs. [1, 5, 7, 12–14].
From Eqs. (10), (11) and defining

� ⌘ �w

A
, (12)

we can rewrite Eq. (9) in the form

@
2
�⇢�m

2
⇢� Q

2

⇢3
+ �⇢

n�1 + µ⇢
n0�1 = 0 , (13)

8

Figure 4. Inflationary era supported by GFT interactions in
the multi-critical model. The blue (orange) curve represents
the graph of the logarithm of the acceleration (minus the ac-
celeration) as a function of the number of e-folds in the case
� < 0. The plot refers to the particular choice of parameters
n = 5, n0 = 6, m = 1, Q = 1, � = �3. The value of µ is
determined from Eq. (35) by requiring the number of e-folds
to be N = 60. There is a logarithmic singularity at N ' 60,
marking the end of the accelerated expansion. Figs. 5, 6 show
the behavior of the acceleration close to the bounce and at
the end of inflation respectively.

Figure 5.

From Eq. (4) and the proportionality between the mo-
mentum of the scalar field and Q we have
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The term in bracket can thus be interpreted as a dynam-
ical e↵ective gravitational constant as in Ref. [2]. Al-
ternatively, using Eqs. (3), (15), (14), the last equation
Eq. (37) becomes (considering the case with only one in-
teraction term, namely � = 0)
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where we defined
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The exponents of the denominators in Eq. (38) can be re-
lated to the w coe�cients in the equation of state p = w"

of some e↵ective fluids, with energy density " and pres-
sure p. Each term scales with the volume as / V

�(w+1).
It is worth pointing out that Eq. (38) makes clearer the

correspondence with the framework of ekpyrotic models3,
where one has the gravitational field coupled to matter
fields with w > 1. Such models have been advocated
as a possible alternative to inflation, see Ref. ([19]). We
observe that at early times (i.e. small volumes) the oc-
currence of the bounce is determined by the negative sign
of "Q, which is also the term corresponding to the highest
w. However, while this is su�cient to prevent the clas-
sical singularity, it is not enough to guarantee that the
minimum number of e-folds is reached at the end of the
accelerated expansion, as shown in Section IVA. In fact,
the rôle of interactions is crucial in that respect, as our
analysis in Section IVB has shown.
In the rest of this Section we focus instead on the con-

sequences of having interactions in the GFT model for
the evolution of the Universe at late times. As we have
already seen in Section III, a positive µ entails a recol-
lapsing Universe. This should also be clear from Eq. (38).
In particular, we notice that the corresponding term in

3
We are thankful to Martin Bojowald for this observation.
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lapsing Universe. This should also be clear from Eq. (38).
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3
We are thankful to Martin Bojowald for this observation.

depending from various parameters in the model

quite some room for model building, but embedded in fundamental theory



Accelerated phase after bounce: QG inflation?

•  in effective cosmological dynamics 
neglecting GFT interactions:

acceleration is too short-lived to be physically useful
• including effects of GFT interactions (in phenomenological way):

consider 

effective action for an 
isotropic GFT condensate 

with two conserved quantities: 

consider 

effective action for an 
isotropic GFT condensate 

with two conserved quantities: 

one finds:

•  bounce

• accelerated expansion following bounce

• decelerated phase and recollapse

cyclic universe

for a given GFT energy 

the solutions are cyclic motions describing 
oscillations around a stable minimum  

  cyclic universe                                                                                                         
volume that has a positive minimum corresponding to a bounce 

occurrence of a bounce and an early epoch 
of accelerated expansion found in the free 
theory, holds in the interacting case 
 
in addition, interactions induce recollapse 
leading to cyclic cosmologies 

moreover:

• N at least ~ 60

• no intermediate deceleration 
between beginning and end 
of accelerated phase

can one obtain                       ?  

� interacting case : 

quadratic term and 2 interaction terms 

or 

additional requirement to have an inflation-like era: 
no intermediate stage of deceleration between the 
bounce and end of inflation                λ negative 

GFT cosmology can lead to an inflation-like era for certain 
types of interactions between quanta of geometry 

QG-inflation from GFT condensates

M. De Cesare, A. Pithis, M. Sakellariadou, ‘16
can one obtain                       ?  

�  non-interacting case :                                            for all values of m     and   Q 2                   2 

GFT cosmology in the absence of interactions between building 
blocks cannot replace the standard inflationary scenario 

M. De Cesare, M. Sakellariadou, ‘16
following the bounce, we have 
accelerated expansion
issue is: number of e-folds

can one obtain                       ?  

�  non-interacting case :                                            for all values of m     and   Q 2                   2 

GFT cosmology in the absence of interactions between building 
blocks cannot replace the standard inflationary scenario 



Assorted recent results in GFT cosmology

• effect of GFT interactions


• anisotropies


• effective cosmological dynamics = specific limiting curvature mimetic gravity


• effective Friedmann from generalised hydrodynamics (beyond mean field)


• cosmological perturbations

effective cosmological dynamics can be derived under more general conditions 
from relational Hamiltonian evolution, with very similar features

formalism can be extended to inhomogeneities; extension of general GFTs 
to include matter rods; separate universe approach; scale invariant power 
spectrum follows in some generality, and corrections can be computed

new cosmological terms modifying background dynamics, QG-inflation, ...

A. Pithis, M. Sakellariadou, ’16
M. De Cesare, DO, A. Pithis, M. Sakellariadou, ‘17

M. De Cesare, A. Pithis, M. Sakellariadou, ‘16

F. Gerhardt, DO, E. Wilson-Ewing, ‘18S. Gielen, DO, ‘17 S. Gielen, '18

S. Gielen, A. Polaczek, '19

M. De Cesare, '18, '19

potentially useful also for QG explanation of cosmological dark sector

anisotropies (using non-equilateral tetrahedra) only play role close to quantum bounce
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For locally isotropic configurations (again this can be
relaxed [18]), we can restrict the mean field � to isotropic
excitations (equilateral tetrahedra) [7], with

�(gI ,�
J) =

1X

j=0

�j(�
J)Dj(gI) ; (17)

the sum is over irreducible SU(2) representations j and
the fixed Dj(gI) is a convolution of Wigner D-matrices
with SU(2) intertwiners that encodes the shape of the
tetrahedra. � now only depends on a single j, which
determines volume information and thus the cosmological
scale factor. The volume can be computed within full
GFT as a second quantised operator, whose expectation
value we compute in the state (13) below.

The isotropic mean field �j(�J) then satisfies
�
�Bj +Aj@

2
�0 + Cj ��i

�
�j(�

J) = 0 , (18)

where we have rewritten K0, K1 and K̃1 as j-dependent
couplings with no further derivatives; we have also used
orthogonality of the WignerD-matrices to split the equa-
tion into di↵erent j contributions.

The case of Refs. [7] is obtained as the limit of our
model in which the GFT mean field takes the form

�j(�
J) ⌘ �

0
j (�

0) , (19)

with a relational 3-volume operator at “time” �
0

V̂ (�0) =

Z
dg dg0 '̂†(gI ,�

0)V (gI , g
0
I)'̂(g

0
I ,�

0) . (20)

V (gI , g0I) are matrix elements of the LQG volume oper-
ator between single-vertex spin network states.

Given a GFT state, hV̂ (�0)i gives its total 3-volume at
relational time �

0. This appears in the Friedmann equa-
tion (2), which connects GFT condensates to cosmology.

Solutions to this homogeneous case, for generic initial
conditions, lead to a semiclassical regime in which the
Universe expands to macroscopic size [7, 8]; in this regime
the 3-volume follows the classical Friedmann solution (3).
At small volumes, the Universe undergoes a bounce and
the classical singularity is avoided [7].

In the simplest example in which only a single spin j0

is excited, the 3-volume behaves as

hV̂ (�0)i �0!±1⇠ |�±|2 exp
 
±2

s
Bj0

Aj0

�
0

!
(21)

for generic initial conditions (�± 6= 0), if Bj0/Aj0 > 0;
this is precisely the classical GR result (3) if one identifies
Bj0/Aj0 =: 3⇡G. V (�) interpolates between the classi-
cal contracting and expanding solutions, and only ever
vanishes for special initial conditions [7, 8, 10]. Includ-
ing interactions can a↵ect this cosmological evolution in
several ways, for example prolonging the phase of accel-
erated expansion after the bounce and causing a later
recollapse, producing a cyclic cosmology [9].

COSMOLOGICAL PERTURBATIONS IN GFT
CONDENSATES

In a GFT model with enough degrees of freedom to
describe local physics, we could study general inhomoge-
neous quantum geometries and their dynamics. Here we
consider situations relevant for fundamental cosmology.
We study quantum fluctuations of the local 3-volume
around a close-to-homogeneous background, seeking a
quantum gravitational mechanism for explaining the ori-
gin of inhomogeneities (cosmic structure), in a similar
spirit to the inflationary paradigm, where this mecha-
nism is the imprint of quantum fluctuations in the homo-
geneous vacuum state of the inflaton [19]. We show how
such mechanism, natural in any quantum field theory
for gravity and matter, is realised by GFT condensates,
without the need to introduce an additional inflaton.
We start with the generalisation of Eq. (20) for a GFT

for gravity coupled to four reference scalar fields �I ,

V̂ (�J) =

Z
dg dg0 '̂†(gI ,�

J)V (gI , g
0
I)'̂(g

0
I ,�

J) . (22)

Here all four �J take fixed values: V̂ (�J) defines a local
volume element at the spacetime point specified by values
of the reference fields. The total 3-volume at the clock
value �

0 is obtained by integrating over the “rods” �
i,

V̂ (�0) ⌘
Z

d�i
V̂ (�0

,�
i) . (23)

In a simple coherent state of the form (13), the expec-
tation value of V̂ (�J) can be evaluated immediately,

hV̂ (�J)i =
Z

dg dg0 �̄(gI ,�
J)V (gI , g

0
I)�(g

0
I ,�

J) . (24)

For a homogeneous mean field that only depends on �
0,

the integral over �
i in Eq. (23) must be regularised; for

the isotropic wavefunction (19), we obtain

hV̂ (�J)i =
1X

j=0

Vj |�0
j (�

0)|2 , (25)

with eigenvalues Vj ⇠ VPl j
3/2 of the volume operator.

