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Motivation

Our goal was to
1. Introduce a framework in which one can consider spin foams
without need to use 4d imagination.
2. Find a class of 2-complexes that are best for covariant Loop
Quantum Gravity
While doing this we have also
» Introduced a useful representation of the vertex amplitudes as
contractors

» Found all spin foams with one vertex and with boundary
given by Rovelli's Dipole Cosmology graph.

http://phd-mpd.fuw.edu.pl
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What is an OSN-diagram?

Contractors

OSN-diagram - the definition
OSN-diagram's elements
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The Feynman

Preliminaries: the Hilbert spaces disgramatic o th

spin foam models

In order to define the contractor we need to fix some notions: Jacek Puchta
In case of graphs
> Link Hilbert space: H; := H,,
» Node Hilbert space:

Contractors

Hoo=Tov| &) Heew K Hi| C ® m® QR

£i : n=s(¢;) £ - n=t(¢;) Li: n=s(£ £ n=t(£;)
» Graph Hilbert space Hr := ®ner H, J

In case of 2-complexes
> Face Hilbert space H¢ := H,,
> Edge Hilbert space He := He,v, ® He,v,, Where

Hew =Tov | @ Hr @ Q) Hi | ¢ QHre Q) Hi

fi in f; out fi in f; out

i » Vertex Hilbert space H, := @ "




The definition of a contractor
Definition

A contractor A, of a vertex v is a vector in H}.

Since structure of vertex v may be encoded in a graph I',, (see
[Kaminski,Kisielowski,Lewandowski, arxiv:0909.0939]), we W||| eqU|Va|ent|y Say about
contractors of a graph.

Examples of contractors

1. BF-contractor: Evaluate the spin network at identity - i.e. for each
. A . L
link ¢ (face f) put 50”5 and contract with appropriate indexes of

intertwiners.

2. Euclidean EPRL: inject SU(2) spin network into space of gauge
invariant SO(4) spin networks and then use BF contractor - i.e. for

each link £ instead of (W”AB = 5(@)%‘5 use

A % J_)UC* + Dt*D™
(Y(kf;j;’j[)) cre- one o™ (Y(kz;JZJZ)>B

3. Lorentzian EPRL: inject SU(2) spin network into space of SL(2,C)

spin networks and then use BF contractor - , i.e. instead of

Yoo it i) U5 Yike = (plke) ko))
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. . The Feynman
Operator Spin Foams and Spin Foam Operators — dssamtie o e

B . . Jacek Pucht:
Using the contractors we define an Operator Spin Foam as a FeTan

colored 2-complex: F = (k; p, P, A), where

> p colors faces with representations: f — pr
> P colors edges with operators: e — P.cHe Comtacton
> A colors vertices with contractors: v—=>A eH

Having an Operator Spin Foam we define its Spin Foam Operator

Pr = (QA)A(Q) P - [T A IT A

feEr e€ok

where Ar and A. are respectively the face amplitude and the
boundary edge amplitude.

Let ', be the boundary graph of the spin foam, together with
the induced coloring. The Spin Foam Operator P£ is an element
of dual to the boundary graph Hilbert space:

Pr e HF@H
i INNOVATIVE ECONOMY e b | http://phd-mpd.fuw.edu.pl



The Feynman

Graph diagram - an eXampIe diagramatics for the

spin foam models

Before the strict definition lets see an example Jacek Puchta
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. The Feynman
G ra ph d Iagra m d;zgi;agztmicsmf;;;Ze

Def' n |t|on Jacek Puchta
A graph diagram is given by:

> A set of graphs G = {I'1,...,Tny} (we assume they are closed
and connected)

