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MAIN AIM (S) OF THIS TALK

m Show that:

m there exist arexact duality between simplicial path integrals and spamfonodels
m this, in turn, is the covariant counterpart ofl@ality between a non-commutative
triad (metric) representation and the spin network remitagien of quantum states
of geometry
m this duality can be seen explicitly and put to use atgheup field theorylevel, as a
new non-commutative representation of GFTs
m exploiting this duality allows progress in:
m understanding the geometry of spin network states and epim implitudes and to
encode it in GFT action
m studying the symmetries of spin foam models (diffeos) at$®Fr level
m constructing GFT/spin foam models for 4d quantum gravity

m Point out some open issue for further work
m Stimulate discussion......
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INTRO

AN ANALOGY: POINT PARTICLE ON A CIRCLE

= to understand meaning of duality between simplicial gyepéth integral and
spin foam representation, look at simpler case

m consider particle moving on circle, with position-depentdeotential=-
positionq(t) € [0, 2r), q(t) + 2rm ~ q(t) and with discretized time interval
I' = UN [ti_1,t] (“spacetime”)

m transition amplitude can be written in two equivalent forms

+oo N poo NHL g dgj i SN (g 2 StH(p; 0
@t t)r = > H/ doj H/ ?Jheﬁ S @ —a—at2mm —owHe.)] _
m=—oo j=1Y = j=17 7>
N 20 N+1 +oo . .
= H/ dCIjH Z ie'ﬁ S (6 —g—) — StH(hn, )]
j=170 j=1m=—c0 2

m the first expression is the discretized “classical’patkdnal using classical
continuum variableghe second is the (spin foam) re-writing of the same in
terms of the quantum numbers labeling quantum states oh#uayt

m above example still a little deceptive because also (sgimjcexpression in
terms of quantum numbers has path integral form
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INTRO

ANOTHER ANALOGY: POINT PARTICLE ON A SPHERE

m for aparticle onS® ~ SU(2) the path integral expression has same farm
continuum approximation (with appropriate boundary ctods ong)

m the (spin foam) representatiggiven by the eigenfunctions expansion of the
propagator (expansion in spherical harmonicspin network basis)

N N+1
. ase2 1N
K(q,t, qO,tO)F 810 H /S3 ko(ok) H Z(zjk + 1) e ist(ji 4)+Ilk@k(9k) =
k=1 k=1 jk

ol i(t—tg)
— (2 + e 2 "D Cy(q, go)

1=0

and does not have a path integral form for a classical pardiction

m quantum discreteness of momerltd ¢ 1)) in states encoded in boundary
conditions for classical position variables in the claalspath integral, still
involving classical continuous momenta

m these tweequivalentrepresentations have complementary
advantages/difficulties and are useful for answering difiequestions
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INTRO

A DUALITY OF DISCRETE PATH INTEGRALS AND SPIN FOAM®

one can then suggest that there existnailar duality between spin foam models
and gravity path integral@n a simplicial context because spin foam models are
constructed in a piecewise-flat context)

if it is so, we then have two equivalent ways of expressingdyreamics of
guantum geometry:

advantages of discrete path integral formulation

m Clearer geometric structure, semi-classical limit, fefatvith action and classical
dynamics, symmetries, (calculation of observables?)

advantages of spin foam formulation

m clearer algebraic properties, structure of quantum statemection with canonical
theory, (calculation of observables?)

we already know such duality at level of partition functi@m 8d gravity
we also know it is true in lattice gauge theory (Oeckl-PifD0)
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INTRO

3D GRAVITY: SIMPLICIAL PATH INTEGRAL VS SPIN FOAM REPRESENTATION

The theory we want to quantize in simplicial and then spimfdarmalism is:
Slew) = / tr (e A F(w))
M

€ (x) € su(2) triad 1-form -w’(x) € su(2) connection 1-form with curvaturg” (w)
introduce simplicial complex and its topological dual

L)o& B

tetrahedron tetra + dual dual

discretize the continuum gravity variables on the discspece:
ex) — Ee=Er = [ e(x) = EJ € su(2) w(x) — h. = el* € SU(2)
F(w) = Gt = Ge = [[ oo L = € € SU(2)
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INTRO

3D GFT AMPLITUDES AS SIMPLICIAL GRAVITY PATH INTEGRALS

define a discrete action for the discrete variables, cooratipg (in equations,
symmetries, naive continuum limit) to the continuum 3d gsaaction:

SE, Q) = Y tr(EG) =Y tr(EGe)

fer ecA

define path integral for discrete theory:

soq1f o IL[ e e

the integral over the Lie algebra variabEgan actually be computed:
ZZH/ dEfH/ dh ¢ 1 (= 6) H/ dn. T 6 (Gr(h))
i Jsu(2) L Jsu©2) SU(2) t

we can derive the corresponding spin foam model from thelgiappath integral;
this shows that a spin foam model can simply be seen as a dentea-writing of a
simplicial gravity path integral when this is expressedanmection (group) variables
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INTRO

3D SPIN FOAM QG

1) decomposé in representationslj = 2j + 1) : 6 (Gr) = >°, Ay, X' (Gr)
2) decompose the characters in repr. functigh¢[ [, h.) = P 1L DJr;m,( L)

= (112 / dh. Dy ()4 ()i ()
ot
3) do the integrals over SQ):
[ dnDj(h)DE (h)Di(h) = Gk Cl
su(2)

4) contract (do the sum) thg-8ymbols
the final result is the Ponzano-Regge spin foam model:

S(ms)maa(y kb
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INTRO

SIMPLICIAL GEOMETRY FROM SPIN FOAMS? THE ASYMPTOTIC LIMIT OF
THE VERTEX AMPLITUDE

m can we see the simplicial geome{manifest in amplitudes written as simplicial
gravity path integralplso in the spin foam representatiofff2uristic)

m from LQG:j¢'s label links of boundary spin networkare eigenvalues of length
operators, saharacterize edge lengths at quantum level

m in the simplicial gravity path integrdthat uses only classical variable8)is
role is played by thémodulus of the}iscrete triad (Lie algebra) variabl&s

m the relation between them should appear in the semi-clsgiproximation
(quantum numbers go to classical variables)

m if we take asemi-classical approximation of the simplicial gravitythpategral
(say, for single 3-simplex), for fixed (largg), we expect to obtain something
of the form

whereS = > tr (EeGe(E)) is Regge action, depending only on edge lengths

becauseemi-classical approximation amounts, for fikegto approximating
amplitude with solutions of the equation enforcing metyidf the connection
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INTRO

THE ASYMPTOTIC LIMIT OF THE VERTEX AMPLITUDE

= now we look at the spin foam expression:

one can show, for a single vertex (tetrahedron), thakarge, fixed’s:

j1oJ2 s iR -

el ~ cosK(le) ~ +e
{ Ja )5 e }V* S(le)

whereS(le = 2j + 1) is the Regge action for simplicial gravity, with edge

lengths given by R + 1

m thusamplitudedn spin foam representationatch expected form of
semi-classical simplicial gravity path integral

it means that the connection degrees of freedom have a gouetctessical
geometry (metricity correctly imposed)

this confirms the geometric meaning of the quantum varigblasd

suggests in itself (if we didn’'t have it already) a simpligjaavity formulation
of same spin foam amplitudes
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INTRO

REALIZING THE DUALITY IN FULL ....

Not enough:
m in 3d: need to go beyond partition function, no duality atlthel of quantum
states or observables, no clear duality for transition &ogss
m no analogous (complete) path integral representationivédiem) for 4d models
(EPR(L)), not beyond partition function for BC (measure leac) or FK models
(no obvious relation with standard BF theory) (Livine-Bonz08, Bonzom 09)
m no definition of mapping between the two representationsduadity

Convenient/promising setting to realize the duality is @r&ield Theory:

m GFTs are interpreted &nd quantized theories
m of simplicial geometryand
m of canonical LQG (QFT of spin networks)

(field ¢ represents “2nd quantized (D-1)-simplex or spin net vé&jtex

m FD are 2-complexeF topologically dual to simplicial complexes

m FD amplitudes have interpretation of covariant implemgoiteof dynamics of
simplices/spin netghus expected to be related to path integrals for simplicia
quantum gravity but can also be -always- representétpasFoam models

m other: new take on LQG dynamics, complete definition of SFelmdopology
change, use of QFT language and techniques, ....
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BouLATOV GFT MODEL

3D RIEMANNIAN QUANTUM GRAVITY AS A GFT - BOULATOV MODEL

G = SU(2), Real field:¢(g1, G2, Gs) = #(019, 829, Gsg) : U(2)° — R
¢ corresponding to LQG cylindrical function (connectionnegentation)
invariance imposed by projectiog(gs, g2, g3) = [ dh®(g:h, goh, gsh)
the action is:

S¢]

/ dgi ¢ (1, G2, 9s)° o / dg; ¢(01, 92, 93) (93, 4, 95)$(Ts, G2, 9s) H(Ts, Ga, G1)