The local and total 3-volume coincide up to regularisa-
tion, as expected in a homogeneous geometry.
In cosmology the key observables encoding the pattern

of cosmic structure are correlation functions for geomet-
ric observables. Here we focus on local volume fluctu-
ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
we can use the �I to extract statistical information about
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couplings with no further derivatives; we have also used
orthogonality of the WignerD-matrices to split the equa-
tion into di↵erent j contributions.

The case of Refs. [7] is obtained as the limit of our
model in which the GFT mean field takes the form
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V (gI , g0I) are matrix elements of the LQG volume oper-
ator between single-vertex spin network states.

Given a GFT state, hV̂ (�0)i gives its total 3-volume at
relational time �

0. This appears in the Friedmann equa-
tion (2), which connects GFT condensates to cosmology.

Solutions to this homogeneous case, for generic initial
conditions, lead to a semiclassical regime in which the
Universe expands to macroscopic size [7, 8]; in this regime
the 3-volume follows the classical Friedmann solution (3).
At small volumes, the Universe undergoes a bounce and
the classical singularity is avoided [7].

In the simplest example in which only a single spin j0

is excited, the 3-volume behaves as
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for generic initial conditions (�± 6= 0), if Bj0/Aj0 > 0;
this is precisely the classical GR result (3) if one identifies
Bj0/Aj0 =: 3⇡G. V (�) interpolates between the classi-
cal contracting and expanding solutions, and only ever
vanishes for special initial conditions [7, 8, 10]. Includ-
ing interactions can a↵ect this cosmological evolution in
several ways, for example prolonging the phase of accel-
erated expansion after the bounce and causing a later
recollapse, producing a cyclic cosmology [9].

COSMOLOGICAL PERTURBATIONS IN GFT
CONDENSATES

In a GFT model with enough degrees of freedom to
describe local physics, we could study general inhomoge-
neous quantum geometries and their dynamics. Here we
consider situations relevant for fundamental cosmology.
We study quantum fluctuations of the local 3-volume
around a close-to-homogeneous background, seeking a
quantum gravitational mechanism for explaining the ori-
gin of inhomogeneities (cosmic structure), in a similar
spirit to the inflationary paradigm, where this mecha-
nism is the imprint of quantum fluctuations in the homo-
geneous vacuum state of the inflaton [19]. We show how
such mechanism, natural in any quantum field theory
for gravity and matter, is realised by GFT condensates,
without the need to introduce an additional inflaton.
We start with the generalisation of Eq. (20) for a GFT

for gravity coupled to four reference scalar fields �I ,

V̂ (�J) =

Z
dg dg0 '̂†(gI ,�

J)V (gI , g
0
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Here all four �J take fixed values: V̂ (�J) defines a local
volume element at the spacetime point specified by values
of the reference fields. The total 3-volume at the clock
value �

0 is obtained by integrating over the “rods” �
i,

V̂ (�0) ⌘
Z
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V̂ (�0

,�
i) . (23)

In a simple coherent state of the form (13), the expec-
tation value of V̂ (�J) can be evaluated immediately,

hV̂ (�J)i =
Z

dg dg0 �̄(gI ,�
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0
I)�(g

0
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J) . (24)

For a homogeneous mean field that only depends on �
0,

the integral over �
i in Eq. (23) must be regularised; for

the isotropic wavefunction (19), we obtain

hV̂ (�J)i =
1X

j=0

Vj |�0
j (�

0)|2 , (25)

with eigenvalues Vj ⇠ VPl j
3/2 of the volume operator.

The local and total 3-volume coincide up to regularisa-
tion, as expected in a homogeneous geometry.
In cosmology the key observables encoding the pattern

of cosmic structure are correlation functions for geomet-
ric observables. Here we focus on local volume fluctu-
ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
we can use the �I to extract statistical information about
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isotropic condensates (weak coupling)
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For locally isotropic configurations (again this can be
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the sum is over irreducible SU(2) representations j and
the fixed Dj(gI) is a convolution of Wigner D-matrices
with SU(2) intertwiners that encodes the shape of the
tetrahedra. � now only depends on a single j, which
determines volume information and thus the cosmological
scale factor. The volume can be computed within full
GFT as a second quantised operator, whose expectation
value we compute in the state (13) below.

The isotropic mean field �j(�J) then satisfies
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where we have rewritten K0, K1 and K̃1 as j-dependent
couplings with no further derivatives; we have also used
orthogonality of the WignerD-matrices to split the equa-
tion into di↵erent j contributions.
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model in which the GFT mean field takes the form
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V (gI , g0I) are matrix elements of the LQG volume oper-
ator between single-vertex spin network states.

Given a GFT state, hV̂ (�0)i gives its total 3-volume at
relational time �

0. This appears in the Friedmann equa-
tion (2), which connects GFT condensates to cosmology.

Solutions to this homogeneous case, for generic initial
conditions, lead to a semiclassical regime in which the
Universe expands to macroscopic size [7, 8]; in this regime
the 3-volume follows the classical Friedmann solution (3).
At small volumes, the Universe undergoes a bounce and
the classical singularity is avoided [7].

In the simplest example in which only a single spin j0

is excited, the 3-volume behaves as
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for generic initial conditions (�± 6= 0), if Bj0/Aj0 > 0;
this is precisely the classical GR result (3) if one identifies
Bj0/Aj0 =: 3⇡G. V (�) interpolates between the classi-
cal contracting and expanding solutions, and only ever
vanishes for special initial conditions [7, 8, 10]. Includ-
ing interactions can a↵ect this cosmological evolution in
several ways, for example prolonging the phase of accel-
erated expansion after the bounce and causing a later
recollapse, producing a cyclic cosmology [9].

COSMOLOGICAL PERTURBATIONS IN GFT
CONDENSATES

In a GFT model with enough degrees of freedom to
describe local physics, we could study general inhomoge-
neous quantum geometries and their dynamics. Here we
consider situations relevant for fundamental cosmology.
We study quantum fluctuations of the local 3-volume
around a close-to-homogeneous background, seeking a
quantum gravitational mechanism for explaining the ori-
gin of inhomogeneities (cosmic structure), in a similar
spirit to the inflationary paradigm, where this mecha-
nism is the imprint of quantum fluctuations in the homo-
geneous vacuum state of the inflaton [19]. We show how
such mechanism, natural in any quantum field theory
for gravity and matter, is realised by GFT condensates,
without the need to introduce an additional inflaton.
We start with the generalisation of Eq. (20) for a GFT

for gravity coupled to four reference scalar fields �I ,
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I ,�
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Here all four �J take fixed values: V̂ (�J) defines a local
volume element at the spacetime point specified by values
of the reference fields. The total 3-volume at the clock
value �

0 is obtained by integrating over the “rods” �
i,
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V̂ (�0

,�
i) . (23)

In a simple coherent state of the form (13), the expec-
tation value of V̂ (�J) can be evaluated immediately,
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0
I)�(g

0
I ,�

J) . (24)

For a homogeneous mean field that only depends on �
0,

the integral over �
i in Eq. (23) must be regularised; for

the isotropic wavefunction (19), we obtain

hV̂ (�J)i =
1X

j=0

Vj |�0
j (�

0)|2 , (25)

with eigenvalues Vj ⇠ VPl j
3/2 of the volume operator.

The local and total 3-volume coincide up to regularisa-
tion, as expected in a homogeneous geometry.
In cosmology the key observables encoding the pattern

of cosmic structure are correlation functions for geomet-
ric observables. Here we focus on local volume fluctu-
ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
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small perturbations around homogeneous condensate universes
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cosmological perturbations; Fourier transforming from �
i

to their momenta ki introduces a notion of wavenumber,
defined with respect to the reference matter.

We can then obtain, within the full quantum gravity
formalism, a power spectrum of cosmological perturba-
tions. Instead of working with a generic inhomogeneous
mean field, we consider a situation of interest for the
study of cosmological perturbations and consider a mean
field perturbed around exact homogeneity,

�j(�
J) = �

0
j (�

0)(1 + ✏  j(�
J)) . (26)

We then find for the quantum fluctuations of the volume

h ˆ̃V (�0, ki)
ˆ̃
V (�0

,Ki)i � h ˆ̃V (�0, ki)ih ˆ̃V (�0
,Ki)i

= �(�0 � �0)
X

j

V
2
j |�0

j (�
0)|2

⇥
(2⇡)3�3(ki +Ki)

+ ✏ ( ̃j(�
0
, ki +Ki) +  ̃j(�0,�ki �Ki)

⇤
, (27)

where we have Fourier transformed V̂ and  j ; the delta

function in �0 arises because V̂ (�J) is a density on scalar
field space. This power spectrum is a genuine quantum
correlation in the GFT condensate.
Let us illustrate the main features of this expression.
Remarkably, the dominant part of the power spectrum

(2⇡)3�3(ki +Ki)�(�
0 � �0)

X

j

V
2
j |�0

j (�
0)|2 (28)

is naturally scale-invariant: it only depends on �0. This
property follows from computing cosmological perturba-
tions on an exactly homogeneous background. Repre-
senting quantum fluctuations, even in this case the right-
hand side of Eq. (27) is not zero: it must then be scale-
invariant, with scale defined by the reference matter.
Within our mean-field approximation, scale invariance
and translational invariance, as expressed by the momen-
tum delta function in Eq. (27), are necessarily connected.