> A family of relations R defined as follows: S pam =3

definition
> Ruode - @ sSymmetric relation in the set of nodes of the
graphs which we call the node relation, such that each node
n either is in relation with precisely one n’ # n or it is
unrelated (and then it is called boundary node).
Two related nodes must have the same valency.
> Rink - a family of symmetric relations in the set of links of
the graphs which we call collectively the link relation. If a
node n of a graph I/ is in relation with a node n’ of a graph
)7, then one defines a bijective map between
incoming / outgoing links of I'; at n, with
outgoing / incoming links of [';/ at n’; two links identified
with each other by the bijection are called to be in the
relation Rg’r;ﬂ/) at the pair of nodes (n, n’)
A link of T; / T;; which intersects n / n’ twice, emerges in the
i relation twice: once as incoming and once as outgoing link. ) oA




Graph diagram - another example
Another example of graph diagram:
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Operator Spin Network Diagram - an example
Again before the strict definition it is good to see an example. In
fact OSN-diagram is a colored graph diagram:
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Contractors
OSN-diagram - the
definition

OSN-diagi
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Operator Spin Network Diagram

Definition
An Operator Spin Network Diagram is
» A graph diagram D
» A coloring (p, P, A) of elements of D

> p labels links ¢ of the graphs with representations p,
> P labels nodes n of the graphs with operators P, € H, @ H,,

> A labels graphs I with contractors Ar € H; = (®,,€AY Hn)
The coloring is consistent with the relations R, i.e.

/
> [and /" are in relation Ry), at some pair of nodes = p; = py
> nand n’ are in relation Ryode = Pn = Py

http://phd-mpd.fuw.edu.pl
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. The Feynman
The Edge-Relation o Toam s

Jacek Puchta

Despite all the information needed is encoded in R4 and

Rl(ﬂlﬁ s, it is convenient to introduce so called edge- and face-
relations. These new relations are called so, because they will be
used to reconstruct edges and faces of the 2-complex

corresponding to the graph diagram. A

The edge relation Reqge is defined as the extension of Rpoge to
the equivalence relation, i.e.
(nand n" are in Reage) if and only if (n=n") or (n and n" are in
7znode)-
As a result there are two types of equivalence classes of Reqge:
» one element equivalence classes {n} for n being unrelated
with anything by Ryode
» two element equivalence classes {n, n'} for n being related
with n’ by Ryode

http://phd-mpd.fuw.edu.pl
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The Face-Relation

The face relation Riace is fusion of all Rf{;ﬂ/) relation extended to
equivalence relation.

To be specific it is defined as the minimal equivalence relation
with the property that whenever ¢ and ¢’ are in R(” ") velation at
some pair of nodes, they are also in Reace.

There are two main types of equivalence classes of Race
» An equivalence class is called closed iff one may form a series

of its elements, such that: /1 and ¢, are in R(vnl’ni), f5 and /3

link
/
are in Rf"MZ) etc, and ¢, and /; are in Rfi'lfl’(nk)

» An equivalence class is called open iff one may form a series
. . ny,n
of its elements, such that: ¢; and /5 are in Rfuik ) , > and /3
nz,nz

are in Ry, 2%, etc, but there is no such (ny, nj) that ¢, and

(nkvnk)
lyarein Ry %

http://phd-mpd.fuw.edu.pl
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Example of the face relation
An example of equivalence class of the face relation
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From a graph diagram to 2-complex |: Turn your
graphs into squid-graphs
Now we shell see how to construct a 2-complex from an arbitrary

graph diagram.
We do it in four steps

i INNOVATIVE ECONOMY e b | http://phd-mpd.fuw.edu.pl
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From a graph diagram to 2-complex |: Turn your
graphs into squid-graphs
Now we shell see how to construct a 2-complex from an arbitrary
graph diagram.
We do it in four steps

1. Firstly introduce some auxiliary nodes at each graph I € G
turning it into so called squid-graphs.
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The Spin Foam encoded in
OSN-diagram

The boundary spin network
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From a graph diagram to 2-complex Il: Little
balls around each vertex

2. Then shrink each suid graph to a point to obtain a piece of
2-complex corresponding to the little ball around a vertex.