Lkl i

= quantum theory defined by perturbative expansion of pantitiinction:

_ jSis] _ AN
Z= /Dqse =y ST Z(T)

r
Feynman diagrams dual to 3d simplicial complexes, with Reymamplitudes:

H/dhL 5(TT )

Lel Leof
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BouLATOV GFT MODEL

BoULATOV GFT MODEL - REPRESENTATION SPACE

m we can repeat the same calculation in representation spguanding the field
over SU2)® in representations

0(01.02,%) = D Siim, Dy, (91) D, (@2) Dy, (08) CIZE
i1sd2,03
m analogous to spin network representation of LQG wave foncti
m the end result for the Feynman amplitude is:

j1 2 s
(e qaso {2 k)
m SO, one finds that:

~ 1./ da T 0Ty o) = (I 5, ) L@ + oL { 2 12 2

| stlll, full simplicial path integral representation is missing: tnad (metric)
variables in the formalismonly group elements or quantum numbers
m difficult to read out simplicial geometry in quantum ampdiés or in GFT action
m difficult to study semi-classical approximation
m difficult to identify symmetries at GFT level (e.g. trangiat symmetry of BF)
= in trying to move to 4d: difficult to impose simplicity (Pletski) constraints
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NEW GFT REPRESENTATION

Metric representation for GFTs, simplicial path integratsl spin foam models

work in progress:
m A. Baratin, D. Oriti - non-commutative metric represerdatof GFTs
m A. Baratin, F. Girelli, D. Oriti - translation symmetry of BiReory at GFT level
m A. Baratin, B. Dittrich, D. Oriti, J. Tambornino - flux represstation of
kinematical LQG states
m A. Baratin, D. Oriti - GFT construction of 4d simplicial griéy path integrals
and spin foam models

based on previous work and ideas on:

m GFT and simplicial gravity path integraisivine-Oriti, '02; Oriti, '05; Oriti, '06;
Oriti-Tlas, '07; Oriti, '09; Oriti-Tlas, to appear]

m non-commutative Fourier transforiMajid, 00; Livine-Freidel, '05; Noui, '06,
Joung-Mourad-Noui, '06, Freidel-Majid, '07]

m Lagrangian approach to spin foam models and discrete geicroenditions
[Livine-Bonzom, '08; Conrady-Freidel, '08, Conrady-Fael, 08, Oriti, '09; Bonzom,
'09, Bonzom, '09]

m projected spin networklivine, '02; Alexandrov-Livine, '02; Alexandrov, '08]

m coupling of 4-simplices and extended GFT formaligimine-Oriti, '05]
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NEW GFT REPRESENTATION

PRELIMINARIES: NON-COMMUTATIVE FOURIER TRANSFORM

m consider thexon-commutativeu(2) Lie algebrawith basis|oi, oj] = iejjkok
m on such non-commutative space, one can deforecommutative plane waves

&9(X), forming basis of functions on Lie algebrafunctions onR® endowed
with a star product*” reflecting the non-commutativity of algebra:

m consider the group elemegte SU(2) and the Lie algebra elemente su(2), and

define:ey(x) : su(2) x SU(2) — C : (x,g) — €209 (fundamental
representation)

= this leads to amon-commutative Fourier transform
C(SU(2)) — C.(R®) ~ C(su(2))

i1
o = [ dgs@m = [ dgo(g)etne
Su(2) Su(2)
m with star productefined on plane waves to respect the group multiplicatien, a

(g, * €,) () = d3Tr0a) , d3Tr(xg) _ J3Tr(xage) — €40 (X)

and by linearity on generic functions
m the same NC Fourier transform can be inverted (some issibsSh(2) vs SQ3)):

6(0) = [o% (@ * e51) (0
m note: extension to Sp{d) ~ SU(2) x SU(2) is straightforward
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NEW GFT REPRESENTATION

PRELIMINARIES: NON-COMMUTATIVE FOURIER TRANSFORM

m note:C..(R?) is space of functions oR® with finite resolution, whose usual
Fourier transform has bounded momenta

m one haglelta functionS(S = [dxey(x) ox(y) = [dge;-1(x) eg(y)
m important [ dy (6 x @) (y) = [dy (¢ = &) (y) = ¢(X) 6(0) < o0
= o0 — qs(—x)

m crucial for later calculations:

@ = [ dgs@on’e = [ oy (@ a6l 50y

with G(x,y) = (O—x* &) (y) = (& * 0 p-10) (¥)
m idea: use non-commutative Fourier transfornition GFTs into
non-commutative field theories on Lie algebras (B-varisple
m note: in BF, holonomy and B variables are canonically coajegin LQG,
(smeared) triad (B) variables do not commute
m extension of NC Fourier transform to functions on (¥ is immediate:

6(%1, .. %0) = / dr . Ag H(01, ., Go) €, (%) ... E5p (¥0)

o(91,..,00) = /dxl..dXD (qb *1,..D €yt eggl) (X1, .., XD)
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NEW GFT REPRESENTATION

A NEW REPRESENTATION FOR THEBOULATOV 3D GRAVITY MODEL

m G =3U(2), real field:¢(g1, g2, g3) = [ dh ®(hgs, hgz, hgs)
m action is

S¢] = % / dg ¢(91,gz,gs)2+% / dg; ¢(91, 92, 93)H(9s, Ua, U5) H(Ts, G2, 96 ) H(Ts, Ga, O)
m after NC Fourier transform:

(C % ¢)(B1,B2,Bs) = “6(Bi+ B2+ B3) ¢(B1, By, Bs)” =

[ a1 o0 001, 02.65) € (B) ey (B2) e (B9) =

/dgl---ng /dhczﬁ(h*lgl,hflgz,hflgs)egl(Bl) €5, (B2) €y, (Bs) =

(/dh(&@%@%) * ¢) (B1, B2, Bs)

m geometry: triangle (field) characterized by tri&isassociated to its edges

m note: the presence of the projector/constr@ntclosure of edge triads makes it
a 2nd ordefmetric) theory
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NEW GFT REPRESENTATION

A NEW REPRESENTATION FOR THEBOULATOV 3D GRAVITY MODEL

m action can be re-written iB basis using NC Fourier transforof the field¢
m kinetic part takes the form:

K(¢) = H -, dB;dB; /SU(Z) dh (qb *g; HGh(~,~) *g, ¢> (Bi, B)

G(Bi,Bi) = (en * §_p-15n ) (Bi) replace the functions of group picture

m interaction term can be nicely expressed graphically, aagdegmts a function
G(B/, Bf') in place of§ over the group, with combinatorial pattern of a
simplex; in place oh above, one findg, h:,lg; meaning:B and Br'
associated to same edigia two different triangles/fields andr’ are identified
after parallel transport through center of tetrahedrdsy means of connectiam

m we can compute the Feynman amplitud€¥') (the -sameZ(T") of the
Boulatov model) in new representation, taking into accabet-product
structure (fundamental non-commutativity)

m construction: (ordered) composition of 2-point functi@s, -) on Lie algebra,
dual to usual convolution of delta functions on the group
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NEW GFT REPRESENTATION

SIMPLICIAL 3D GRAVITY PATH INTEGRAL FROM BoULATOV GFT

m the resultis (! little abuse of notation !):

zr) = H/ dBfH/ dan I <ei%Tr(Bfo) N 5Hf_1Bfo(Bf))

m 3d gravity simplicial path integraH Lie algebra variableBs correctly identified
with the discrete triad associated to each edge

= additional constraints, 1, ,, (Br):

SU(2)

= non-commutative analogue of constradiiB; — HyBfH;~ 1), which can be easily
rewritten as delta function on group, and interpreted astcaimt on connection

m imposes that holonomiy; lies in the plane orthogonal to the edge to whighis
associated (characterizing Levi-Civita connection)

= its meaning nicely identified in presence of boundary (erggle 3-simplex) with
fixed B; on boundary: it constrains the angles characterizing theection
elementsh to be the dihedral angles corresponding toBh's (characterizing
Levi-Civita connection)

m note: model contains more than 1st order BF theory
m same constructiooan be repeatefbr 4d BF theory with same result (but no
geometric interpretation d@ or h variables)
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TRANSLATION SYMMETRY

TRANSLATION SYMMETRY IN 3D BF THEORY AND IN GFT

Continuum 3d BF theory possesses three type of symmetries
m translation symmetryéle =dvp dpw =0 ¢ = su(2)-valued scalar
m local rotation symmetrydhe = [, A]  0Rw = d,A A € 5u(2)
m diffeomorphism symmetry
6ee = d(1e€) + te(de)  Jfw = d(ew) + te(dw) & vector field
m they are not independent:
6?e = 6I§ee + Siwe + te(doe) 5?«1 = 5LTEww + 5wa + e(F(w))
m on-shell (classically) diffeos obtained by combinatiortrahslation and rotation