Deviations from exact scale invariance are encoded in
the last line of Eq. (27). They arise from inhomogeneous
fluctuations around the exactly homogeneous GFT con-
densate, which should generically be present, although
maybe small. Approximate scale invariance is intrinsi-
cally linked, in this framework, to such GFT fluctuations
being small. Further deviations will come from relaxing
the mean-field approximation, i.e. from using more re-
fined quantum states. Importantly, such deviations from
scale invariance depend both on the coupling of inhomo-
geneities with the homogeneous background and on their
own dynamics, as expected on physical grounds and in
agreement with the standard theory of cosmological per-
turbations. They are fully determined by the GFT per-
turbation density field, itself a solution to the perturbed
mean field equations. A more detailed study of solutions
of such perturbed equations, in particular their initial
conditions, would be crucial to identify the precise form

of these deviations. This result does not depend on the
existence of a bouncing dynamics for the background,
whose influence on the power spectrum, however, should
also be studied.
The amplitude of volume fluctuations relative to

the homogeneous background, i.e. of c
�Ṽ (�0, ki) ⌘

ˆ̃
V (�0, ki)/hV̂ (�0)i, is obtained by dividing Eq. (27)
by the squared background volume hV̂ (�0)i2 ⌘
(
R
d�i

P
j Vj |�0

j (�
0)|2)2. This amplitude is of order 1/N ,

for N � 1 quanta in the condensate. For instance, con-
sidering only the dominant, scale invariant contribution
and with only a single spin j0 excited, the power spec-
trum of such perturbations is

P�V (k) =
V

2
j0 |�

0
j0(�

0)|2

(
R
d�i Vj0 |�0

j0
(�0)|2)2

=
Vj0

(
R
d�i)V (�0)

, (29)

with V (�0) = N(�0)Vj0 . A small amplitude of scalar
perturbations, decreasing as the universe expands, arises
naturally from the simplest GFT condensates.
For Cj/Bj < 0 in Eq. (18), inhomogeneous perturba-

tions decay relative to the homogeneous background at
large volumes; one approaches scale invariance even more
closely, further suppressing the deviations coming from
the inhomogeneous term. If GFT interactions produce
a long-lasting accelerated expansion after the bounce
regime, as shown in [9], this leads to an even stronger
suppression of the deviations from scale invariance. This
would be basically the inflationary mechanism without
an inflaton, purely driven by quantum gravity dynamics.
The choice of vacuum, e.g. as made in inflation, is re-

placed by the GFT condensate state (13) that refers to
both quantum geometric and matter degrees of freedom.
This is because such fluctuations are computed directly
within the complete quantum gravity formalism, which
also defines the ultraviolet completion of the theory.

CONCLUSIONS

By introducing in the GFT formalism scalar field de-
grees of freedom that can be used as physical reference
frames, we could extend the mean field approximation
for GFT condensates beyond homogeneity. This approx-
imation has already been shown to provide an e↵ective
cosmological dynamics in which not only a semiclassi-
cal large Friedmann universe is reproduced under generic
conditions, but also the cosmological singularity is re-
placed by a quantum bounce, followed by an accelerated
phase of expansion of pure quantum gravity origin that,
depending on the GFT interactions, can be long lasting.
We then considered the typical setup of early universe
cosmology within this full quantum gravity framework:
we computed the power spectrum of quantum fluctua-
tions of the local volume, i.e. scalar cosmological per-
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For locally isotropic configurations (again this can be
relaxed [18]), we can restrict the mean field � to isotropic
excitations (equilateral tetrahedra) [7], with

�(gI ,�
J) =

1X

j=0

�j(�
J)Dj(gI) ; (17)

the sum is over irreducible SU(2) representations j and
the fixed Dj(gI) is a convolution of Wigner D-matrices
with SU(2) intertwiners that encodes the shape of the
tetrahedra. � now only depends on a single j, which
determines volume information and thus the cosmological
scale factor. The volume can be computed within full
GFT as a second quantised operator, whose expectation
value we compute in the state (13) below.

The isotropic mean field �j(�J) then satisfies
�
�Bj +Aj@

2
�0 + Cj ��i

�
�j(�

J) = 0 , (18)

where we have rewritten K0, K1 and K̃1 as j-dependent
couplings with no further derivatives; we have also used
orthogonality of the WignerD-matrices to split the equa-
tion into di↵erent j contributions.

The case of Refs. [7] is obtained as the limit of our
model in which the GFT mean field takes the form

�j(�
J) ⌘ �

0
j (�

0) , (19)

with a relational 3-volume operator at “time” �
0

V̂ (�0) =

Z
dg dg0 '̂†(gI ,�

0)V (gI , g
0
I)'̂(g

0
I ,�

0) . (20)

V (gI , g0I) are matrix elements of the LQG volume oper-
ator between single-vertex spin network states.

Given a GFT state, hV̂ (�0)i gives its total 3-volume at
relational time �

0. This appears in the Friedmann equa-
tion (2), which connects GFT condensates to cosmology.

Solutions to this homogeneous case, for generic initial
conditions, lead to a semiclassical regime in which the
Universe expands to macroscopic size [7, 8]; in this regime
the 3-volume follows the classical Friedmann solution (3).
At small volumes, the Universe undergoes a bounce and
the classical singularity is avoided [7].

In the simplest example in which only a single spin j0

is excited, the 3-volume behaves as

hV̂ (�0)i �0!±1⇠ |�±|2 exp
 
±2

s
Bj0

Aj0

�
0

!
(21)

for generic initial conditions (�± 6= 0), if Bj0/Aj0 > 0;
this is precisely the classical GR result (3) if one identifies
Bj0/Aj0 =: 3⇡G. V (�) interpolates between the classi-
cal contracting and expanding solutions, and only ever
vanishes for special initial conditions [7, 8, 10]. Includ-
ing interactions can a↵ect this cosmological evolution in
several ways, for example prolonging the phase of accel-
erated expansion after the bounce and causing a later
recollapse, producing a cyclic cosmology [9].

COSMOLOGICAL PERTURBATIONS IN GFT
CONDENSATES

In a GFT model with enough degrees of freedom to
describe local physics, we could study general inhomoge-
neous quantum geometries and their dynamics. Here we
consider situations relevant for fundamental cosmology.
We study quantum fluctuations of the local 3-volume
around a close-to-homogeneous background, seeking a
quantum gravitational mechanism for explaining the ori-
gin of inhomogeneities (cosmic structure), in a similar
spirit to the inflationary paradigm, where this mecha-
nism is the imprint of quantum fluctuations in the homo-
geneous vacuum state of the inflaton [19]. We show how
such mechanism, natural in any quantum field theory
for gravity and matter, is realised by GFT condensates,
without the need to introduce an additional inflaton.
We start with the generalisation of Eq. (20) for a GFT

for gravity coupled to four reference scalar fields �I ,

V̂ (�J) =

Z
dg dg0 '̂†(gI ,�

J)V (gI , g
0
I)'̂(g

0
I ,�

J) . (22)

Here all four �J take fixed values: V̂ (�J) defines a local
volume element at the spacetime point specified by values
of the reference fields. The total 3-volume at the clock
value �

0 is obtained by integrating over the “rods” �
i,

V̂ (�0) ⌘
Z

d�i
V̂ (�0

,�
i) . (23)

In a simple coherent state of the form (13), the expec-
tation value of V̂ (�J) can be evaluated immediately,

hV̂ (�J)i =
Z

dg dg0 �̄(gI ,�
J)V (gI , g

0
I)�(g

0
I ,�

J) . (24)

For a homogeneous mean field that only depends on �
0,

the integral over �
i in Eq. (23) must be regularised; for

the isotropic wavefunction (19), we obtain

hV̂ (�J)i =
1X

j=0

Vj |�0
j (�

0)|2 , (25)

with eigenvalues Vj ⇠ VPl j
3/2 of the volume operator.

The local and total 3-volume coincide up to regularisa-
tion, as expected in a homogeneous geometry.
In cosmology the key observables encoding the pattern

of cosmic structure are correlation functions for geomet-
ric observables. Here we focus on local volume fluctu-
ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
we can use the �I to extract statistical information about
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ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
we can use the �I to extract statistical information about
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small perturbations around homogeneous condensate universes
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cosmological perturbations; Fourier transforming from �
i

to their momenta ki introduces a notion of wavenumber,
defined with respect to the reference matter.