(CO MPAre [Kaminski Kisielowski, Lewandowski, avxiv:0909.0939])
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1 . The Feynman
From a graph diagram to 2-complex IlI: Gluing oo
3. For each pair of nodes n, n’ being in relation Rpode We glue the e e

squids correspinding to the nodes.

The Spin Foam encoded in
OSN-diagram

The boundary spin network




From a graph diagram to 2-complex IV: Erase
what's auxiliary and spell out the coloring

4. And finally we erase the auxiliary nodes and all the traces they
have left, i.e.:

» The VX edges
» The internal NX edges
» The X vertices

» The internal N vertices

]|

The Feynman
diagramatics for the
spin foam models

Jacek Puchta

The Spin Foam encoded in
OSN-di:




. The Feynman
From a graph diagram to 2-complex: summary dgamates o e

Jacek Puchta

We have obtained the 2-complex such that
» For each equivalence class of the face relation Ry,.c. there is a
face. If the equivalence class is open, the face has a boundary
edge.

The Spin Foam encoded in
OSN-diagram

> For each equivalence class of the edge relation Reqge there is
an internal edge. If the equivalence class is one-element, one
of the edge’s ends is a boundary node.

» For each graph of the graph diagram there is an internal
vertex.

The coloring is straightforward.

Claim

We claim that the class of all 2-complexes that may be constructed
in that way is the right class to define the spin foam models.

http://phd-mpd.fuw.edu.pl
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The Feynman

The boundary graph of a graph diagram disgramatcs for the

spin foam models
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One of features of graph-diagram framework is an easy algorithm
to find the boundary graph of the spinfoam corresponding to the
diagram:

v
i INNOUATIV ECONOMY e A http://phd-mpd.Tuw.edu. pl



. The Feynman
The boundary graph of a graph diagram: the dagramatc for the
a |g0r|t hm Jacek Puchta

The algorithm is a simple reflection of the gluing procedure:
1. Turn all the graphs into the squid-graphs

2. Remove all the nodes related with another nodes via R, o4e
relation, together with the squids they belong to

The boundary spin network
3. Glue the remaining halfs of the links according to the Ry
relation

4. Remove the extra nodes i.e. come back to unsquided graph.

i INNOVATIVE ECONOMY e b | http://phd-mpd.fuw.edu.pl
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Examples: writing
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Examples: writing OSN-diagrams
A trivial example
One-vertex-interaction
OSN-diagrams in use: Finding all spin foam applicable to
Dipole Cosmology
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The Feynman

A triVia | examp | e diagramatics for the

spin foam models

As a very first example we are constructing a trivial diagram i.e. Jacek Puchta
the diagram representing a spin foam that does not change the
spin network:

A trivial example

OSN-diagrams in u
Finding all spin foam
applica Dipols

i INNOVATIVE ECONOM) Ddqu edu pl



Construction

To construct such a diagram we firstly introduce a 6-like graph for
each node of the underlying spin network:

nOl]I e”j n'out
U
83 ) 84 7out " ; "
\';4 — % —> Sf; t&
e AV N/
2 N Tin .
3 in

i INNOVATIVE ECONOMY NP
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A trivial example

On




Construction

Then we define the link relation in a way compatible with the
underlying graph. The result can be seen below:

i INNOVATIVE ECONOMY

(/ﬁ

000Y
=

""'W'W-

)
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. . The Feynman
A simp | e extension dfeermies for e

spin foam models

Jacek Puchta

Consider an OSN-diagram from previous example extended by one
additional graph:

\ trivial exampl
One-vertex-interaction
f OSN-diagrams in u:
! m

i INNOVATIVE ECONOMY NP
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A simple extension

Consider an OSN-diagram from previous example extended by one

additional graph:

J

Resulting spin foam has precisely one nontrivial internal vertex

i INNOVATIVE ECONOMY
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The power of the framework
Consider a more complicated example:

.
—"
@y
/

’
i

i INNOVATIVE ECONOMY
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The Feynman