In discrete 3d BF theory diffeos are broken (Dittrich-Bab®) but leave residual
symmetry (Freidel-Louapre '02):

m discrete translation symmetry
Be — Be + ¢v1 + [Qvl(gL), ¢v1] - ¢\2 - [Q\Q(gL)7 ¢\2]
m discrete rotation symmetmBe(c) — koBe(o)k;* gL — Ko10k 2
Rotation symmetry easily identified in Boulatov GFT in terafigroup elements

Difficult to identify translation symmetry, in absence of a&resentation
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TRANSLATION SYMMETRY

TRANSLATION SYMMETRY IN BOULATOV MODEL

We now have a B-representation for the GFT action
s = [18]0+0)(Br Bx o) +
A
4 3 [ OB *6(B B, Bo) x 6(Bo. B Bo) x 6(Bs, Be, Be) (B, BasBy)’

m We define first a simpleansformation of the GFT fiel(for ec € su(2)):
(Tee®) (B1,B2,Bs) = (Tee > ) (B1,B2,B3) = ¢(B1 + e1,B2 + €2,Bs + €3)

with the transformation parameters, one per eglgkthe triangle corresponding
to ¢, restricted to satisf§ _,_, , ;e = 0 because of closure constrait
m Kinetic term invariant

I[dBe] (T€e¢ * T€e¢) (BJ-: BZ? B3) f[dBe] (¢ * ¢7) (Bl, Bz, BB) iff e = ée
(locality)

m Interaction term imposes further restriction on the tranmsftion parameters:
€e = €e = €1 — €2

wherevi? are the two vertices of the triangulation joined by the eelge
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TRANSLATION SYMMETRY

m the resulting transformation is generatedLidy algebra elements located at the
vertices of the triangulatioaffecting simultaneously 3 field arguments (edges),
thus common to 3 fields (triangles) in the interaction (tetdron) (everything
is here expressed in the frame of the tetrahedron)

m the resulting transformation of the field is a symmetry of @f€T action

m it can be verified that it indeed corresponds tottla@slation symmetrat the
level of the Feynman amplitudes (simplicial BF path intégjra

m note: what was a (discretized) local gauge symmetry in tlyafian amplitude
(2nd quantized theory of discrete gravity), is a global sygtrgnat the level of
the GFT (in line with the 3rd quantization interpretation)

m the presence of the above symmetry suggests a change dflgariaeach GFT
field: Be — By, leading to a new “multi-local”form of the interaction, mag
the symmetry manifest:

/[dBv] “¢(Ba, Bo, Bc) * ¢(Ba, Bp, Ba) * ¢(Bo, Bc, Ba) * ¢(Bd, Bo, Ba)”
m note: the closure constraint, satisfied by the fields in th& &d%ion, is discrete

equivalent ofd,, Be = 0, thus this GFT symmetry is closer d@feomorphisms
than the 1st order BF translation symmetry
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LQG-FLUX REPRESENTATION

A FLUX REPRESENTATION FORLQG KINEMATICAL STATES

This non-commutative metric representation of the GFT suggesisiilar triad/flux
representation for general LQG kinematical stane4d

Indeed, smeared triad variables, conjugate to the holonomigg of the SU(2)
connection, do not commutEs, Eg } # 0, if the surfaces of smeariry S intersect

Using the NC tools, we can transfomeneric cylindrical function@r (g, ..., O )
based on graph with L links, into functions of conjugate Lie algebra variables:

\I/[‘(El,..,ELF) = /dglndgLF \I/(gl,...,gLF)egl(El)....egLF (ELF)

m triad operators act by (non-commutative) multiplication
(El > \pr) (E)) = EL* Ur(E)

m holonomy operatorés(g) = ey(a) act as translations
(é‘a1 > \I/F) (E.) = \I/[‘(El, . E + ai, "ELF)

m can define usual kinematical inner product between waveifuredefined on
two arbitrary graphs, in flux representation, by “Fouri@ngformation”

m cylindrical consistency, etc (in progress)
Correct (covariant) duality induced by simplicity conétita (see 4d construction....)
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GFT MODELS FOR4D QUANTUM GRAVITY

m 4d gravity is constrained BF thearyo(4)-Plebanski action
S(w7 B7 ¢) = / [BIJ A F|_‘|(W) - 1(ZSUKLBKL N BI‘.l
M 2
from which: equations of motion:

D,B=dB + [w,B] =0 F'J(w) — $MB

BIJ A BKL _ eﬁIJKL<:> | BIJ _ ﬁ:e' A eJ
1
I B =5 ne

m substituting constraints in Plebanski action on gets thetifaaction for
gravity, in the “Il "sector:

S(w,e) = / [% GIJKL eK A eL N Fu(w)
M

24138



GFT MODELS FOR4D QUANTUM GRAVITY

m strategy:start from GFT/spin foam models for 4d BF theory and applyramt
suitable constraintsimplicial or quantum versions of the Plebanski constsain
to reduce them to gravitational models

m discrete BF theory in 4d:
B(x) — By =B = / B(X) = B'Tiy € s0(4)
t

w) — g =el¥es0d)  Fw) -G =G = [[a=¢ cs09
Leof

SB.o = Y tr(BG) =Y tr(BG)

fer ecA

m discrete simplicity constraints on B[Barrett, Crane, De Pietri, Freidel,
Reisenberger, Alexandrov,Krasnov;...]
a)vtetratc A Ine §/B’ny = 0 VB f Ct
b)Vtetrat ¢ A Ine S/ (xBr)”n; = 0 VB f C t (gravitational sector)
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GFT MODELS FOR4D QUANTUM GRAVITY

m start fromGFT for 4d BF theoryanalogous to Boulatov model in 3d):
real field: ¢(gs, .., g4) : G** — R, symmetric under (local Lorentz):

#(g, 929, ---, Gag) = (01, -, Ga)

S / dgi [6(01, 92, 93, 04)] / dgi [¢(91, G2, s, 94) (G4, G5, U6, 97)

¢(97, 9s, Gs, Go) P (To, Us, U2, 910)¢(910, 08, Gs, 1))
m of this (BF) modelwe know the quantum boundary stat&®(4) spin networks,

and the Feynman amplitudes
/ dQL) ([Ja) =

dBt dg e > V(B &) — <
lf_[ /5" © H SO(4) Ler Leof
> 1@+ +v@E-+1 H {15—1} {15—j}"

{ig-} f

and also how the amplitudes in spin foam representation eaadonstructed
from the structure of the boundary states

Z(I')
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GFT MODELS FOR4D QUANTUM GRAVITY

m 4d gravity modelsinsert appropriate modifications in the kinetic and/or ert
term that implement Plebanski constraints of gravitatieeator
m two possible strategies
define a GFT model with Feynman amplitudes being manifestiplicial path
integrals for BF with gravity constraintthen re-write as spin foam models
find quantum version of Plebanski constraints, impose themFspin network
states to get gravity spin network states, then construstfiepm/GFT amplitudes
then check they encode simplicial geometry
m first strategy difficult: we do not have a formulation of GFpreducing a BF
simplicial path integral with botB andg variables- (constraints should be
imposed orB's!)
m second strategy leads to Barrett-Crane, Engle-PereiveliReLivine) spin
foam model

m other(closer to the second) strategy:
re-write BF spin foam in SQ!) coherent statesdentify CS parameters as
semi-classical counterpart of classiBa, impose gravity constraints on them;
this leads, depending on how it is done, to EPR or Freidesitoa models
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4D QG FROM CONSTRAINING BF BOUNDARY STATES

m start from BF Spi(¥) spin networks (labeled by pafj™,j~)) and impose on
them quantum version of gravity constraints

m constraints are:
Vierate A Ine S/ (+B)”n; = 0 VB; f Ct (geometric sector)
Vitetrate A Ine $/ (Br)"n; = 0 VB f C t (topological sector)
Vierate A Ine€ S/ (v*Br —B)’ny = 0 VB¢ f C t (Immirziv)
= atquantum leveB” — T (or TV) (or +T" + 1T") generators ofo(4)
algebra, act as operators on functions on the group/spivonies

m links of spin network vertices correspond to triangles,eotispin networks
corresponds to tetrahedrxqjuations foB's give operator equations fdrs and
restrictions on representations and intertwiners lafgbipin networks

m from such constrained spin networks construct amplitutiée® five gravity
spin network vertices (corresponding to five tetrahedrsoumiolary of
4-simplex); “glue them together’by tracing out internag¢¢tor) variables in
each common representation space (corresponding tolegaogmmon to two
tetrahedra)— amplitude for 4-simplex/spin foam vertex
Barrett-Crane, Engle-Pereira-Rovelli(-Livine), Endlereira, .....
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IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIiiiiiIIIIIIIIIIIIIIIII

m this methods gives: structure of boundary states, simplesgible vertex
amplitude compatible with symmetries and with constraints

m takes nice care of constraint classes (using Master cam$t(&ngle-Pereira)
m it does not allow to specify the other contributions to thim$pam amplitudes
m it gives:

m geometric sector( — oo): Barrett-Crane vertex

m topological sector{ — 0): EPR vertex

m finite Immirzi parameter: EPRL vertex
m note: from this point of view, nothing wrong with the Barr€itane model
m other method: using coherent stafevine-Speziale, Freidel-Krasnov):