We can then obtain, within the full quantum gravity
formalism, a power spectrum of cosmological perturba-
tions. Instead of working with a generic inhomogeneous
mean field, we consider a situation of interest for the
study of cosmological perturbations and consider a mean
field perturbed around exact homogeneity,

�j(�
J) = �

0
j (�

0)(1 + ✏  j(�
J)) . (26)

We then find for the quantum fluctuations of the volume

h ˆ̃V (�0, ki)
ˆ̃
V (�0

,Ki)i � h ˆ̃V (�0, ki)ih ˆ̃V (�0
,Ki)i

= �(�0 � �0)
X

j

V
2
j |�0

j (�
0)|2

⇥
(2⇡)3�3(ki +Ki)

+ ✏ ( ̃j(�
0
, ki +Ki) +  ̃j(�0,�ki �Ki)

⇤
, (27)

where we have Fourier transformed V̂ and  j ; the delta

function in �0 arises because V̂ (�J) is a density on scalar
field space. This power spectrum is a genuine quantum
correlation in the GFT condensate.
Let us illustrate the main features of this expression.
Remarkably, the dominant part of the power spectrum

(2⇡)3�3(ki +Ki)�(�
0 � �0)

X

j

V
2
j |�0

j (�
0)|2 (28)

is naturally scale-invariant: it only depends on �0. This
property follows from computing cosmological perturba-
tions on an exactly homogeneous background. Repre-
senting quantum fluctuations, even in this case the right-
hand side of Eq. (27) is not zero: it must then be scale-
invariant, with scale defined by the reference matter.
Within our mean-field approximation, scale invariance
and translational invariance, as expressed by the momen-
tum delta function in Eq. (27), are necessarily connected.

Deviations from exact scale invariance are encoded in
the last line of Eq. (27). They arise from inhomogeneous
fluctuations around the exactly homogeneous GFT con-
densate, which should generically be present, although
maybe small. Approximate scale invariance is intrinsi-
cally linked, in this framework, to such GFT fluctuations
being small. Further deviations will come from relaxing
the mean-field approximation, i.e. from using more re-
fined quantum states. Importantly, such deviations from
scale invariance depend both on the coupling of inhomo-
geneities with the homogeneous background and on their
own dynamics, as expected on physical grounds and in
agreement with the standard theory of cosmological per-
turbations. They are fully determined by the GFT per-
turbation density field, itself a solution to the perturbed
mean field equations. A more detailed study of solutions
of such perturbed equations, in particular their initial
conditions, would be crucial to identify the precise form

of these deviations. This result does not depend on the
existence of a bouncing dynamics for the background,
whose influence on the power spectrum, however, should
also be studied.
The amplitude of volume fluctuations relative to

the homogeneous background, i.e. of c
�Ṽ (�0, ki) ⌘

ˆ̃
V (�0, ki)/hV̂ (�0)i, is obtained by dividing Eq. (27)
by the squared background volume hV̂ (�0)i2 ⌘
(
R
d�i

P
j Vj |�0

j (�
0)|2)2. This amplitude is of order 1/N ,

for N � 1 quanta in the condensate. For instance, con-
sidering only the dominant, scale invariant contribution
and with only a single spin j0 excited, the power spec-
trum of such perturbations is

P�V (k) =
V

2
j0 |�

0
j0(�

0)|2

(
R
d�i Vj0 |�0

j0
(�0)|2)2

=
Vj0

(
R
d�i)V (�0)

, (29)

with V (�0) = N(�0)Vj0 . A small amplitude of scalar
perturbations, decreasing as the universe expands, arises
naturally from the simplest GFT condensates.
For Cj/Bj < 0 in Eq. (18), inhomogeneous perturba-

tions decay relative to the homogeneous background at
large volumes; one approaches scale invariance even more
closely, further suppressing the deviations coming from
the inhomogeneous term. If GFT interactions produce
a long-lasting accelerated expansion after the bounce
regime, as shown in [9], this leads to an even stronger
suppression of the deviations from scale invariance. This
would be basically the inflationary mechanism without
an inflaton, purely driven by quantum gravity dynamics.
The choice of vacuum, e.g. as made in inflation, is re-

placed by the GFT condensate state (13) that refers to
both quantum geometric and matter degrees of freedom.
This is because such fluctuations are computed directly
within the complete quantum gravity formalism, which
also defines the ultraviolet completion of the theory.

CONCLUSIONS

By introducing in the GFT formalism scalar field de-
grees of freedom that can be used as physical reference
frames, we could extend the mean field approximation
for GFT condensates beyond homogeneity. This approx-
imation has already been shown to provide an e↵ective
cosmological dynamics in which not only a semiclassi-
cal large Friedmann universe is reproduced under generic
conditions, but also the cosmological singularity is re-
placed by a quantum bounce, followed by an accelerated
phase of expansion of pure quantum gravity origin that,
depending on the GFT interactions, can be long lasting.
We then considered the typical setup of early universe
cosmology within this full quantum gravity framework:
we computed the power spectrum of quantum fluctua-
tions of the local volume, i.e. scalar cosmological per-

volume fluctuations and cosmological power spectrum (similarly for matter density fluctuations)

�V (�0, ki;�0,Ki) ⌘ h ˆ̃V (�0, ki)
ˆ̃V (�0,Ki)i � h ˆ̃V (�0, ki)ih ˆ̃V (�0,Ki)i

= �(�0 � �0)
X

j

V 2
j |�0

j (�
0)|2

⇥
(2⇡)3�3(ki +Ki) + ✏ ( ̃j(�

0, ki +Ki) +  ̃j(�
0,�ki �Ki))

⇤
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For locally isotropic configurations (again this can be
relaxed [18]), we can restrict the mean field � to isotropic
excitations (equilateral tetrahedra) [7], with

�(gI ,�
J) =

1X

j=0

�j(�
J)Dj(gI) ; (17)

the sum is over irreducible SU(2) representations j and
the fixed Dj(gI) is a convolution of Wigner D-matrices
with SU(2) intertwiners that encodes the shape of the
tetrahedra. � now only depends on a single j, which
determines volume information and thus the cosmological
scale factor. The volume can be computed within full
GFT as a second quantised operator, whose expectation
value we compute in the state (13) below.

The isotropic mean field �j(�J) then satisfies
�
�Bj +Aj@

2
�0 + Cj ��i

�
�j(�

J) = 0 , (18)

where we have rewritten K0, K1 and K̃1 as j-dependent
couplings with no further derivatives; we have also used
orthogonality of the WignerD-matrices to split the equa-
tion into di↵erent j contributions.

The case of Refs. [7] is obtained as the limit of our
model in which the GFT mean field takes the form

�j(�
J) ⌘ �

0
j (�

0) , (19)

with a relational 3-volume operator at “time” �
0

V̂ (�0) =

Z
dg dg0 '̂†(gI ,�

0)V (gI , g
0
I)'̂(g

0
I ,�

0) . (20)

V (gI , g0I) are matrix elements of the LQG volume oper-
ator between single-vertex spin network states.

Given a GFT state, hV̂ (�0)i gives its total 3-volume at
relational time �

0. This appears in the Friedmann equa-
tion (2), which connects GFT condensates to cosmology.

Solutions to this homogeneous case, for generic initial
conditions, lead to a semiclassical regime in which the
Universe expands to macroscopic size [7, 8]; in this regime
the 3-volume follows the classical Friedmann solution (3).
At small volumes, the Universe undergoes a bounce and
the classical singularity is avoided [7].

In the simplest example in which only a single spin j0

is excited, the 3-volume behaves as
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±2
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Bj0

Aj0

�
0

!
(21)

for generic initial conditions (�± 6= 0), if Bj0/Aj0 > 0;
this is precisely the classical GR result (3) if one identifies
Bj0/Aj0 =: 3⇡G. V (�) interpolates between the classi-
cal contracting and expanding solutions, and only ever
vanishes for special initial conditions [7, 8, 10]. Includ-
ing interactions can a↵ect this cosmological evolution in
several ways, for example prolonging the phase of accel-
erated expansion after the bounce and causing a later
recollapse, producing a cyclic cosmology [9].

COSMOLOGICAL PERTURBATIONS IN GFT
CONDENSATES

In a GFT model with enough degrees of freedom to
describe local physics, we could study general inhomoge-
neous quantum geometries and their dynamics. Here we
consider situations relevant for fundamental cosmology.
We study quantum fluctuations of the local 3-volume
around a close-to-homogeneous background, seeking a
quantum gravitational mechanism for explaining the ori-
gin of inhomogeneities (cosmic structure), in a similar
spirit to the inflationary paradigm, where this mecha-
nism is the imprint of quantum fluctuations in the homo-
geneous vacuum state of the inflaton [19]. We show how
such mechanism, natural in any quantum field theory
for gravity and matter, is realised by GFT condensates,
without the need to introduce an additional inflaton.
We start with the generalisation of Eq. (20) for a GFT

for gravity coupled to four reference scalar fields �I ,

V̂ (�J) =

Z
dg dg0 '̂†(gI ,�

J)V (gI , g
0
I)'̂(g

0
I ,�

J) . (22)

Here all four �J take fixed values: V̂ (�J) defines a local
volume element at the spacetime point specified by values
of the reference fields. The total 3-volume at the clock
value �

0 is obtained by integrating over the “rods” �
i,

V̂ (�0) ⌘
Z

d�i
V̂ (�0

,�
i) . (23)

In a simple coherent state of the form (13), the expec-
tation value of V̂ (�J) can be evaluated immediately,

hV̂ (�J)i =
Z

dg dg0 �̄(gI ,�
J)V (gI , g

0
I)�(g

0
I ,�

J) . (24)

For a homogeneous mean field that only depends on �
0,

the integral over �
i in Eq. (23) must be regularised; for

the isotropic wavefunction (19), we obtain

hV̂ (�J)i =
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Vj |�0
j (�

0)|2 , (25)

with eigenvalues Vj ⇠ VPl j
3/2 of the volume operator.

