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Three points about the fate of  black holes



I.  The false dogma 

II.  The A, B and C regions: three distinct physical problems  

III.  The likely scenario 



I.  The false dogma 

The debate on black hole information is confused by a false dogma:  

That the number of internal states of a real black is bounded by the horizon area. 



Event/dynamical (or trapping) horizon  
Thermodynamic/von Neumann entropy 

Boundary/internal  states  
Stationary/evolving black holes’s 

The false dogma leads to a misleadingly strong version of  the holographic hypothesis. 

Without this, there is no BH information puzzle: 

Quantum unitarity and equivalence principle are compatible. 



An trapping horizon is the boundary of the region where the area of outgoing null surfaces decreases

An event horizon is the boundary of the past of future infinity

Physical black holes have a trapping horizon 

Whether or not this horizon is an event  horizon depends on quantum gravity



Onset of quantum gravity regime
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The conclusion that black 
hole horizons are  

event horizons  
is a (wrong) guess about 

quantum gravity! 

Event/dynamical (or trapping) horizon



A nonsense:  
no current physical theory predicts this!

Black   
hole

Quantum 
Transition

Far more plausible

Black   
hole

Quantum 
Transition



The thermodynamic entropy measures the number of accessible states

The von Neumann entropy measures entanglement 
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SvN = �k Tr[⇢A log ⇢A]

Is the von Neumann entropy bounded by the thermodynamic entropy? No, it is not!

Thermodynamic/von Neumann entropy



Heat and work

exchange

B A

The thermodynamical entropy is determined by the number of states of A 
The maximal von Neumann entropy is determined by the number of states of A+B 

For a black hole: A is the region around the horizon 
For a black hole: B is the huge internal region

B A

Entanglement 

interaction

spacelike separation

A simple example of 



States relevant for the thermodynamical entropy

States relevant for the von Neumann entropy

Black   
hole

Quantum 
Transition

Early observer sees the hole near stationary

Late observer sees the information coming out



Event/dynamical (or trapping) horizon  
Thermodynamic/von Neumann entropy 

Boundary/internal  states  
Stationary/evolving black holes’s 

The false dogma leads to a misleadingly strong version of  the holographic hypothesis. 

Without this, there is no BH information puzzle: 

Quantum unitarity and equivalence principle are compatible. 



II.  The A, B and C regions: three distinct physical problems  



The processes in the 3 regions, a, b and c 
are independent from one another.
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An effective-metric
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�⇡

2
<latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit>

0
<latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit>

⇡

2
<latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit><latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit><latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit><latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit>

0
<latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit>

�⇡

2
<latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit>
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⇡

2
<latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit><latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit><latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit><latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit>
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2
<latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit>

0
<latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit>
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<latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit><latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit><latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit><latexit sha1_base64="ML1ZdG02h446wQk0vzXys1CcrKo=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuCpJEXRZdOOygr1AE8pkOmmHTibDzEQooa/hxoUibn0Zd76NkzYLbf1h4OM/53DO/JHkTBvP+3YqG5tb2zvV3dre/sHhkXt80tVppgjtkJSnqh9hTTkTtGOY4bQvFcVJxGkvmt4V9d4TVZql4tHMJA0TPBYsZgQbawVBrDDJA8nmzdrQrXsNbyG0Dn4JdSjVHrpfwSglWUKFIRxrPfA9acIcK8MIp/NakGkqMZniMR1YFDihOswXN8/RhXVGKE6VfcKghft7IseJ1rMksp0JNhO9WivM/2qDzMQ3Yc6EzAwVZLkozjgyKSoCQCOmKDF8ZgETxeytiEywjcHYmIoQ/NUvr0O32fAtP1zVW7dlHFU4g3O4BB+uoQX30IYOEJDwDK/w5mTOi/PufCxbK045cwp/5Hz+AISVkVM=</latexit>

0
<latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit><latexit sha1_base64="v5wm9T5To1mcjaSL42xGnWCjgeo=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LQ5aOsLCw/vzLAzb5AIro3rfjultfWNza3ydmVnd2//oHp41NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Davd55QaR7LRzNN0I/oSPKQM2qs9eBWBtWaW3fnIqvgFVCDQs1B9as/jFkaoTRMUK17npsYP6PKcCZwVumnGhPKJnSEPYuSRqj9bL7pjJxZZ0jCWNknDZm7vycyGmk9jQLbGVEz1su13Pyv1ktNeO1nXCapQckWH4WpICYm+dlkyBUyI6YWKFPc7krYmCrKjA0nD8FbPnkV2hd1z/L9Za1xU8RRhhM4hXPw4AoacAdNaAGDEJ7hFd6cifPivDsfi9aSU8wcwx85nz+tV4zI</latexit>
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2
<latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit><latexit sha1_base64="qMZNHUoggrAYLzsXLTDAu9qvcA4=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEN5aZIuiy6MZlBXuBzlAyaaYNzSRjkimUoc/hxoUibn0Yd76NmXYW2vpD4OM/53BO/jDhTBvX/XbW1jc2t7ZLO+Xdvf2Dw8rRcVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/l9c6EKs2keDTThAYxHgoWMYKNtYJLP1KYZH7CZvVyv1J1a+5caBW8AqpQqNmvfPkDSdKYCkM41rrnuYkJMqwMI5zOyn6qaYLJGA9pz6LAMdVBNj96hs6tM0CRVPYJg+bu74kMx1pP49B2xtiM9HItN/+r9VIT3QQZE0lqqCCLRVHKkZEoTwANmKLE8KkFTBSztyIywjYGY3PKQ/CWv7wK7XrNs/xwVW3cFnGU4BTO4AI8uIYG3EMTWkDgCZ7hFd6cifPivDsfi9Y1p5g5gT9yPn8A79+Rig==</latexit>
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But now it is evident from equation (9) that the so-
lution can be continued past ⌧ = 0 without any loss
of regularity. Expressed in terms of these variables, the
gravitational field evolves regularly past the central sin-
gularity of a black hole, to positive values of ⌧ .

For positive values of ⌧ the geometry determined by
this solution of the gravitational field equations is sim-
ply the time reversal of the black hole interior, namely
a white hole interior, joined to the black hole across the
singularity, as depicted in Figure 3.
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FIG. 3: The interior transition across the A region.

The geometry defined in this way is given by the line
element (3) where the coordinate ⌧ covers the full range
�

p
2m < ⌧ <

p
2m.

For positive and for negative ⌧ this line element defines
a Ricci flat pseudo-Riemannian geometry. Not so for
⌧ = 0 where –for instance– the scalar K

2
⇠ Rµ⌫⇢�R

µ⌫⇢�

constructed by squaring the Riemann tensor, diverges as

K(⌧) ⇠
m

⌧6
. (10)

Because of this divergence, this spacetime is not a Rie-
mannian manifold. However, it is still a metric manifold
and it can be approximated with arbitrary precision by
a genuine (pseudo-) Riemannian manifold.

More precisely, we can can view the metric (3) as a
“distributional Riemannian geometry”, in the following
sense. We say that a distributional Riemannian geome-
try ds on a manifold is the assignment of a length L[�]
to any curve on the manifold, such that there is a one-
parameter family of Riemannian geometries dsl such that
liml!0

R
� dsl = L[�]. The metric (3) is a distributional

geometry in this sense.
In the Section IV we give an explicit example of a one

parameter family of Riemannian metrics dsl converging
to the metric (3) and we argue that dsl can have a direct
physical interpretation in quantum gravity. Before this,
in the next section we study the geodesics that cross the
singularity for the line element (3).

III. GEODESICS CROSSING rs = 0

We study the geodesics of the metric described above
using the relativistic Hamilton-Jacobi formalism. An ad-

vantage of this method is that it does not require us to
think in terms of evolution of the coordinates as func-
tions of an unphysical parameter; rather, it gives us di-
rectly the physical worldline in terms of coordinates as
functions of one another. It gives us directly a gauge
invariant expression for the geodesic.