m use coherent states f8pin(4): |j*,j=, (nT,n7))

m coherent state parameters can be identified with classiedtbr variables in mean
values (i, (nt,n=)|(B, T4, BT )i+, j=, (n,n")) = G+, j=n)
thus expected to play the same geometrlc moleemi-classical limit

m idea: express BF spin foam in coherent states and imposddhar3ki constraints
strongly on the coherent state parameters (treating thestassical variables)

m allows gluing performed by identifying “bivector varialslgj™,j—, (n*,n™))
m doubt: CS parameters are not really classical B variables..
m it gives:

m geometric sector: Freidel-Krasnov vertex

m topological sector: EPR vertex
= finite Immirzi parameter: FK vertex (coincides with EPRL fo< 1)
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4D QG FROM NC REPRESENTATION OFGFTs

m Wwe can instead put to use the new non-commutative repregentd GFTs

m transform GFT field for BF theory(g1, 92, g3, 94), with g € Spin(4) into a
field of bivectors:¢(Ba, B2, Bs, Bs) by NC Fourier transform

m 4d gravity: impose constraints on the bivector varialiies- (B;", B;")

easy to do, because they appear as classical variablesplicsthpath integral:
constraints to be imposed strongly by means of delta funstio
geometricity of the tetrahedrdr(< ¢) is imposed by:

simplicity (geometric sectorBk € S ~ SU(2) (normal to tetrahedrot), s.t.
B = -k 'Bfkk VfcCt

closure > 5 B =0

both can be imposed by meanspobjection operators

simplicity:

S = Tl 54;13;%(5;) = [Tt Jsucp dur ey (kB k) ey (By)
closure:C = “§ (cht Bf) " = Jopina G en(B1) en(B2) en(Bs) en(Ba)

note: closure on thB is equivalent to invariance under left shift:
(C * (]5) (Bl7 . B4) = f dgldg4 f dh (JS(hg;L7 ceny hg4) egl(Bl) eg4(B4)
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4D QG FROM NC REPRESENTATION OFGFTs

= we have now to decide how to impose these constraints in tHea@fon

m simplest wayitransform GFT field for BF theory(g1, 92, gs, 94), with
g € Spin(4) into a field of bivectorsi(B1, Bz, B3, B4) by NC Fourier
transform, andmpose both constraints for arbitrary normal vectars

m define field corresponding eometric NC tetrahedron
(I)K(Brv B;_v Bg—v BI) = (SQ * C x ¢) (Bla Bo, Bs, B4)
m consider “projected Ooguri action™:
S#] =5 [ Bl o8l B BB + 5 [ B [ (B B; BB
su(2)
(I)kz(Bj’ B;ra Bérv B?)@@(Bj, B3 ’ BS ) BQ )(I)M(BQ ’ BG ) BZ ) B )©k5(8107 B;a B;ra Bj)

m note:dependence on the normal vectkyrin each field/tetrahedron can be
trivialized, by using the left-shift invariance (project@)

31/38



4D QG FROM NC REPRESENTATION OFGFTs

m amplitudesof the model give again nicemplicial gravity path integral

20 = H/50(4) dB H Spin(4) dh. H(Sl * S o o) (Br) =

H/ dBfH/ dh ] Sl*sn(Bf)*e%T“BfH”

Spin(4)

whereS; = simplicity constraintdor bivectorBs, S = constraints (on the
connection) imposing consistency between simplicity t@irsts and parallel
transport ¢luing constraints- discrete secondary second class constraints
metricity of the connection)

m the same amplitudes can be easily expressed in the spin faesentation
m it givesBarrett-Crane model

m easy to see: because ftiiependence on the normal vecti&rsan be trivialized
the projected fieltPsp(g", 67 ) = [ Jsug) QUi #((ugh,ug)) is a function of

4 copies ofS°, and the sam&® is used in all fields in the action
m this action becomes indeed the usual GFT formulation of tBen®del
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4D QG FROM NC REPRESENTATION OFGFTs

m only problem(from point of view of simplicial geometry) is trivial depdance
of the model on the normals of the tetrahedra:nthemals to the same
tetrahedron, as seen in two different 4-simplices, are watzsied

m need to identify thento define a unique geometry for the tetrahedron in both 4-
simplices (induces additional correlation among 4-siogs)

m coupling of normals is not possible in standard formalism

m strategy(in progress):

m go to extended fielg(By, By, B3, B4; k), with k € S

= use additional projector (to ensure gauge covariance):