The local and total 3-volume coincide up to regularisa-
tion, as expected in a homogeneous geometry.
In cosmology the key observables encoding the pattern

of cosmic structure are correlation functions for geomet-
ric observables. Here we focus on local volume fluctu-
ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
we can use the �I to extract statistical information about
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�j(�
J) ⌘ �

0
j (�

0) , (19)

with a relational 3-volume operator at “time” �
0

V̂ (�0) =

Z
dg dg0 '̂†(gI ,�

0)V (gI , g
0
I)'̂(g

0
I ,�

0) . (20)

V (gI , g0I) are matrix elements of the LQG volume oper-
ator between single-vertex spin network states.

Given a GFT state, hV̂ (�0)i gives its total 3-volume at
relational time �

0. This appears in the Friedmann equa-
tion (2), which connects GFT condensates to cosmology.

Solutions to this homogeneous case, for generic initial
conditions, lead to a semiclassical regime in which the
Universe expands to macroscopic size [7, 8]; in this regime
the 3-volume follows the classical Friedmann solution (3).
At small volumes, the Universe undergoes a bounce and
the classical singularity is avoided [7].

In the simplest example in which only a single spin j0

is excited, the 3-volume behaves as

hV̂ (�0)i �0!±1⇠ |�±|2 exp
 
±2

s
Bj0

Aj0

�
0

!
(21)

for generic initial conditions (�± 6= 0), if Bj0/Aj0 > 0;
this is precisely the classical GR result (3) if one identifies
Bj0/Aj0 =: 3⇡G. V (�) interpolates between the classi-
cal contracting and expanding solutions, and only ever
vanishes for special initial conditions [7, 8, 10]. Includ-
ing interactions can a↵ect this cosmological evolution in
several ways, for example prolonging the phase of accel-
erated expansion after the bounce and causing a later
recollapse, producing a cyclic cosmology [9].

COSMOLOGICAL PERTURBATIONS IN GFT
CONDENSATES

In a GFT model with enough degrees of freedom to
describe local physics, we could study general inhomoge-
neous quantum geometries and their dynamics. Here we
consider situations relevant for fundamental cosmology.
We study quantum fluctuations of the local 3-volume
around a close-to-homogeneous background, seeking a
quantum gravitational mechanism for explaining the ori-
gin of inhomogeneities (cosmic structure), in a similar
spirit to the inflationary paradigm, where this mecha-
nism is the imprint of quantum fluctuations in the homo-
geneous vacuum state of the inflaton [19]. We show how
such mechanism, natural in any quantum field theory
for gravity and matter, is realised by GFT condensates,
without the need to introduce an additional inflaton.
We start with the generalisation of Eq. (20) for a GFT

for gravity coupled to four reference scalar fields �I ,

V̂ (�J) =

Z
dg dg0 '̂†(gI ,�

J)V (gI , g
0
I)'̂(g

0
I ,�

J) . (22)

Here all four �J take fixed values: V̂ (�J) defines a local
volume element at the spacetime point specified by values
of the reference fields. The total 3-volume at the clock
value �

0 is obtained by integrating over the “rods” �
i,

V̂ (�0) ⌘
Z

d�i
V̂ (�0

,�
i) . (23)

In a simple coherent state of the form (13), the expec-
tation value of V̂ (�J) can be evaluated immediately,

hV̂ (�J)i =
Z

dg dg0 �̄(gI ,�
J)V (gI , g

0
I)�(g

0
I ,�

J) . (24)

For a homogeneous mean field that only depends on �
0,

the integral over �
i in Eq. (23) must be regularised; for

the isotropic wavefunction (19), we obtain

hV̂ (�J)i =
1X

j=0

Vj |�0
j (�

0)|2 , (25)

with eigenvalues Vj ⇠ VPl j
3/2 of the volume operator.

The local and total 3-volume coincide up to regularisa-
tion, as expected in a homogeneous geometry.
In cosmology the key observables encoding the pattern

of cosmic structure are correlation functions for geomet-
ric observables. Here we focus on local volume fluctu-
ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
we can use the �I to extract statistical information about

GFT hydrodynamics equation for 
isotropic condensates (weak coupling)

naturally approximate scale invariance

• dominant part (homogeneous condensate) exactly scale 
invariant

• deviations suppressed as universe expands and when 
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cosmological perturbations; Fourier transforming from �
i

to their momenta ki introduces a notion of wavenumber,
defined with respect to the reference matter.

We can then obtain, within the full quantum gravity
formalism, a power spectrum of cosmological perturba-
tions. Instead of working with a generic inhomogeneous
mean field, we consider a situation of interest for the
study of cosmological perturbations and consider a mean
field perturbed around exact homogeneity,

�j(�
J) = �

0
j (�

0)(1 + ✏  j(�
J)) . (26)

We then find for the quantum fluctuations of the volume

h ˆ̃V (�0, ki)
ˆ̃
V (�0

,Ki)i � h ˆ̃V (�0, ki)ih ˆ̃V (�0
,Ki)i

= �(�0 � �0)
X

j

V
2
j |�0

j (�
0)|2

⇥
(2⇡)3�3(ki +Ki)

+ ✏ ( ̃j(�
0
, ki +Ki) +  ̃j(�0,�ki �Ki)

⇤
, (27)

where we have Fourier transformed V̂ and  j ; the delta

function in �0 arises because V̂ (�J) is a density on scalar
field space. This power spectrum is a genuine quantum
correlation in the GFT condensate.
Let us illustrate the main features of this expression.
Remarkably, the dominant part of the power spectrum

(2⇡)3�3(ki +Ki)�(�
0 � �0)

X

j

V
2
j |�0

j (�
0)|2 (28)

is naturally scale-invariant: it only depends on �0. This
property follows from computing cosmological perturba-
tions on an exactly homogeneous background. Repre-
senting quantum fluctuations, even in this case the right-
hand side of Eq. (27) is not zero: it must then be scale-
invariant, with scale defined by the reference matter.
Within our mean-field approximation, scale invariance
and translational invariance, as expressed by the momen-
tum delta function in Eq. (27), are necessarily connected.

Deviations from exact scale invariance are encoded in
the last line of Eq. (27). They arise from inhomogeneous
fluctuations around the exactly homogeneous GFT con-
densate, which should generically be present, although
maybe small. Approximate scale invariance is intrinsi-
cally linked, in this framework, to such GFT fluctuations
being small. Further deviations will come from relaxing
the mean-field approximation, i.e. from using more re-
fined quantum states. Importantly, such deviations from
scale invariance depend both on the coupling of inhomo-
geneities with the homogeneous background and on their
own dynamics, as expected on physical grounds and in
agreement with the standard theory of cosmological per-
turbations. They are fully determined by the GFT per-
turbation density field, itself a solution to the perturbed
mean field equations. A more detailed study of solutions
of such perturbed equations, in particular their initial
conditions, would be crucial to identify the precise form

of these deviations. This result does not depend on the
existence of a bouncing dynamics for the background,
whose influence on the power spectrum, however, should
also be studied.
The amplitude of volume fluctuations relative to

the homogeneous background, i.e. of c
�Ṽ (�0, ki) ⌘

ˆ̃
V (�0, ki)/hV̂ (�0)i, is obtained by dividing Eq. (27)
by the squared background volume hV̂ (�0)i2 ⌘
(
R
d�i

P
j Vj |�0

j (�
0)|2)2. This amplitude is of order 1/N ,

for N � 1 quanta in the condensate. For instance, con-
sidering only the dominant, scale invariant contribution
and with only a single spin j0 excited, the power spec-
trum of such perturbations is

P�V (k) =
V

2
j0 |�

0
j0(�

0)|2

(
R
d�i Vj0 |�0

j0
(�0)|2)2

=
Vj0

(
R
d�i)V (�0)

, (29)

with V (�0) = N(�0)Vj0 . A small amplitude of scalar
perturbations, decreasing as the universe expands, arises
naturally from the simplest GFT condensates.
For Cj/Bj < 0 in Eq. (18), inhomogeneous perturba-

tions decay relative to the homogeneous background at
large volumes; one approaches scale invariance even more
closely, further suppressing the deviations coming from
the inhomogeneous term. If GFT interactions produce
a long-lasting accelerated expansion after the bounce
regime, as shown in [9], this leads to an even stronger
suppression of the deviations from scale invariance. This
would be basically the inflationary mechanism without
an inflaton, purely driven by quantum gravity dynamics.
The choice of vacuum, e.g. as made in inflation, is re-

placed by the GFT condensate state (13) that refers to
both quantum geometric and matter degrees of freedom.
This is because such fluctuations are computed directly
within the complete quantum gravity formalism, which
also defines the ultraviolet completion of the theory.