The relativistic Hamilton-Jacobi approach requires us
to find a three-parameter family of solutions to the
Hamilton-Jacobi equation

g
µ⌫ @S

@xµ

@S

@x⌫
= ", (11)

where S(xµ
, Pa) is Hamilton’s principal function. The

three parameters Pa, a = 1, 2, 3, are integration constants
and " = 1 for massive particles (time-like geodesics)
while " = 0 for massless particles (null geodesics). The
geodesics are directly found by imposing

@S(xµ
, Pa)

@Pa
� Q

a = 0, (12)

where Q
a are the other three integration constants.

Due to the spherical symmetry of the Schwarzschild
spacetime, angular momentum is conserved and the mo-
tions are planar. Without loss of generality we can choose
spherical coordinates such that the motions lie in the
equatorial plane ✓ = ⇡

2 . This e↵ectively reduces the prob-
lem to two dimensions. In the ✓ = ⇡

2 plane, the metric
becomes

ds
2 =

4⌧
4
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dx
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2
, (13)

and the Hamilton-Jacobi equation reads
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Due to spherical symmetry we only need a two-parameter
family of solutions. This is easy to write:

S =Px + L� � 2

Z r
"⌧4 + L2 +

P 2⌧6

2m � ⌧2

d⌧
p

2m � ⌧2
.

It is parametrized by angular momentum L and the con-
served charge P conjugate to the cyclic variable x. Us-
ing (12) we have then the following expressions for the
geodesics

x(⌧) = x0 +

Z
2P ⌧

6

(2m � ⌧2)
3
2

q
"⌧4 + L2 + P 2⌧6

2m�⌧2

d⌧,

�(⌧) = �0 +

Z
2L

p
2m � ⌧2

q
"⌧4 + L2 + P 2⌧6

2m�⌧2

d⌧. (14)

These give the geodesic motions. Notice that the equa-
tions of motion are well defined in ⌧ = 0 since the in-
tegrands are finite. In what follows we will first un-
cover the physical meaning of the conserved charge P

and then solve the integrals explicitly for time-like and
null geodesics under di↵erent assumptions on the con-
served charges P and L.
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u(r, n }=e
(2.4)

In terms ofthese fieldstheLagrangian is
S=f & —g[ —u R+2u(Ba) —4(Bu) —2ue

+Que
(2.5)

Theequations of motionforthisLagrangian aregiven in
Appendix A. Ofcourse, tofind interiorsolutions with
zeromagnetic fieldto matchonto the exterior extremal
dilatonsolution, we setQ =0intheaboveequation.
Thepower series forthefieldso and(t, expanding

from theshell towards theinterior, is

2

u(r, n) =R(~) 1—R(~) [1+f, (r)n +f2(r)n ~

+f3(r)n +
],

o(r, n) =[ln(R (r)}+d, (r)n +d2(~)n
+d3(~)n +

],

(2.6)(2.7)

h(r, n)=1+h&(r)n+h2(r)n +h3(r)n +
g(r, n)=1+g,(r)n+g2(r)n +g3(r)n +

(2.8)(2.9)

Theequations thatwe havetodescribethissystem now
consistoftheequations foruand o., andthestresstensor
equation. Attheboundary ofthecollapsing shellthereis
a nontrivialmatchingequation forthestresstensor com-
ponentToo.
Wewillassumethat theclassicalLagrangian forthe

matterthatconstitutestheshellisoftheform
S =f &gu'[ —(a~)— '—m'~'+

].
(2.10)

Thatis, thematterinthecollapsing shellcouples tothe
dilatonlikesomemassivemodeofthestring. Intherest
frameofthecollapsing shell, thematchingequation
readsMu(r,0) =f Tor, dnE

whichbecomes
21/2 (2. 11)

wherethecoefficientsoftheleading termsaredetermined
by continuity ofP and cracrossthe shell.The metricis
g& =diag[ —h(r,n),g(r, n)], andthecoefficientshave
theexpansion,

tion, butherethedilatondynamicsgives risetoan
infinitesetofsphericallysymmetricsolutionsofthe
sourcefreefieldequations inafiniteregion. Wehave
triedto restrictthesolutionby assuming acosmological
formforthemetricds = —dH+a(r)(dr+rdQ) in-
sidetheshell, butthisisinconsistentwiththefieldequa-
tions.Similarly, anattempt tokeep the three-
dimensionallyconformally Oatformofthemetric, with
conformalfactortiedtothedilaton, isinconsistent.We
havenotbeenabletocomeup withanaturalansatz.
Nonetheless,we believethat smoothsolutionsexist.
There aremany smoothsolutionsof thevacuumfield
equations restrictedtoa manifoldwiththetopology ofa
hemi-three-spherecrosstime.Ourmatching conditions
fixonly thevaluesofthemetric functionsanddilaton
along the timelikeworldlineofthecollapsing shell, leav-
ing theirnormalderivatives undetermined.Thusthere
seemstobeplenty ofroom forpatching inanonsingular
vacuumsolution.
Toobtainsomefeeling forthemotionofthecollapsing

shellwe havemade thefairly arbitraryassumption that

a
fi(r)—

(2.13)

Thisgives usasingle first-orderordinarydifferential
equation forR(r). Thesolutionso obtainedbehaves
likeR(r)=Q+e r',as ~~oo.Wecanthenusethis
solutiontocheckthattheothercoefficientfunctions,to
leadingorder, arewellbehavedforallfinitevaluesof~.
Wecancontinuethisprocedureperturbatively, toverify
thatthecoefficientsintheexpansion inpowers ofnare
smoothfunctionsof~.Ofcourse, thisdemonstrationofa
smoothperturbationexpansion aroundtheshell, doesnot
guarantee theexistenceofaneverywheresmooth solu-
tion.Wecontinuetosearchfora sensibleansatzthatwill
enableustodemonstrateexplicitly theexistenceofa
smoothcollapsing solution,butwefeelconfidentthat
sucha solutionexists.
Thecollapsing solutionthatwehavedescribed,begins

asadimple onAatspace. Atany finitetimeafterits for-
mation,itwillhavethegeometry showninFig. 2.We
willrefertosuchanobject asafinitevolume cornu-
copion. Itisasolutionofthefieldequationsthatisstatic
overmostofspace. Thetimedependenceoccursonly in
thetip ofthehorn.

Mu(r, 0) =R 1—2R R+1 ——R

(2. 12)

Atthispoint we mustbe morespecific aboutthe fields
ontheinterioroftheshell. InEinsteinstheory, there is
auniquespherically symmetricnonsingular vacuum solu-

FIG.2.Instantaneoussnapshot ofacollapsing cornucopion.

7SeeAppendix 8fordetails.
8Thefulldetailsofthe derivationare inAppendix B.
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FIG. 2. The interior geometry of an old black hole: a very
long thin tube, whose length increases and whose radius de-
creases with time. Notice it is finite, unlikely the Einstein-
Rosen bridge.

the two regions A and B where classical general relativity
becomes unreliable.

Region A is characterised by large curvature and covers
the singularity. According to classical general relativity
the singularity never reaches the horizon. (N.B.: Two
lines meeting at the boundary of a conformal diagram
does not mean that they meet in the physical spacetime.)

Region B, instead, surrounds the end of the evapora-
tion, which involves the horizon, and a↵ects what hap-
pens outside the hole. Taking evaporation into account,
the area of the horizon shrinks progressively until reach-
ing region B.

The quantum gravitational e↵ects in regions A and B

are distinct, and confusing them is a source of misun-
derstanding. Notice that a generic spacetime region in
A is spacelike separated and in general very distant from
region B. By locality, there is no reason to expect these
two regions to influence one another.

The quantum gravitational physical process happening
at these two regions must be considered separately.