(G * q5) (B;]_7 By, B3, Bas; k) = f dhq5(h > By, h> By, >Bs, h>Bg; h> k) with
h € Spin(4)

m can usérinvariance to fixk = | = (1, 0,0, 0); this fixes theS® component of the
connection to be equal tq but leaves free diagonal (with respeckypart=-
projected spin networks

m geometric (NC) tetrahedron noWG * S * C * ¢) (B1, By, B, Bs; k)

m K's are now independent variables, and can be coupled noalyj in particular
can be identified in GFT kinetic term (same normal in bothmgdices)

m note: issue of correct imposition of the constraints in tharqum theory is
purely geometrical, dictated by purely classical consgitiens, as all geometric
variables are present in GFT action and are under control
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4D QG FROM NC REPRESENTATION OFGFTs

Construction and analysis of new model in progress, bueitnsethat:

it hasamplitudes with simplicial gravity path integral form,

with simplicity constraints

as well as secondary constraints ensuring consistencyebataimplicity
constraints and parallel transport,

and dependence on normélsinder control

these constraints are those that allow to solve the commefti the bivectors
(in commutative case) (Bonzom '09)

is based omrojected spin networks

in geometric sector, there are indications that the spimfeartex amplitude is
still the Barrett-Crane one, and that coupling of normaly aiffects other
contributions to total amplitude

thus, even from the point of view of simplicial geometry, rinés nothing wrong
with the Barrett-Crane vertex

in topological sector, there are indications that the spanf vertex amplitude is
the EPR vertex (with boundary states given by puré B3$pin networks)

Immirzi parameter easily introducdny simple modification of projectd®
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CONCLUSIONS

PARTIAL CONCLUSIONS

m new GFT representation realizes explabitality (unification) between
simplicial quantum gravity and spin foam models/LQG

m it allows to keep under control tr@mplicial geometryof spin foam models
directly at GFT level

m it allows to identify and studgymmetrieof the theory, e.g. diffeomorphisms
m it can provide dlux representation for LQG

m it provides a new (purely geometric) framework to constgpih foam
models/simplicial path integrals fdd quantum gravity

m *-product can be of help for relating LQG and GFT in definitidrewolution
operator

m it bringsLQG/simplicial QG in closer contact with non-commutativeognetry
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OuTLOOK

BRIEF OVERVIEW OF OPEN ISSUES

m correct GFT model for 4d quantum gravity

compelling expression as simplicial gravity path integnadd
spin foam representation
space of spin network boundary states (with clear relatidh WQG ones)

m arigorous and physically transparent link between the i@abLQG
framework and the GFT/spin foam one

2nd quantization of spin network wave functions and Foakcstire

derivation of the GFT path integral from LQG using cohergates and new
B-representation

understanding how the dynamics of Hamiltonian/Master taimg is encoded in
GFT action

m classical solutions of GFT equations

find more of them and understand their physical/geometriaring
understand how they correspond to solutions of HamiltdMaster constraint
learn to control and use the GFT tree level expansion to tids e

physical meaning of GFT coupling constant

m control and understanding of GFT Feynman expansion

manifold conditions

divergence of individual diagrams - perturbative renoimadion (results in 3d)
divergence of total sum: Borel summability (results in 3d)

role of topology change, control over sum over topologid¢gysical consequences
physical meaning of coupling constant

a new notion of locality?
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OuTLOOK

BRIEF OVERVIEW OF OPEN ISSUES

m GFT symmetries and simplicial gravity - diffeomorphisms
= understand how diffeo symmetry is implemented/brokenifrestiin 4d gravity
models and how to recover it in some regime
m work at level of simplicial gravity path integral
m develop a systematic analysis of these symmetries (andspideGFT level, using
QFT tools
m the continuum approximation and the link with General Reilgt
physical interpretation of simplicial regime: few sim@gfspin net vertices enough?
use results from simplicial gravity
develop coherent state techniques
study in detail continuum and semi-classical approxinmatibappropriate
observables (e.g. correlations)
m continuum approximation: regime of many GFT particles?
m statistical GFT: phase transitions, GR from GFT hydrodyicaf
= what is the correct GFT vacuum (phase) for recovering caotimgravity as
described by (modified) GR?
m develop methods for extracting effective dynamics arouffdrént vacua
m treat quantum space as a condensed matter system with auprogatomic)
description given by a GFT
m is continuum space a fluid of (very many) spin network/sicgsP
is continuum GR a sort of hydrodynamics for them in such centin/fluid regime?
= physical meaning of GFT coupling constant
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OuTLOOK

Thank you for your attention!
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