CONCLUSIONS

By introducing in the GFT formalism scalar field de-
grees of freedom that can be used as physical reference
frames, we could extend the mean field approximation
for GFT condensates beyond homogeneity. This approx-
imation has already been shown to provide an e↵ective
cosmological dynamics in which not only a semiclassi-
cal large Friedmann universe is reproduced under generic
conditions, but also the cosmological singularity is re-
placed by a quantum bounce, followed by an accelerated
phase of expansion of pure quantum gravity origin that,
depending on the GFT interactions, can be long lasting.
We then considered the typical setup of early universe
cosmology within this full quantum gravity framework:
we computed the power spectrum of quantum fluctua-
tions of the local volume, i.e. scalar cosmological per-

volume fluctuations and cosmological power spectrum (similarly for matter density fluctuations)

�V (�0, ki;�0,Ki) ⌘ h ˆ̃V (�0, ki)
ˆ̃V (�0,Ki)i � h ˆ̃V (�0, ki)ih ˆ̃V (�0,Ki)i

= �(�0 � �0)
X

j

V 2
j |�0

j (�
0)|2

⇥
(2⇡)3�3(ki +Ki) + ✏ ( ̃j(�

0, ki +Ki) +  ̃j(�
0,�ki �Ki))

⇤
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For locally isotropic configurations (again this can be
relaxed [18]), we can restrict the mean field � to isotropic
excitations (equilateral tetrahedra) [7], with

�(gI ,�
J) =

1X

j=0

�j(�
J)Dj(gI) ; (17)

the sum is over irreducible SU(2) representations j and
the fixed Dj(gI) is a convolution of Wigner D-matrices
with SU(2) intertwiners that encodes the shape of the
tetrahedra. � now only depends on a single j, which
determines volume information and thus the cosmological
scale factor. The volume can be computed within full
GFT as a second quantised operator, whose expectation
value we compute in the state (13) below.

The isotropic mean field �j(�J) then satisfies
�
�Bj +Aj@

2
�0 + Cj ��i

�
�j(�

J) = 0 , (18)

where we have rewritten K0, K1 and K̃1 as j-dependent
couplings with no further derivatives; we have also used
orthogonality of the WignerD-matrices to split the equa-
tion into di↵erent j contributions.

The case of Refs. [7] is obtained as the limit of our
model in which the GFT mean field takes the form

�j(�
J) ⌘ �

0
j (�

0) , (19)

with a relational 3-volume operator at “time” �
0

V̂ (�0) =

Z
dg dg0 '̂†(gI ,�

0)V (gI , g
0
I)'̂(g

0
I ,�

0) . (20)

V (gI , g0I) are matrix elements of the LQG volume oper-
ator between single-vertex spin network states.

Given a GFT state, hV̂ (�0)i gives its total 3-volume at
relational time �

0. This appears in the Friedmann equa-
tion (2), which connects GFT condensates to cosmology.

Solutions to this homogeneous case, for generic initial
conditions, lead to a semiclassical regime in which the
Universe expands to macroscopic size [7, 8]; in this regime
the 3-volume follows the classical Friedmann solution (3).
At small volumes, the Universe undergoes a bounce and
the classical singularity is avoided [7].

In the simplest example in which only a single spin j0

is excited, the 3-volume behaves as

hV̂ (�0)i �0!±1⇠ |�±|2 exp
 
±2

s
Bj0

Aj0

�
0

!
(21)

for generic initial conditions (�± 6= 0), if Bj0/Aj0 > 0;
this is precisely the classical GR result (3) if one identifies
Bj0/Aj0 =: 3⇡G. V (�) interpolates between the classi-
cal contracting and expanding solutions, and only ever
vanishes for special initial conditions [7, 8, 10]. Includ-
ing interactions can a↵ect this cosmological evolution in
several ways, for example prolonging the phase of accel-
erated expansion after the bounce and causing a later
recollapse, producing a cyclic cosmology [9].

COSMOLOGICAL PERTURBATIONS IN GFT
CONDENSATES

In a GFT model with enough degrees of freedom to
describe local physics, we could study general inhomoge-
neous quantum geometries and their dynamics. Here we
consider situations relevant for fundamental cosmology.
We study quantum fluctuations of the local 3-volume
around a close-to-homogeneous background, seeking a
quantum gravitational mechanism for explaining the ori-
gin of inhomogeneities (cosmic structure), in a similar
spirit to the inflationary paradigm, where this mecha-
nism is the imprint of quantum fluctuations in the homo-
geneous vacuum state of the inflaton [19]. We show how
such mechanism, natural in any quantum field theory
for gravity and matter, is realised by GFT condensates,
without the need to introduce an additional inflaton.
We start with the generalisation of Eq. (20) for a GFT

for gravity coupled to four reference scalar fields �I ,

V̂ (�J) =

Z
dg dg0 '̂†(gI ,�

J)V (gI , g
0
I)'̂(g

0
I ,�

J) . (22)

Here all four �J take fixed values: V̂ (�J) defines a local
volume element at the spacetime point specified by values
of the reference fields. The total 3-volume at the clock
value �

0 is obtained by integrating over the “rods” �
i,

V̂ (�0) ⌘
Z

d�i
V̂ (�0

,�
i) . (23)

In a simple coherent state of the form (13), the expec-
tation value of V̂ (�J) can be evaluated immediately,

hV̂ (�J)i =
Z

dg dg0 �̄(gI ,�
J)V (gI , g

0
I)�(g

0
I ,�

J) . (24)

For a homogeneous mean field that only depends on �
0,

the integral over �
i in Eq. (23) must be regularised; for

the isotropic wavefunction (19), we obtain

hV̂ (�J)i =
1X

j=0

Vj |�0
j (�

0)|2 , (25)

with eigenvalues Vj ⇠ VPl j
3/2 of the volume operator.

The local and total 3-volume coincide up to regularisa-
tion, as expected in a homogeneous geometry.
In cosmology the key observables encoding the pattern

of cosmic structure are correlation functions for geomet-
ric observables. Here we focus on local volume fluctu-
ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
we can use the �I to extract statistical information about
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V (gI , g0I) are matrix elements of the LQG volume oper-
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Given a GFT state, hV̂ (�0)i gives its total 3-volume at
relational time �

0. This appears in the Friedmann equa-
tion (2), which connects GFT condensates to cosmology.

Solutions to this homogeneous case, for generic initial
conditions, lead to a semiclassical regime in which the
Universe expands to macroscopic size [7, 8]; in this regime
the 3-volume follows the classical Friedmann solution (3).
At small volumes, the Universe undergoes a bounce and
the classical singularity is avoided [7].

In the simplest example in which only a single spin j0
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for generic initial conditions (�± 6= 0), if Bj0/Aj0 > 0;
this is precisely the classical GR result (3) if one identifies
Bj0/Aj0 =: 3⇡G. V (�) interpolates between the classi-
cal contracting and expanding solutions, and only ever
vanishes for special initial conditions [7, 8, 10]. Includ-
ing interactions can a↵ect this cosmological evolution in
several ways, for example prolonging the phase of accel-
erated expansion after the bounce and causing a later
recollapse, producing a cyclic cosmology [9].

COSMOLOGICAL PERTURBATIONS IN GFT
CONDENSATES

In a GFT model with enough degrees of freedom to
describe local physics, we could study general inhomoge-
neous quantum geometries and their dynamics. Here we
consider situations relevant for fundamental cosmology.
We study quantum fluctuations of the local 3-volume
around a close-to-homogeneous background, seeking a
quantum gravitational mechanism for explaining the ori-
gin of inhomogeneities (cosmic structure), in a similar
spirit to the inflationary paradigm, where this mecha-
nism is the imprint of quantum fluctuations in the homo-
geneous vacuum state of the inflaton [19]. We show how
such mechanism, natural in any quantum field theory
for gravity and matter, is realised by GFT condensates,
without the need to introduce an additional inflaton.
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Here all four �J take fixed values: V̂ (�J) defines a local
volume element at the spacetime point specified by values
of the reference fields. The total 3-volume at the clock
value �

0 is obtained by integrating over the “rods” �
i,
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,�
i) . (23)

In a simple coherent state of the form (13), the expec-
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For a homogeneous mean field that only depends on �
0,

the integral over �
i in Eq. (23) must be regularised; for

the isotropic wavefunction (19), we obtain
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0)|2 , (25)

with eigenvalues Vj ⇠ VPl j
3/2 of the volume operator.

The local and total 3-volume coincide up to regularisa-
tion, as expected in a homogeneous geometry.
In cosmology the key observables encoding the pattern

of cosmic structure are correlation functions for geomet-
ric observables. Here we focus on local volume fluctu-
ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
we can use the �I to extract statistical information about
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cosmological perturbations; Fourier transforming from �
i

to their momenta ki introduces a notion of wavenumber,
defined with respect to the reference matter.

We can then obtain, within the full quantum gravity
formalism, a power spectrum of cosmological perturba-
tions. Instead of working with a generic inhomogeneous
mean field, we consider a situation of interest for the
study of cosmological perturbations and consider a mean
field perturbed around exact homogeneity,

�j(�
J) = �

0
j (�

0)(1 + ✏  j(�
J)) . (26)

We then find for the quantum fluctuations of the volume

h ˆ̃V (�0, ki)
ˆ̃
V (�0

,Ki)i � h ˆ̃V (�0, ki)ih ˆ̃V (�0
,Ki)i

= �(�0 � �0)
X

j

V
2
j |�0

j (�
0)|2

⇥
(2⇡)3�3(ki +Ki)

+ ✏ ( ̃j(�
0
, ki +Ki) +  ̃j(�0,�ki �Ki)

⇤
, (27)

where we have Fourier transformed V̂ and  j ; the delta

function in �0 arises because V̂ (�J) is a density on scalar
field space. This power spectrum is a genuine quantum
correlation in the GFT condensate.
Let us illustrate the main features of this expression.
Remarkably, the dominant part of the power spectrum

(2⇡)3�3(ki +Ki)�(�
0 � �0)

X

j

V
2
j |�0

j (�
0)|2 (28)

is naturally scale-invariant: it only depends on �0. This
property follows from computing cosmological perturba-
tions on an exactly homogeneous background. Repre-
senting quantum fluctuations, even in this case the right-
hand side of Eq. (27) is not zero: it must then be scale-
invariant, with scale defined by the reference matter.
Within our mean-field approximation, scale invariance
and translational invariance, as expressed by the momen-
tum delta function in Eq. (27), are necessarily connected.