III. THE A REGION: TRANSITIONING
ACROSS THE SINGULARITY

To study the A region, let us focus on an arbitrary
finite portion of the collapsing interior tube. As we ap-
proach the singularity, the Schwarzschild radius rs, which
is a temporal coordinate inside the hole, decreases and
the curvature increases. When the curvature approaches
Planckian values, the classical approximation becomes
unreliable. Quantum gravity e↵ects are expected to
bound the curvature [8–11, 13–19, 22–24, 27, 29, 64, 65].
Let us see what a bound on the curvature can yield. Fol-
lowing [66], consider the line element

ds
2 = �4(⌧2 + l)2

2m� ⌧2
d⌧

2+
2m� ⌧

2

⌧2 + l
dx

2+(⌧2+l)2d⌦2
, (4)

where l⌧m. This line element defines a genuine Rieman-
nian spacetime, with no divergences and no singularities.
Curvature is bounded. For instance, the Kretschmann

FIG. 3. The transition across the A region.

invariant K ⌘ Rµ⌫⇢�R
µ⌫⇢� is easily computed to be

K(⌧) ⇡ 9 l2 � 24 l⌧2 + 48 ⌧4

(l + ⌧2)8
m

2 (5)

in the large mass limit, which has the finite maximum

K(0) ⇡ 9m2

l6
. (6)

For all the values of ⌧ where l ⌧ ⌧
2
< 2m the line

element is well approximated by taking l = 0 which gives

ds
2 = � 4⌧4

2m� ⌧2
d⌧

2 +
2m� ⌧

2

⌧2
dx

2 + ⌧
4
d⌦2

. (7)

For ⌧ < 0, this is the Schwarzschild metric inside the
black hole, as can be readily seen going to Schwarzschild
coordinates

ts = x, and rs = ⌧
2
. (8)

For ⌧ > 0, this is the Schwarzschild metric inside a white
hole. Thus the metric (4) represents a continuous transi-
tion of the geometry of a black hole into the geometry of
a white hole, across a region of Planckian, but bounded
curvature.
Geometrically, ⌧ = constant (space-like) surfaces foli-

ate the interior of a black hole. Each of these surfaces
has the topology S2 ⇥ R, namely is a long cylinder. As
time passes, the radial size of the cylinder shrinks while
the axis of the cylinder gets stretched. Around ⌧ = 0
the cylinder reaches a minimal size, and then smoothly
bounces back and starts increasing its radial size and
shrinking its length. The cylinder never reaches zero size
but bounces at a small finite radius l. The Ricci tensor
vanishes up to terms O(l/m).
The resulting geometry is depicted in Figure 3. The

region around ⌧ = 0 is the smoothing of the central black
hole singularity at rs = 0.
This geometry can be given a simple physical interpre-

tation. General relativity is not reliable at high curva-
ture, because of quantum gravity. Therefore the “pre-
diction” of the singularity by the classical theory has no
ground. High curvature induces quantum particle cre-
ation, including gravitons, and these can have an e↵ec-
tive energy momentum tensor that back-reacts on the
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Appendix
A.
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field
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the

exterior
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above
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The
equations

that
we have

to
describe

this
system

now
consistofthe

equations
for

u
and

o., and
the

stress
tensor

equation.
Atthe

boundary
ofthe

collapsing
shellthere

is
a nontrivial

matching
equation

forthe
stress

tensor
com-

ponent
Too.

W
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will

assume
that

the
classical

Lagrangian
for

the
matter

thatconstitutes
the

shell
isofthe

form

S =f &
gu'[ —(a~)— '—m'~'+
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(2.10)

That
is, the

matter
in
the

collapsing
shell

couples
to
the

dilaton
like

some
massive

mode
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string.
In
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rest
frame

of
the

collapsing
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the
matching

equation
readsMu(r,0) =f

Tor, dn
E

which
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(2. 11)

where
the

coefficients
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leading
terms

are
determined

by
continuity
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and

cracross
the

shell.
The

metric
is

g&
=diag[ —

h(r,n),g(r, n)], and
the

coefficients
have

the
expansion,

tion,
but

here
the

dilaton
dynamics

gives
rise

to
an

infinite
set

of
spherically

symmetric
solutions

of
the

source
free

field
equations

in
a
finite
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W
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have

tried
to
restrict

the
solution

by
assuming

acosmological
form

for
the

metric
ds = —dH+a(r)
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) in-
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this
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with
the

field
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to
keep
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three-

dimensionally
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metric,
with

conformal
factor

tied
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the

dilaton,
isinconsistent.
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have
not

been
able

to
come

up
with

a
natural

ansatz.
Nonetheless,

we
believe

that
smooth
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exist.

There
are

many
smooth
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of the
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field
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restricted
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with
the

topology
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the
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world
lineofthe

collapsing
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Thus
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seems
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be
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in
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To
obtain

some
feeling

forthe
motion

ofthe
collapsing

shell
we

have
made

the
fairly

arbitrary
assumption

that

a
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This
gives

us
a
single

first-order
ordinary

differential
equation

for
R(r).

The
solution

so
obtained

behaves
likeR(r)=Q+e
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as ~~oo.
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then
use

this
solution

to
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that
the
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coefficient
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well
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for
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that
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The
collapsing
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that

we
have

described,
begins

asadimple
on

Aatspace.
Atany

finite
time

after
its for-

mation,
it
will

have
the
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shown

in
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will
refer
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finite
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Atthis
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undetermined.

Thus
there

seemstobeplenty
ofroom

forpatching
inanonsingular

vacuum
solution.

Toobtain
some

feeling
forthemotion

ofthe
collapsing

shellwe have
made

the
fairly

arbitrary
assumption

that

a
fi(r)—

(2.13)

This
gives

us
a
single

first-order
ordinary

differential
equation

forR(r).
The

solution
so

obtained
behaves

likeR(r)=Q+e
r',

as ~~oo.
We

can
then

use
this

solution
to
check

that
the

other
coefficient

functions,
to

leading
order,

are
wellbehaved

forallfinite
values

of~.
Wecan

continue
this

procedure
perturbatively,

to
verify

that
the

coefficients
in
the

expansion
in
powers

ofnare
smooth

functions
of~.Ofcourse, thisdemonstration

ofa
smooth

perturbation
expansion

around
the

shell, doesnot
guarantee

the
existence

ofan
everywhere

smooth
solu-

tion.
Wecontinue

tosearch
fora sensible

ansatz
that

will
enable

us
to

demonstrate
explicitly

the
existence

ofa
smooth

collapsing
solution,

but
we

feel
confident

that
such

a solution
exists.

The
collapsing

solution
that

wehave
described,

begins
asadimple

on
Aatspace.

Atany
finite

time
afterits for-

mation,
itwill

have
the

geometry
shown

inFig. 2.We
will

refer
to

such
an

object
as
a
finite

volume
cornu-

copion.
Itisasolution

ofthe
field

equations
thatisstatic

overmostofspace.
The

time
dependence

occurs
only

in
thetip ofthehorn.

Mu(r, 0) =R
1—

2R
R
+

1 —
—R

(2. 12)

Atthis
point

we mustbe more
specific

aboutthe
fields

on
the

interior
ofthe

shell.
In
Einstein

stheory,
there

is
aunique

spherically
symmetric

nonsingular
vacuum

solu-

FIG.2.Instantaneous
snapshot

ofacollapsing
cornucopion.
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find
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solutions

with
zero
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the exterior
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solution,
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is
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that
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matterthatconstitutes
theshellisoftheform

S =f &
gu'[ —(a~)— '—m'~'+

].
(2.10)
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FIG. 2. The interior geometry of an old black hole: a very
long thin tube, whose length increases and whose radius de-
creases with time. Notice it is finite, unlikely the Einstein-
Rosen bridge.

the two regions A and B where classical general relativity
becomes unreliable.

Region A is characterised by large curvature and covers
the singularity. According to classical general relativity
the singularity never reaches the horizon. (N.B.: Two
lines meeting at the boundary of a conformal diagram
does not mean that they meet in the physical spacetime.)

Region B, instead, surrounds the end of the evapora-
tion, which involves the horizon, and a↵ects what hap-
pens outside the hole. Taking evaporation into account,
the area of the horizon shrinks progressively until reach-
ing region B.

The quantum gravitational e↵ects in regions A and B

are distinct, and confusing them is a source of misun-
derstanding. Notice that a generic spacetime region in
A is spacelike separated and in general very distant from
region B. By locality, there is no reason to expect these
two regions to influence one another.