The power of the framework disgramatic o the

spin foam models

Consider a more complicated example: Jacek Puchta

’
i

A trivial example

b %@; i 0l 0 0g

The power of our framework is that
» one can easily find the space of boundary states
» one can easily write down the amplitude

i without need to imagine the underlying 2-complex. N




The Feynman

OSN-diagrams in use: Finding all spin foam e
applicable to Dipole Cosmology

Jacek Puchta

Now we use OSN-diagrams framework to resolve the following

problem:
We want to find spin foams with precisely one interaction vertex

giving the boundary of the Dipole Cosmology spin foam:

I
+

i NCYATIVEECONOMY ar S http://phd-mpd.fuw.edu.pl



The Feynman

Ta Ct I CS diagramatics for the

spin foam models
1. We write the 6-like graphs for the boundary graph Jacek Puchta
2. Since the boundary is fixed, only 4 nodes are unrelated, all
other nodes are related with something
3. Since there is one interaction vertex, there must be one more
graph in the diagram. The interaction graph must have
following properties:
> |t must have 4 nodes, each one being 4-valent.
> If it has any extra nodes, they must be related with each
other within the graph.

OSN-diagrams in use:
Finding all spin foam
applicable to Dipole

_ @ e, Cosmology




Result

First consider the graphs without any extra nodes

)
Y,
4
\ P
\ /
N 1
-~ ® - T~
- N
/ \
! 1
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A trivial example
One-vertex-interaction

OSN-diagrams in use:
Finding all spin foam
applicable to Dipole
Cosmology
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Result

The result is that each graph obtained from four 4-valent squids
giving their hands to each other is a solution.
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The result is that each graph obtained from four 4-valent squids
giving their hands to each other is a solution. o
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The Feynman

More complicated solutions disgramatic o th

spin foam models
If allowed more nodes, all the extra nodes must be related and Jacek Puchta
some internal js may appear (i.e. js that are not determined by

the boundary):

A trivial example
One-vertex-interaction
OSN-diagrams in use:
Finding all spin foam
applicable to Dipole
Cosmology




The Feynman

Genera| SOl Ution dfeermies for e

spin foam models

Jacek Puchta

The method presented above is not limited to the Dipole
Cosmology example.

Given any boundary graph we can construct all OSN-diagrams
corresponding to it

1.
2.

i INNOVATIVE ECONOMY NP

write down the thetas 6 that reconstruct the boundary graph

write down the squids for each node of the boundary graph, OSN-diagrams in use

Finding all spin foam

and then applicable to Dipole

Cosmology

firstly consider all the ways the squids can give their hands to
each other,

. later consider all the ways the squids can be connected, also

through other (arbitrarily complex) graphs, but all the added
nodes must be related within themselves

http://phd-mpd.fuw.edu.pl
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The Feynman
S ummary diagramatics for the

spin foam models
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» A notion of contractors being generalization of vertex
amplitudes.

» A nice diagrammatic framework which allows to encode all —
the spin foam information in graphs equipped with some s st

relations.

v

A proposal for class of 2-complexes appropriate for spin foams

v

A characterization of 1-vertex spin foams with boundary fixed
to be the dipole graph

http://phd-mpd.fuw.edu.pl
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. . The Feynman
Further directions diagramaties for the

spin foam models

Jacek Puchta

» Explicit definition of common spin foam models in terms of
Operator Spin Network Diagrams
i.e. strict formulas for projectors and contractors for
Euclidean and Lorentzian EPRL, ...

» Characterization of 2-complexes not belonging to the
Summary &
proposed class conclusions

» Imposing of cylindrical equivalence relations at the level of
Operator Spin Network Diagrams

» Relation with GFT

» Calculation of amplitudes of the new dipole foams

> Issues of renormalization in case of internal js in Dipole
Cosmology
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The Feynman
diagramatics for the
spin foam models
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Thank you for your attention! J

Summary &
conclusions
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