Deviations from exact scale invariance are encoded in
the last line of Eq. (27). They arise from inhomogeneous
fluctuations around the exactly homogeneous GFT con-
densate, which should generically be present, although
maybe small. Approximate scale invariance is intrinsi-
cally linked, in this framework, to such GFT fluctuations
being small. Further deviations will come from relaxing
the mean-field approximation, i.e. from using more re-
fined quantum states. Importantly, such deviations from
scale invariance depend both on the coupling of inhomo-
geneities with the homogeneous background and on their
own dynamics, as expected on physical grounds and in
agreement with the standard theory of cosmological per-
turbations. They are fully determined by the GFT per-
turbation density field, itself a solution to the perturbed
mean field equations. A more detailed study of solutions
of such perturbed equations, in particular their initial
conditions, would be crucial to identify the precise form

of these deviations. This result does not depend on the
existence of a bouncing dynamics for the background,
whose influence on the power spectrum, however, should
also be studied.
The amplitude of volume fluctuations relative to

the homogeneous background, i.e. of c
�Ṽ (�0, ki) ⌘

ˆ̃
V (�0, ki)/hV̂ (�0)i, is obtained by dividing Eq. (27)
by the squared background volume hV̂ (�0)i2 ⌘
(
R
d�i

P
j Vj |�0

j (�
0)|2)2. This amplitude is of order 1/N ,

for N � 1 quanta in the condensate. For instance, con-
sidering only the dominant, scale invariant contribution
and with only a single spin j0 excited, the power spec-
trum of such perturbations is

P�V (k) =
V

2
j0 |�

0
j0(�

0)|2

(
R
d�i Vj0 |�0

j0
(�0)|2)2

=
Vj0

(
R
d�i)V (�0)

, (29)

with V (�0) = N(�0)Vj0 . A small amplitude of scalar
perturbations, decreasing as the universe expands, arises
naturally from the simplest GFT condensates.
For Cj/Bj < 0 in Eq. (18), inhomogeneous perturba-

tions decay relative to the homogeneous background at
large volumes; one approaches scale invariance even more
closely, further suppressing the deviations coming from
the inhomogeneous term. If GFT interactions produce
a long-lasting accelerated expansion after the bounce
regime, as shown in [9], this leads to an even stronger
suppression of the deviations from scale invariance. This
would be basically the inflationary mechanism without
an inflaton, purely driven by quantum gravity dynamics.
The choice of vacuum, e.g. as made in inflation, is re-

placed by the GFT condensate state (13) that refers to
both quantum geometric and matter degrees of freedom.
This is because such fluctuations are computed directly
within the complete quantum gravity formalism, which
also defines the ultraviolet completion of the theory.

CONCLUSIONS

By introducing in the GFT formalism scalar field de-
grees of freedom that can be used as physical reference
frames, we could extend the mean field approximation
for GFT condensates beyond homogeneity. This approx-
imation has already been shown to provide an e↵ective
cosmological dynamics in which not only a semiclassi-
cal large Friedmann universe is reproduced under generic
conditions, but also the cosmological singularity is re-
placed by a quantum bounce, followed by an accelerated
phase of expansion of pure quantum gravity origin that,
depending on the GFT interactions, can be long lasting.
We then considered the typical setup of early universe
cosmology within this full quantum gravity framework:
we computed the power spectrum of quantum fluctua-
tions of the local volume, i.e. scalar cosmological per-

volume fluctuations and cosmological power spectrum (similarly for matter density fluctuations)

�V (�0, ki;�0,Ki) ⌘ h ˆ̃V (�0, ki)
ˆ̃V (�0,Ki)i � h ˆ̃V (�0, ki)ih ˆ̃V (�0,Ki)i

= �(�0 � �0)
X

j

V 2
j |�0

j (�
0)|2

⇥
(2⇡)3�3(ki +Ki) + ✏ ( ̃j(�

0, ki +Ki) +  ̃j(�
0,�ki �Ki))

⇤

small relative amplitude

• dominant term ~ 1/N ~ 1/V
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Cosmological perturbations from full QG

GFT for 4d gravity coupled to 4 free massless scalar fields used as clock and rods
+

isotropic reduction of geometric sector
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For locally isotropic configurations (again this can be
relaxed [18]), we can restrict the mean field � to isotropic
excitations (equilateral tetrahedra) [7], with

�(gI ,�
J) =

1X

j=0

�j(�
J)Dj(gI) ; (17)

the sum is over irreducible SU(2) representations j and
the fixed Dj(gI) is a convolution of Wigner D-matrices
with SU(2) intertwiners that encodes the shape of the
tetrahedra. � now only depends on a single j, which
determines volume information and thus the cosmological
scale factor. The volume can be computed within full
GFT as a second quantised operator, whose expectation
value we compute in the state (13) below.

The isotropic mean field �j(�J) then satisfies
�
�Bj +Aj@

2
�0 + Cj ��i

�
�j(�

J) = 0 , (18)

where we have rewritten K0, K1 and K̃1 as j-dependent
couplings with no further derivatives; we have also used
orthogonality of the WignerD-matrices to split the equa-
tion into di↵erent j contributions.

The case of Refs. [7] is obtained as the limit of our
model in which the GFT mean field takes the form

�j(�
J) ⌘ �

0
j (�

0) , (19)

with a relational 3-volume operator at “time” �
0

V̂ (�0) =

Z
dg dg0 '̂†(gI ,�

0)V (gI , g
0
I)'̂(g

0
I ,�

0) . (20)

V (gI , g0I) are matrix elements of the LQG volume oper-
ator between single-vertex spin network states.

Given a GFT state, hV̂ (�0)i gives its total 3-volume at
relational time �

0. This appears in the Friedmann equa-
tion (2), which connects GFT condensates to cosmology.

Solutions to this homogeneous case, for generic initial
conditions, lead to a semiclassical regime in which the
Universe expands to macroscopic size [7, 8]; in this regime
the 3-volume follows the classical Friedmann solution (3).
At small volumes, the Universe undergoes a bounce and
the classical singularity is avoided [7].

In the simplest example in which only a single spin j0

is excited, the 3-volume behaves as

hV̂ (�0)i �0!±1⇠ |�±|2 exp
 
±2

s
Bj0

Aj0

�
0

!
(21)

for generic initial conditions (�± 6= 0), if Bj0/Aj0 > 0;
this is precisely the classical GR result (3) if one identifies
Bj0/Aj0 =: 3⇡G. V (�) interpolates between the classi-
cal contracting and expanding solutions, and only ever
vanishes for special initial conditions [7, 8, 10]. Includ-
ing interactions can a↵ect this cosmological evolution in
several ways, for example prolonging the phase of accel-
erated expansion after the bounce and causing a later
recollapse, producing a cyclic cosmology [9].

COSMOLOGICAL PERTURBATIONS IN GFT
CONDENSATES

In a GFT model with enough degrees of freedom to
describe local physics, we could study general inhomoge-
neous quantum geometries and their dynamics. Here we
consider situations relevant for fundamental cosmology.
We study quantum fluctuations of the local 3-volume
around a close-to-homogeneous background, seeking a
quantum gravitational mechanism for explaining the ori-
gin of inhomogeneities (cosmic structure), in a similar
spirit to the inflationary paradigm, where this mecha-
nism is the imprint of quantum fluctuations in the homo-
geneous vacuum state of the inflaton [19]. We show how
such mechanism, natural in any quantum field theory
for gravity and matter, is realised by GFT condensates,
without the need to introduce an additional inflaton.
We start with the generalisation of Eq. (20) for a GFT

for gravity coupled to four reference scalar fields �I ,

V̂ (�J) =

Z
dg dg0 '̂†(gI ,�

J)V (gI , g
0
I)'̂(g

0
I ,�

J) . (22)

Here all four �J take fixed values: V̂ (�J) defines a local
volume element at the spacetime point specified by values
of the reference fields. The total 3-volume at the clock
value �

0 is obtained by integrating over the “rods” �
i,

V̂ (�0) ⌘
Z

d�i
V̂ (�0

,�
i) . (23)

In a simple coherent state of the form (13), the expec-
tation value of V̂ (�J) can be evaluated immediately,

hV̂ (�J)i =
Z

dg dg0 �̄(gI ,�
J)V (gI , g

0
I)�(g

0
I ,�

J) . (24)

For a homogeneous mean field that only depends on �
0,

the integral over �
i in Eq. (23) must be regularised; for

the isotropic wavefunction (19), we obtain

hV̂ (�J)i =
1X

j=0

Vj |�0
j (�

0)|2 , (25)

with eigenvalues Vj ⇠ VPl j
3/2 of the volume operator.