The quantum gravitational physical process happening
at these two regions must be considered separately.

III. THE A REGION: TRANSITIONING
ACROSS THE SINGULARITY

To study the A region, let us focus on an arbitrary
finite portion of the collapsing interior tube. As we ap-
proach the singularity, the Schwarzschild radius rs, which
is a temporal coordinate inside the hole, decreases and
the curvature increases. When the curvature approaches
Planckian values, the classical approximation becomes
unreliable. Quantum gravity e↵ects are expected to
bound the curvature [8–11, 13–19, 22–24, 27, 29, 64, 65].
Let us see what a bound on the curvature can yield. Fol-
lowing [66], consider the line element

ds
2 = �4(⌧2 + l)2

2m� ⌧2
d⌧

2+
2m� ⌧

2

⌧2 + l
dx

2+(⌧2+l)2d⌦2
, (4)

where l⌧m. This line element defines a genuine Rieman-
nian spacetime, with no divergences and no singularities.
Curvature is bounded. For instance, the Kretschmann

FIG. 3. The transition across the A region.

invariant K ⌘ Rµ⌫⇢�R
µ⌫⇢� is easily computed to be

K(⌧) ⇡ 9 l2 � 24 l⌧2 + 48 ⌧4

(l + ⌧2)8
m

2 (5)

in the large mass limit, which has the finite maximum

K(0) ⇡ 9m2

l6
. (6)

For all the values of ⌧ where l ⌧ ⌧
2
< 2m the line

element is well approximated by taking l = 0 which gives

ds
2 = � 4⌧4

2m� ⌧2
d⌧

2 +
2m� ⌧

2

⌧2
dx

2 + ⌧
4
d⌦2

. (7)

For ⌧ < 0, this is the Schwarzschild metric inside the
black hole, as can be readily seen going to Schwarzschild
coordinates

ts = x, and rs = ⌧
2
. (8)

For ⌧ > 0, this is the Schwarzschild metric inside a white
hole. Thus the metric (4) represents a continuous transi-
tion of the geometry of a black hole into the geometry of
a white hole, across a region of Planckian, but bounded
curvature.
Geometrically, ⌧ = constant (space-like) surfaces foli-

ate the interior of a black hole. Each of these surfaces
has the topology S2 ⇥ R, namely is a long cylinder. As
time passes, the radial size of the cylinder shrinks while
the axis of the cylinder gets stretched. Around ⌧ = 0
the cylinder reaches a minimal size, and then smoothly
bounces back and starts increasing its radial size and
shrinking its length. The cylinder never reaches zero size
but bounces at a small finite radius l. The Ricci tensor
vanishes up to terms O(l/m).
The resulting geometry is depicted in Figure 3. The

region around ⌧ = 0 is the smoothing of the central black
hole singularity at rs = 0.
This geometry can be given a simple physical interpre-

tation. General relativity is not reliable at high curva-
ture, because of quantum gravity. Therefore the “pre-
diction” of the singularity by the classical theory has no
ground. High curvature induces quantum particle cre-
ation, including gravitons, and these can have an e↵ec-
tive energy momentum tensor that back-reacts on the
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u(r, n }=e
(2.4)

In terms ofthese fieldstheLagrangian
is

S=f & —g[ —
u R+2u

(Ba) —4(Bu) —2u
e

+Que
(2.5)

Theequations of motion
forthisLagrangian

aregiven
in

Appendix
A. Ofcourse, to

find
interior

solutions
with

zero
magnetic

fieldto match
onto

the exterior extremal
dilaton

solution, we setQ =0intheaboveequation.
The

power
series

forthe
fields

o
and

(t, expanding
from

theshell towards theinterior, is

2

u(r, n) =R(~) 1—R(~)
[1+f, (r)n +f2(r)n

~

+f3(r)n +
],

o(r, n) =[ln(R (r)}+d, (r)n +d2(~)n
+d3(~)n +

],

(2.6)

(2.7)

h(r, n)=1+h&(r)n+h2(r)n
+h3(r)n +

g(r, n)=1+g,(r)n+g2(r)n
+g3(r)n +

(2.8)

(2.9)

Theequations
thatwe havetodescribethissystem

now
consistoftheequations

foruand o., andthestresstensor
equation.

Attheboundary
ofthecollapsing

shellthereis
a nontrivial

matching
equation

forthestresstensor com-
ponent

Too.
Wewillassume

that theclassicalLagrangian
forthe

matterthatconstitutes
theshellisoftheform

S =f &
gu'[ —(a~)— '—m'~'+

].
(2.10)

Thatis, thematter
inthecollapsing

shellcouples tothe
dilaton

likesomemassive
modeofthestring.

Intherest
frame

ofthe
collapsing

shell,
the

matching
equation

readsMu(r,0) =f
Tor, dn
E

whichbecomes
2

1/2 (2. 11)

wherethecoefficientsoftheleading
termsaredetermined

by continuity
ofP and

cracrossthe shell.The metric
is

g& =diag[ —
h(r,n),g(r, n)], and

the
coefficients

have
theexpansion,

tion,
but

here
the

dilaton
dynamics

gives
riseto

an
infinite

setofspherically
symmetric

solutions
ofthe

source
free

field
equations

inafinite
region.

Wehave
triedto restrictthesolution

by assuming
acosmological

form
forthemetric

ds = —dH+a(r)(dr+rdQ
) in-

sidetheshell, butthisisinconsistent
with

thefieldequa-
tions.

Similarly,
an

attempt
to

keep
the

three-
dimensionally

conformally
Oatform

ofthemetric, with
conformalfactortiedtothedilaton,

isinconsistent.
We

have
notbeen

abletocome
up

with
anatural

ansatz.
Nonetheless,

we
believe

that
smooth

solutions
exist.

There
are

many
smooth

solutions
of the

vacuum
field

equations
restricted

toa manifold
withthetopology

ofa
hemi-three-sphere

crosstime.
Ourmatching

conditions
fixonly

the
valuesofthemetric

functions
and

dilaton
along

the timelike
world

lineofthecollapsing
shell, leav-

ing
their

normal
derivatives

undetermined.
Thus

there
seemstobeplenty ofroom

forpatching
inanonsingular

vacuum
solution.

Toobtain
somefeeling forthemotionofthecollapsing

shellwe havemade thefairly arbitrary
assumption

that

a
fi(r)—

(2.13)

This
gives

usa
single

first-order
ordinary

differential
equation

forR(r).
Thesolution

so obtained
behaves

likeR(r)=Q+e
r',as ~~oo.

Wecan
then

use
this

solution
tocheckthattheothercoefficientfunctions,

to
leading

order, arewellbehaved
forallfinitevaluesof~.

Wecancontinue
thisprocedure

perturbatively,
toverify

thatthecoefficients
intheexpansion

inpowers ofnare
smooth

functionsof~.Ofcourse, thisdemonstration
ofa

smooth
perturbation

expansion
around

theshell, doesnot
guarantee

theexistence
ofan

everywhere
smooth

solu-
tion.Wecontinue

tosearchfora sensibleansatzthatwill
enable

usto
demonstrate

explicitly
the

existence
ofa

smooth
collapsing

solution,
but

we
feelconfident

that
sucha solution

exists.
Thecollapsing

solution
thatwehavedescribed,begins

asadimple
onAatspace. Atany finitetimeafterits for-

mation,
itwillhave

thegeometry
shown

inFig. 2.We
willreferto

such
an

object asafinite
volume

cornu-
copion. Itisasolutionofthefieldequations

thatisstatic
overmostofspace. Thetimedependence

occursonly
in

thetip ofthehorn.

Mu(r, 0) =R
1—2R

R+
1 ——R

(2. 12)

Atthispoint we mustbe morespecific aboutthe fields
ontheinterioroftheshell.

InEinstein
stheory, there

is
aunique

spherically
symmetric

nonsingular
vacuum

solu-

FIG.2.Instantaneous
snapshot ofacollapsing

cornucopion.
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u(r, n }=e
(2.4)

In terms ofthese fieldstheLagrangian
is

S=f & —g[ —u R+2u(Ba) —4(Bu) —2ue
+Que

(2.5)

Theequations of motionforthisLagrangian
aregiven in

Appendix
A. Ofcourse, tofind interiorsolutions

with
zeromagnetic

fieldto matchonto the exterior extremal
dilatonsolution, we setQ =0intheaboveequation.
Thepower series forthefieldso and

(t, expanding
from theshell towards theinterior, is
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u(r, n) =R(~) 1—R(~) [1+f, (r)n +f2(r)n
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+f3(r)n +
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(2.6)
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h(r, n)=1+h&(r)n+h2(r)n
+h3(r)n +

g(r, n)=1+g,(r)n+g2(r)n
+g3(r)n +

(2.8)
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Theequations thatwe havetodescribethissystem
now

consistoftheequations foruand o., andthestresstensor
equation. Attheboundary ofthecollapsing

shellthereis
a nontrivialmatching

equation forthestresstensor com-
ponentToo.
Wewillassumethat theclassicalLagrangian

forthe
matterthatconstitutestheshellisoftheform

S =f &
gu'[ —(a~)— '—m'~'+

].
(2.10)

Thatis, thematterinthecollapsing
shellcouples tothe

dilatonlikesomemassivemodeofthestring. Intherest
frameofthe

collapsing
shell, the

matching
equation

readsMu(r,0) =f
Tor, dn
E

whichbecomes
2

1/2 (2. 11)

wherethecoefficientsoftheleading termsaredetermined
by continuity

ofP and
cracrossthe shell.The metricis

g& =diag[ —h(r,n),g(r, n)], andthecoefficientshave
theexpansion,

tion, butherethedilaton
dynamics

gives risetoan
infinite

setofspherically
symmetric

solutions
ofthe

sourcefreefieldequations
inafiniteregion.

Wehave
triedto restrictthesolution

by assuming
acosmological

form
forthemetricds = —dH+a(r)(dr+rdQ

) in-
sidetheshell, butthisisinconsistent

withthefieldequa-
tions.

Similarly,
an

attempt
to

keep
the

three-
dimensionally

conformally
Oatformofthemetric, with

conformalfactortiedtothedilaton, isinconsistent.
We

havenotbeenabletocomeup with
anaturalansatz.

Nonetheless,
we believe

that smooth
solutions

exist.
There aremany

smooth
solutionsof thevacuum

field
equations restrictedtoa manifold

withthetopology ofa
hemi-three-sphere

crosstime.Ourmatching
conditions

fixonly thevaluesofthemetric functions
anddilaton

along the timelikeworldlineofthecollapsing
shell, leav-

ing theirnormalderivatives
undetermined.

Thusthere
seemstobeplenty ofroom forpatching

inanonsingular
vacuum

solution.
Toobtainsomefeeling forthemotionofthecollapsing

shellwe havemade thefairly arbitrary
assumption

that

a
fi(r)—

(2.13)

Thisgives
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first-order
ordinary

differential
equation

forR(r).
Thesolution

so obtained
behaves

likeR(r)=Q+e
r',as ~~oo.Wecanthen

usethis
solutiontocheckthattheothercoefficientfunctions,to
leadingorder, arewellbehaved

forallfinitevaluesof~.
Wecancontinue

thisprocedure
perturbatively,

toverify
thatthecoefficientsintheexpansion

inpowers ofnare
smoothfunctionsof~.Ofcourse, thisdemonstration

ofa
smoothperturbation

expansion aroundtheshell, doesnot
guarantee

theexistenceofaneverywhere
smooth

solu-
tion.Wecontinuetosearchfora sensibleansatzthatwill
enable

ustodemonstrate
explicitly

theexistenceofa
smooth

collapsing
solution,butwefeelconfidentthat

sucha solutionexists.
Thecollapsing

solutionthatwehavedescribed,begins
asadimple onAatspace. Atany finitetimeafterits for-
mation,itwillhavethegeometry

shown
inFig. 2.We

willrefertosuch
anobject asafinitevolume

cornu-
copion. Itisasolutionofthefieldequationsthatisstatic
overmostofspace. Thetimedependence

occursonly in
thetip ofthehorn.
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Atthispoint we mustbe morespecific aboutthe fields
ontheinterioroftheshell. InEinstein
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(2.4)

In terms ofthese fieldstheLagrangian
is

S=f & —g[ —u R+2u(Ba) —4(Bu) —2u
e

+Que
(2.5)

Theequations of motionforthisLagrangian
aregiven

in
Appendix
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solutions

with
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series forthe
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and
(t, expanding

from
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+h3(r)n +

g(r, n)=1+g,(r)n+g2(r)n
+g3(r)n +

(2.8)

(2.9)

Theequations thatwe havetodescribethissystem
now

consistoftheequations foruand o., andthestresstensor
equation.

Attheboundary
ofthecollapsing

shellthereis
a nontrivial

matching
equation

forthestresstensor com-
ponentToo.
Wewillassume

that theclassicalLagrangian
forthe

matterthatconstitutestheshellisoftheform
S =f &

gu'[ —(a~)— '—m'~'+
].
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shellcouples tothe

dilaton
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collapsing
shell, the
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equation
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by continuity
ofP and
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is

g& =diag[ —h(r,n),g(r, n)], andthecoefficients
have
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tion, buthere
the

dilaton
dynamics

gives
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an
infinite
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symmetric

solutions
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sourcefreefieldequations
inafiniteregion.

Wehave
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by assuming
acosmological

form
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) in-
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tions.
Similarly,

an
attempt

to
keep

the
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that
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that
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u(r, n }=e
(2.4)
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(2.5)
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~

+f3(r)n +
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(2.6)

(2.7)
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(2.8)

(2.9)
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FIG. 2. The interior geometry of an old black hole: a very
long thin tube, whose length increases and whose radius de-
creases with time. Notice it is finite, unlikely the Einstein-
Rosen bridge.

the two regions A and B where classical general relativity
becomes unreliable.

Region A is characterised by large curvature and covers
the singularity. According to classical general relativity
the singularity never reaches the horizon. (N.B.: Two
lines meeting at the boundary of a conformal diagram
does not mean that they meet in the physical spacetime.)

Region B, instead, surrounds the end of the evapora-
tion, which involves the horizon, and a↵ects what hap-
pens outside the hole. Taking evaporation into account,
the area of the horizon shrinks progressively until reach-
ing region B.

The quantum gravitational e↵ects in regions A and B

are distinct, and confusing them is a source of misun-
derstanding. Notice that a generic spacetime region in
A is spacelike separated and in general very distant from
region B. By locality, there is no reason to expect these
two regions to influence one another.

The quantum gravitational physical process happening
at these two regions must be considered separately.

III. THE A REGION: TRANSITIONING
ACROSS THE SINGULARITY

To study the A region, let us focus on an arbitrary
finite portion of the collapsing interior tube. As we ap-
proach the singularity, the Schwarzschild radius rs, which
is a temporal coordinate inside the hole, decreases and
the curvature increases. When the curvature approaches
Planckian values, the classical approximation becomes
unreliable. Quantum gravity e↵ects are expected to
bound the curvature [8–11, 13–19, 22–24, 27, 29, 64, 65].
Let us see what a bound on the curvature can yield. Fol-
lowing [66], consider the line element

ds
2 = �4(⌧2 + l)2

2m� ⌧2
d⌧

2+
2m� ⌧

2

⌧2 + l
dx

2+(⌧2+l)2d⌦2
, (4)

where l⌧m. This line element defines a genuine Rieman-
nian spacetime, with no divergences and no singularities.
Curvature is bounded. For instance, the Kretschmann

FIG. 3. The transition across the A region.

invariant K ⌘ Rµ⌫⇢�R
µ⌫⇢� is easily computed to be

K(⌧) ⇡ 9 l2 � 24 l⌧2 + 48 ⌧4

(l + ⌧2)8
m

2 (5)

in the large mass limit, which has the finite maximum

K(0) ⇡ 9m2

l6
. (6)