The local and total 3-volume coincide up to regularisa-
tion, as expected in a homogeneous geometry.
In cosmology the key observables encoding the pattern

of cosmic structure are correlation functions for geomet-
ric observables. Here we focus on local volume fluctu-
ations hV̂ (�J)V̂ (�J)i, computed in a mean field state
(13), which depend crucially on the one-body matrix el-
ements V

2(gI , g0I) of the squared volume operator. Us-
ing “squared matrix elements” to compute a spectrum of
perturbations has been suggested before [12], but with-
out “rods” only global information was obtained. Here,
we can use the �I to extract statistical information about
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GFT hydrodynamics equation for 
isotropic condensates (weak coupling)

naturally approximate scale invariance

• dominant part (homogeneous condensate) exactly scale 
invariant

• deviations suppressed as universe expands and when 
inhomogeneities are small

small perturbations around homogeneous condensate universes

5

cosmological perturbations; Fourier transforming from �
i

to their momenta ki introduces a notion of wavenumber,
defined with respect to the reference matter.

We can then obtain, within the full quantum gravity
formalism, a power spectrum of cosmological perturba-
tions. Instead of working with a generic inhomogeneous
mean field, we consider a situation of interest for the
study of cosmological perturbations and consider a mean
field perturbed around exact homogeneity,

�j(�
J) = �

0
j (�

0)(1 + ✏  j(�
J)) . (26)

We then find for the quantum fluctuations of the volume

h ˆ̃V (�0, ki)
ˆ̃
V (�0

,Ki)i � h ˆ̃V (�0, ki)ih ˆ̃V (�0
,Ki)i

= �(�0 � �0)
X

j

V
2
j |�0

j (�
0)|2

⇥
(2⇡)3�3(ki +Ki)

+ ✏ ( ̃j(�
0
, ki +Ki) +  ̃j(�0,�ki �Ki)

⇤
, (27)

where we have Fourier transformed V̂ and  j ; the delta

function in �0 arises because V̂ (�J) is a density on scalar
field space. This power spectrum is a genuine quantum
correlation in the GFT condensate.
Let us illustrate the main features of this expression.
Remarkably, the dominant part of the power spectrum

(2⇡)3�3(ki +Ki)�(�
0 � �0)

X

j

V
2
j |�0

j (�
0)|2 (28)

is naturally scale-invariant: it only depends on �0. This
property follows from computing cosmological perturba-
tions on an exactly homogeneous background. Repre-
senting quantum fluctuations, even in this case the right-
hand side of Eq. (27) is not zero: it must then be scale-
invariant, with scale defined by the reference matter.
Within our mean-field approximation, scale invariance
and translational invariance, as expressed by the momen-
tum delta function in Eq. (27), are necessarily connected.

Deviations from exact scale invariance are encoded in
the last line of Eq. (27). They arise from inhomogeneous
fluctuations around the exactly homogeneous GFT con-
densate, which should generically be present, although
maybe small. Approximate scale invariance is intrinsi-
cally linked, in this framework, to such GFT fluctuations
being small. Further deviations will come from relaxing
the mean-field approximation, i.e. from using more re-
fined quantum states. Importantly, such deviations from
scale invariance depend both on the coupling of inhomo-
geneities with the homogeneous background and on their
own dynamics, as expected on physical grounds and in
agreement with the standard theory of cosmological per-
turbations. They are fully determined by the GFT per-
turbation density field, itself a solution to the perturbed
mean field equations. A more detailed study of solutions
of such perturbed equations, in particular their initial
conditions, would be crucial to identify the precise form

of these deviations. This result does not depend on the
existence of a bouncing dynamics for the background,
whose influence on the power spectrum, however, should
also be studied.
The amplitude of volume fluctuations relative to

the homogeneous background, i.e. of c
�Ṽ (�0, ki) ⌘

ˆ̃
V (�0, ki)/hV̂ (�0)i, is obtained by dividing Eq. (27)
by the squared background volume hV̂ (�0)i2 ⌘
(
R
d�i

P
j Vj |�0

j (�
0)|2)2. This amplitude is of order 1/N ,

for N � 1 quanta in the condensate. For instance, con-
sidering only the dominant, scale invariant contribution
and with only a single spin j0 excited, the power spec-
trum of such perturbations is

P�V (k) =
V

2
j0 |�

0
j0(�

0)|2

(
R
d�i Vj0 |�0

j0
(�0)|2)2

=
Vj0

(
R
d�i)V (�0)

, (29)

with V (�0) = N(�0)Vj0 . A small amplitude of scalar
perturbations, decreasing as the universe expands, arises
naturally from the simplest GFT condensates.
For Cj/Bj < 0 in Eq. (18), inhomogeneous perturba-

tions decay relative to the homogeneous background at
large volumes; one approaches scale invariance even more
closely, further suppressing the deviations coming from
the inhomogeneous term. If GFT interactions produce
a long-lasting accelerated expansion after the bounce
regime, as shown in [9], this leads to an even stronger
suppression of the deviations from scale invariance. This
would be basically the inflationary mechanism without
an inflaton, purely driven by quantum gravity dynamics.
The choice of vacuum, e.g. as made in inflation, is re-

placed by the GFT condensate state (13) that refers to
both quantum geometric and matter degrees of freedom.
This is because such fluctuations are computed directly
within the complete quantum gravity formalism, which
also defines the ultraviolet completion of the theory.

CONCLUSIONS

By introducing in the GFT formalism scalar field de-
grees of freedom that can be used as physical reference
frames, we could extend the mean field approximation
for GFT condensates beyond homogeneity. This approx-
imation has already been shown to provide an e↵ective
cosmological dynamics in which not only a semiclassi-
cal large Friedmann universe is reproduced under generic
conditions, but also the cosmological singularity is re-
placed by a quantum bounce, followed by an accelerated
phase of expansion of pure quantum gravity origin that,
depending on the GFT interactions, can be long lasting.
We then considered the typical setup of early universe
cosmology within this full quantum gravity framework:
we computed the power spectrum of quantum fluctua-
tions of the local volume, i.e. scalar cosmological per-

volume fluctuations and cosmological power spectrum (similarly for matter density fluctuations)

�V (�0, ki;�0,Ki) ⌘ h ˆ̃V (�0, ki)
ˆ̃V (�0,Ki)i � h ˆ̃V (�0, ki)ih ˆ̃V (�0,Ki)i

= �(�0 � �0)
X

j

V 2
j |�0

j (�
0)|2

⇥
(2⇡)3�3(ki +Ki) + ✏ ( ̃j(�

0, ki +Ki) +  ̃j(�
0,�ki �Ki))

⇤

small relative amplitude

• dominant term ~ 1/N ~ 1/V
• perturbations further suppressed as universe expands
• if accelerated phase, further suppression of deviations 

from scale invariance

�V (�0, ki;�0,Ki)

hV̂ (�0)i2

S. Gielen, DO, ‘17

different approximation (same starting point): 
separate universe framework

QG-corrected eqns for long-
wavelength perturbations
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GFT microstates for spherically geometries/horizons
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• basic operators: 


colored GFT tensors, to control topology, with simplicial geometric variables, to control geometric properties
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• basic operators: 


colored GFT tensors, to control topology, with simplicial geometric variables, to control geometric properties
• We introduce operators which create vertices with the desired wave-function: 

These additional data allow a complete reconstruction of the dual simplicial complex determined by a GFT state 
(i.e. a triangulation with a specific topology and with a certain number of disconnected boundaries)
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�(�Lqv�R) = �(qv), 8�L, �R 2 SU(2)Impose left and right gauge invariance of the wave-function:
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the group elements h are to be used as the auxiliary variables required by the convolutions necessary to 
encode the connectivity of the states. We say that there exist an edge connecting two vertices,   and   , if the 
wave-function depends on     and     through the combinations of arguments                 for some 
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• The storage of the topological properties of the dual triangulation requires the inclusion of colouring in the 
GFT field operators. The building blocks of 4-colored graphs are 4-valent vertices carrying an additional 
discrete label, which has only two values: tv = W,B

• quantum homogeneity: homogeneity = vertices with the same wave function 
(operators creating/annihilating vertices with same wavefunction)
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GFT microstates for spherically geometries/horizons
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1’’’’Simple seed state with two boundaries:

Spherical shell:

Refinement operator (dipole insertion):

iiiBasic (topology preserving) move: Dipole creation and annihilation 

• The refinement operator

We want to act on the seed with an operator that realize a very simple move that changes 
the triangulation leaving fixed the topology

Let us concentrate on the refinement of one boundary ‘+’ (with dual links of color 1):

Repeated action of these operators leads to the growth of the seed state into states associated to finer and finer 
triangulations. In particular, the state 

Analogous operators can 
be built for the boundary 
‘-’ and the bulk

does represent a superposition of condensed vertices glued to form a single spherically symmetric shell in all the 
possible ways compatible with the moves described (kinematical continuum limit for quantum geometries)
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X

t=B,W

Z
(dg)4�̂†

r,ts(gI)
q
Ei

JE
j
J�ij �̂r,ts(gI)

number operator : bnr,s =
X

t=B,W

Z
dhI �̂

†
r,ts(hI)�̂r,ts(hI)
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It is possible to find a complete set of the horizon density matrix eigenstates 
labelled by the total number of horizon graphs, at fixed number of vertices, 
that can be constructed by acting with any string of refinement operators. 

horizon density matrix (by tracing over 
all other shells (inside and outside)):

nice features of our GFT states 
(“weak holographic principle”):

all information about traced-out shells is lost; complete set 
of eigenstates can be found, labelled by total number of 
graphs at given number of vertices
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Bekenstein-Hawking entropy from full QG! no dependence on Immirzi 
parameter
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