For all the values of ⌧ where l ⌧ ⌧
2
< 2m the line

element is well approximated by taking l = 0 which gives

ds
2 = � 4⌧4

2m� ⌧2
d⌧

2 +
2m� ⌧

2

⌧2
dx

2 + ⌧
4
d⌦2

. (7)

For ⌧ < 0, this is the Schwarzschild metric inside the
black hole, as can be readily seen going to Schwarzschild
coordinates

ts = x, and rs = ⌧
2
. (8)

For ⌧ > 0, this is the Schwarzschild metric inside a white
hole. Thus the metric (4) represents a continuous transi-
tion of the geometry of a black hole into the geometry of
a white hole, across a region of Planckian, but bounded
curvature.
Geometrically, ⌧ = constant (space-like) surfaces foli-

ate the interior of a black hole. Each of these surfaces
has the topology S2 ⇥ R, namely is a long cylinder. As
time passes, the radial size of the cylinder shrinks while
the axis of the cylinder gets stretched. Around ⌧ = 0
the cylinder reaches a minimal size, and then smoothly
bounces back and starts increasing its radial size and
shrinking its length. The cylinder never reaches zero size
but bounces at a small finite radius l. The Ricci tensor
vanishes up to terms O(l/m).
The resulting geometry is depicted in Figure 3. The

region around ⌧ = 0 is the smoothing of the central black
hole singularity at rs = 0.
This geometry can be given a simple physical interpre-

tation. General relativity is not reliable at high curva-
ture, because of quantum gravity. Therefore the “pre-
diction” of the singularity by the classical theory has no
ground. High curvature induces quantum particle cre-
ation, including gravitons, and these can have an e↵ec-
tive energy momentum tensor that back-reacts on the
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B<latexit sha1_base64="q3UkbeOqDU4HAYkKGqHEVoNcEg0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMdgLh4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZNaPYI5qvfLFb/qz4FWSZCTCuRo9MtfvYEiqaDSEo6N6QZ+YsMMa8sIp9NSLzU0wWSMh7TrqMSCmjCbXztFZ04ZoFhpV9Kiufp7IsPCmImIXKfAdmSWvZn4n9dNbXwTZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBVdW/v6zUbvM4inACp3AOAVxDDe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MH3mOOqg==</latexit>

C

<latexit sha1_base64="4i30PbSq+9MTPKS6tTIgEunwWmE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeqF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoduq3npg2XMkHO05YEJOB5BGnxDqp2aVE4OteueJVvRnwMvFzUoEc9V75q9tXNI2ZtFQQYzq+l9ggI9pyKtik1E0NSwgdkQHrOCpJzEyQza6d4BOn9HGktCtp8Uz9PZGR2JhxHLrOmNihWfSm4n9eJ7XRVZBxmaSWSTpfFKUCW4Wnr+M+14xaMXaEUM3drZgOiSbUuoBKLgR/8eVl0jyr+hdV7/68UrvJ4yjCERzDKfhwCTW4gzo0gMIjPMMrvCGFXtA7+pi3FlA+cwh/gD5/ANtbjqg=</latexit>

A
<latexit sha1_base64="LExoFNviqDncrHMPCOXifGEWKJ4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1egRzVO+XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vgmzJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDq6p/f1mp1fM4inACp3AOAVxDDe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MH3N+OqQ==</latexit>

B<latexit sha1_base64="q3UkbeOqDU4HAYkKGqHEVoNcEg0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMdgLh4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZNaPYI5qvfLFb/qz4FWSZCTCuRo9MtfvYEiqaDSEo6N6QZ+YsMMa8sIp9NSLzU0wWSMh7TrqMSCmjCbXztFZ04ZoFhpV9Kiufp7IsPCmImIXKfAdmSWvZn4n9dNbXwTZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBVdW/v6zUbvM4inACp3AOAVxDDe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MH3mOOqg==</latexit>

C

<latexit sha1_base64="4i30PbSq+9MTPKS6tTIgEunwWmE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeqF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoduq3npg2XMkHO05YEJOB5BGnxDqp2aVE4OteueJVvRnwMvFzUoEc9V75q9tXNI2ZtFQQYzq+l9ggI9pyKtik1E0NSwgdkQHrOCpJzEyQza6d4BOn9HGktCtp8Uz9PZGR2JhxHLrOmNihWfSm4n9eJ7XRVZBxmaSWSTpfFKUCW4Wnr+M+14xaMXaEUM3drZgOiSbUuoBKLgR/8eVl0jyr+hdV7/68UrvJ4yjCERzDKfhwCTW4gzo0gMIjPMMrvCGFXtA7+pi3FlA+cwh/gD5/ANtbjqg=</latexit>

A
<latexit sha1_base64="LExoFNviqDncrHMPCOXifGEWKJ4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1egRzVO+XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vgmzJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDq6p/f1mp1fM4inACp3AOAVxDDe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MH3N+OqQ==</latexit>

B<latexit sha1_base64="q3UkbeOqDU4HAYkKGqHEVoNcEg0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMdgLh4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjSuz/z2E9WGKflgJwkNBR5KFjOCrZNaPYI5qvfLFb/qz4FWSZCTCuRo9MtfvYEiqaDSEo6N6QZ+YsMMa8sIp9NSLzU0wWSMh7TrqMSCmjCbXztFZ04ZoFhpV9Kiufp7IsPCmImIXKfAdmSWvZn4n9dNbXwTZkwmqaWSLBbFKUdWodnraMA0JZZPHMFEM3crIiOsMbEuoJILIVh+eZW0LqrBVdW/v6zUbvM4inACp3AOAVxDDe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MH3mOOqg==</latexit>

C

• Black to white transition of a charged black hole  
Antoine Rignon-Bret, Carlo Rovelli, :2108.12823



<latexit sha1_base64="4Pj7q1J6gE3aq3CEg1Y1QZt2MTE=">AAAB9HicbVA9TwJBEN3DL8Qv1NJmIzGxIndi1MKCYEOJiXwkcJK9ZYENu3vn7hwJufA7bCw0xtYfY+e/cYErFHzJJC/vzWRmXhAJbsB1v53M2vrG5lZ2O7ezu7d/kD88apgw1pTVaShC3QqIYYIrVgcOgrUizYgMBGsGo7uZ3xwzbXioHmASMV+SgeJ9TglYye8AibtJpTq9lY+lbr7gFt058CrxUlJAKWrd/FenF9JYMgVUEGPanhuBnxANnAo2zXViwyJCR2TA2pYqIpnxk/nRU3xmlR7uh9qWAjxXf08kRBozkYHtlASGZtmbif957Rj6N37CVRQDU3SxqB8LDCGeJYB7XDMKYmIJoZrbWzEdEk0o2JxyNgRv+eVV0rgoelfF0v1loVxJ48iiE3SKzpGHrlEZVVEN1RFFT+gZvaI3Z+y8OO/Ox6I146Qzx+gPnM8fQZCRxQ==</latexit>

⌧BH < m3From HR theory:

There is an argument for 
<latexit sha1_base64="s4OFJHbZEGGsMwlc3iZds48Apxs=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpyopCDhW5dJjkehDakLkuE5r1XYi2wFVoZ/ChQMIceVLuPE3uG0O0DLSSqOZXe3uhAmjSjvOt1VYW9/Y3Cpul3Z29/YP7PJhR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wfDPzuw9EKhqLOz1JiM/RUNCIYqSNFNhlT6M0yBrNqacoh/y+FtgVp+rMAVeJm5MKyNEK7C9vEOOUE6ExQ0r1XSfRfoakppiRaclLFUkQHqMh6RsqECfKz+anT+GpUQYwiqUpoeFc/T2RIa7UhIemkyM9UsveTPzP66c6uvYzKpJUE4EXi6KUQR3DWQ5wQCXBmk0MQVhScyvEIyQR1iatkgnBXX55lXRqVfeyen57Uak38jiK4BicgDPggitQB03QAm2AwSN4Bq/gzXqyXqx362PRWrDymSPwB9bnD7aLk6Y=</latexit>

⌧BH ⇠ m2 <latexit sha1_base64="3JofraAj52kT/oOyjbM9ryP/ExI=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KomKuix102UV+4AmhMl00g6dmYSZiVBCwI2/4saFIm79CXf+jdM2C209cOFwzr3ce0+YMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxzdTPzOA5GKxuJejxPiczQQNKIYaSMF9mHmYcTgXe5BT6M0yOqNHHqKcugGdsWpOlPAReIWpAIKNAP7y+vHOOVEaMyQUj3XSbSfIakpZiQve6kiCcIjNCA9QwXiRPnZ9IccnhilD6NYmhIaTtXfExniSo15aDo50kM1703E/7xeqqNrP6MiSTUReLYoShnUMZwEAvtUEqzZ2BCEJTW3QjxEEmFtYiubENz5lxdJ+6zqXlbPby8qtXoRRwkcgWNwClxwBWqgAZqgBTB4BM/gFbxZT9aL9W59zFqXrGLmAPyB9fkDei2Wxg==</latexit>R ⌧BH ⇠ 1
<latexit sha1_base64="kw20LE1HvZIiAEJUeZ6q0pCwMZI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btbhJ2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4bua3n1BpHkcPZpKgL+kw4iFn1FipIfvlilt15yCrxMtJBXLU++Wv3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtjahE7WfzQ6fkzCoDEsbKVmTIXP09kVGp9UQGtlNSM9LL3kz8z+umJrzxMx4lqcGILRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB1zOM9g==</latexit>m

<latexit sha1_base64="nwo8vUd2RXj8vcF4zUw27CVefSs=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOplx4r2FppQ9lsN+3S3STsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpYh4CwVK3kk0pyqQ/CEY3878hyeujYije5wk3Fd0GIlQMIpWeuwhTftZvTHtlytu1Z2DrBIvJxXI0eyXv3qDmKWKR8gkNabruQn6GdUomOTTUi81PKFsTIe8a2lEFTd+Nj94Ss6sMiBhrG1FSObq74mMKmMmKrCdiuLILHsz8T+vm2J442ciSlLkEVssClNJMCaz78lAaM5QTiyhTAt7K2EjqilDm1HJhuAtv7xK2hdV76rq3l1WavU8jiKcwCmcgwfXUIMGNKEFDBQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fwKGQYA==</latexit>⌧BH

<latexit sha1_base64="I1VIjdLXmpsWYFMW2SbHzLqZzbQ=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRS48V7Ie0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUkS8iQIl7ySaUxVI3g7GdzO//cS1EXH0gJOE+4oOIxEKRtFKjz2kaT9r16f9csWtunOQVeLlpAI5Gv3yV28Qs1TxCJmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LY2o4sbP5gdPyZlVBiSMta0IyVz9PZFRZcxEBbZTURyZZW8m/ud1Uwxv/ExESYo8YotFYSoJxmT2PRkIzRnKiSWUaWFvJWxENWVoMyrZELzll1dJ66LqXVXd+8tK7TaPowgncArn4ME11KAODWgCAwXP8ApvjnZenHfnY9FacPKZY/gD5/MH4J+QdQ==</latexit>⌧WH

<latexit sha1_base64="UOwwWZ2eECezl5TyWwZQ5Kc0ruw=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvtpF262cTd2UIJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZemAqu0fO+ncLa+sbmVnG7tLO7t39QPjxq6sQoBg2WiES1Q6pBcAkN5CignSqgcSigFY7uZn5rDErzRD7iJIUgpgPJI84oWinoIjW9DI2UIKa9csWrenO4q8TPSYXkqPfKX91+wkwMEpmgWnd8L8Ugowo5EzAtdY2GlLIRHUDHUklj0EE2P3rqnlml70aJsiXRnau/JzIaaz2JQ9sZUxzqZW8m/ud1DEY3QcZlahAkWyyKjHAxcWcJuH2ugKGYWEKZ4vZWlw2pogxtTiUbgr/88ippXlT9q6r3cFmp3eZxFMkJOSXnxCfXpEbuSZ00CCNP5Jm8kjdn7Lw4787HorXg5DPH5A+czx+BVpKU</latexit>⌧tunnel

<latexit sha1_base64="ZYX80wrfQfnSkp+kpgXOqmBfyGU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeglxwjmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+m/ntJ6oNU/LBThIaCjyULGYEWye1RD9r16f9csWv+nOgVRLkpAI5Gv3yV2+gSCqotIRjY7qBn9gww9oywum01EsNTTAZ4yHtOiqxoCbM5tdO0ZlTBihW2pW0aK7+nsiwMGYiItcpsB2ZZW8m/ud1UxvfhBmTSWqpJItFccqRVWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrYtqcFX17y8rtds8jiKcwCmcQwDXUIM6NKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AI7Tjx4=</latexit>mWH

<latexit sha1_base64="JY0nrdEGGJvCcDzXBPcKe5CisBI=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9RjiJccI5gHJEmYns8mYeSwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzfz2E9WGKflgJwkNBR5KFjOCrZNaop/V6tN+qexX/DnQKglyUoYcjX7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vw4zJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUluK7491flai2PowCncAYXEMANVKEODWgCgUd4hld485T34r17H4vWNS+fOYE/8D5/AG7Vjwk=</latexit>mBH

<latexit sha1_base64="xxbGt4UTkHGjOVyEqwXa3Y8HtmY=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5JIUY9FLz1WsB/QxrDZbtqlu0nY3Sgl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbRXW1jc2t4rbpZ3dvf0Du3zYVnEqCW2RmMeyG2BFOYtoSzPNaTeRFIuA004wvpn5nQcqFYujOz1JqCfwMGIhI1gbybfLfY1TP+s0pn3FBBL3Nd+uOFVnDrRK3JxUIEfTt7/6g5ikgkaacKxUz3US7WVYakY4nZb6qaIJJmM8pD1DIyyo8rL56VN0apQBCmNpKtJorv6eyLBQaiIC0ymwHqllbyb+5/VSHV55GYuSVNOILBaFKUc6RrMc0IBJSjSfGIKJZOZWREZYYqJNWiUTgrv88ippn1fdi6pzW6vUr/M4inAMJ3AGLlxCHRrQhBYQeIRneIU368l6sd6tj0VrwcpnjuAPrM8f2UOTug==</latexit>

⌧WH ⇠ m4From information arguments:

Covariant LQG 
Can in principle be used to compute  

the tunnelling probability

• The End of a Black Hole's Evaporation, F D'Ambrosio, M Christodoulou, P Martin-Dussaud, C  
R, F Soltani, (2021) 2009.05016



III.  The likely scenario 

At the end of its life, a black hole quantum tunnels into an anti-trapped spacetime region (or “white 
hole”). 



<latexit sha1_base64="4Pj7q1J6gE3aq3CEg1Y1QZt2MTE=">AAAB9HicbVA9TwJBEN3DL8Qv1NJmIzGxIndi1MKCYEOJiXwkcJK9ZYENu3vn7hwJufA7bCw0xtYfY+e/cYErFHzJJC/vzWRmXhAJbsB1v53M2vrG5lZ2O7ezu7d/kD88apgw1pTVaShC3QqIYYIrVgcOgrUizYgMBGsGo7uZ3xwzbXioHmASMV+SgeJ9TglYye8AibtJpTq9lY+lbr7gFt058CrxUlJAKWrd/FenF9JYMgVUEGPanhuBnxANnAo2zXViwyJCR2TA2pYqIpnxk/nRU3xmlR7uh9qWAjxXf08kRBozkYHtlASGZtmbif957Rj6N37CVRQDU3SxqB8LDCGeJYB7XDMKYmIJoZrbWzEdEk0o2JxyNgRv+eVV0rgoelfF0v1loVxJ48iiE3SKzpGHrlEZVVEN1RFFT+gZvaI3Z+y8OO/Ox6I146Qzx+gPnM8fQZCRxQ==</latexit>

⌧BH < m3From HR theory:

There is an argument for 
<latexit sha1_base64="s4OFJHbZEGGsMwlc3iZds48Apxs=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpyopCDhW5dJjkehDakLkuE5r1XYi2wFVoZ/ChQMIceVLuPE3uG0O0DLSSqOZXe3uhAmjSjvOt1VYW9/Y3Cpul3Z29/YP7PJhR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wfDPzuw9EKhqLOz1JiM/RUNCIYqSNFNhlT6M0yBrNqacoh/y+FtgVp+rMAVeJm5MKyNEK7C9vEOOUE6ExQ0r1XSfRfoakppiRaclLFUkQHqMh6RsqECfKz+anT+GpUQYwiqUpoeFc/T2RIa7UhIemkyM9UsveTPzP66c6uvYzKpJUE4EXi6KUQR3DWQ5wQCXBmk0MQVhScyvEIyQR1iatkgnBXX55lXRqVfeyen57Uak38jiK4BicgDPggitQB03QAm2AwSN4Bq/gzXqyXqx362PRWrDymSPwB9bnD7aLk6Y=</latexit>

⌧BH ⇠ m2 <latexit sha1_base64="3JofraAj52kT/oOyjbM9ryP/ExI=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KomKuix102UV+4AmhMl00g6dmYSZiVBCwI2/4saFIm79CXf+jdM2C209cOFwzr3ce0+YMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxzdTPzOA5GKxuJejxPiczQQNKIYaSMF9mHmYcTgXe5BT6M0yOqNHHqKcugGdsWpOlPAReIWpAIKNAP7y+vHOOVEaMyQUj3XSbSfIakpZiQve6kiCcIjNCA9QwXiRPnZ9IccnhilD6NYmhIaTtXfExniSo15aDo50kM1703E/7xeqqNrP6MiSTUReLYoShnUMZwEAvtUEqzZ2BCEJTW3QjxEEmFtYiubENz5lxdJ+6zqXlbPby8qtXoRRwkcgWNwClxwBWqgAZqgBTB4BM/gFbxZT9aL9W59zFqXrGLmAPyB9fkDei2Wxg==</latexit>R ⌧BH ⇠ 1
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FIG. 1: White hole signal wavelength (unspecified units) as
a function of z. Notice the characteristic flattening at large
distance: the youth of the hole compensate for the redshift.

The received signal is going to be corrected by standard
cosmological redshift. However, signals coming form far-
ther away were originated earlier, namely younger, and
therefore less massive, holes, giving a peculiar decrease
of the emitted wavelength with distance. The received
wavelength, taking into account both the expansion of
the universe and the change of time available for the
black hole to bounce, can be obtained folding (1) into the
relation between redshift and proper time. This gives
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where we have reinserted the Newton constant G and
the speed of light c while H0,⌦⇤ and ⌦M are the Hubble
constant, and the cosmological-constant and matter den-
sities. Interestingly this is a very slowly varying function
of the redshift. The redshift slightly over-compesates for
the e↵ect of the hole’s age. The signal varies by less
than an order of magnitude for redshifts up to the de-
coupling time (z=1100). See Figure 1. If the redshift of
the source can be estimated by using dispersion measures
(or by identifying a host galaxy) this would be a smoking
gun evidence for the phenomenon.

Do we have detectors for these signals? There are de-
tectors operating at such wavelengths, beginning by the
recently launched Herschel instrument. The 200 micron
range can be observed both by PACS and SPIRE. The
former employs four detector arrays, two bolometer ar-
rays and two Ge:Ga photoconductor arrays. The lat-
ter is a camera associated with a low to medium resolu-
tion spectrometer complementing PACS. It comprises an
imaging photometer and a Fourier Transform Spectrom-
eter (FTS), both of which use bolometer detector arrays.
The predicted signal falls in between PACS and SPIRE
sensitivity zones. There is also a very high resolution het-
erodyne spectrometer, HIFI, onboard Herschel, but this
is not an imaging instrument, it observes a single pixel
on the sky at a time.

However, the bolometer technology makes detecting

short white-hole bursts di�cult. Cosmic rays cross the
detectors very often and induce glitches that are removed
from the data. Were physical IR bursts due to bounc-
ing black hole registered by the instrument, they would
most probably have been flagged and deleted, mimicking
a mere cosmic ray noise.
There might be room for improvement. It is not im-

possible that the time structure of the bounce could lead
to a characteristic time-scale of the event larger than
the response time of the bolometer. In that case, a
specific analysis should allow for a dedicated search of
such events. We leave this study for a future work as
it requires astrophysical considerations beyond this first
investigation. An isotropic angular distribution of the
bursts, signifying their cosmological origin, could also
be considered as evidence for the model. In case many
events were measured, it would be important to ensure
that there is no correlation with the mean cosmic-ray flux
(varying with the solar activity) at the satellite location.
Let us turn to something that has been observed.

III. FAST RADIO BURSTS

Fast Radio Bursts are intense isolated astrophysical
radio signals with a duration of milliseconds. A small
number of these were initially detected only at the Parkes
radio telescope [39–41]. Observations from the Arecibo
Observatory have confirmed the detection [42]. The fre-
quency of these signals is in the order of 1.3 GHz, namely
a wavelength of

�observed ⇠ 20 cm. (7)

These signals are believed to be of extragalactic origin,
mostly because the observed delay of the signal arrival
time with frequency agrees quite well with the dispersion
due to a ionized medium, expected from a distant source.
The total energy emitted in the radio by a source is esti-
mated to be of the order 1038 erg. The progenitors and
physical nature of the Fast Radio Bursts are currently
unknown [42].
There are three orders of magnitude between the pre-

dicted signal (5) and the observed signal (7). But the
black-to-white hole transition model is still very rough. It
disregards rotation, dissipative phenomena, anisotropies,
and other phenomena, and these could account for the
discrepancy.
In particular, astrophysical black holes rotate: one may

expect the centrifugal force to lower the attraction and
bring the lifetime of the hole down. In turn, this should
allow larger black holes to be exploding today, and signals
of larger wavelength. Furthermore, we have not taken the
astrophysics of the explosion into account. (The total
energy (3) available in the black hole according to the
theory is largely su�cient –9 orders of magnitude larger–
than the total energy emitted in the radio estimated by
the astronomers.)
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a function of z. Notice the characteristic flattening at large
distance: the youth of the hole compensate for the redshift.
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wavelength, taking into account both the expansion of
the universe and the change of time available for the
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where we have reinserted the Newton constant G and
the speed of light c while H0,⌦⇤ and ⌦M are the Hubble
constant, and the cosmological-constant and matter den-
sities. Interestingly this is a very slowly varying function
of the redshift. The redshift slightly over-compesates for
the e↵ect of the hole’s age. The signal varies by less
than an order of magnitude for redshifts up to the de-
coupling time (z=1100). See Figure 1. If the redshift of
the source can be estimated by using dispersion measures
(or by identifying a host galaxy) this would be a smoking
gun evidence for the phenomenon.

Do we have detectors for these signals? There are de-
tectors operating at such wavelengths, beginning by the
recently launched Herschel instrument. The 200 micron
range can be observed both by PACS and SPIRE. The
former employs four detector arrays, two bolometer ar-
rays and two Ge:Ga photoconductor arrays. The lat-
ter is a camera associated with a low to medium resolu-
tion spectrometer complementing PACS. It comprises an
imaging photometer and a Fourier Transform Spectrom-
eter (FTS), both of which use bolometer detector arrays.
The predicted signal falls in between PACS and SPIRE
sensitivity zones. There is also a very high resolution het-
erodyne spectrometer, HIFI, onboard Herschel, but this
is not an imaging instrument, it observes a single pixel
on the sky at a time.

However, the bolometer technology makes detecting

short white-hole bursts di�cult. Cosmic rays cross the
detectors very often and induce glitches that are removed
from the data. Were physical IR bursts due to bounc-
ing black hole registered by the instrument, they would
most probably have been flagged and deleted, mimicking
a mere cosmic ray noise.
There might be room for improvement. It is not im-

possible that the time structure of the bounce could lead
to a characteristic time-scale of the event larger than
the response time of the bolometer. In that case, a
specific analysis should allow for a dedicated search of
such events. We leave this study for a future work as
it requires astrophysical considerations beyond this first
investigation. An isotropic angular distribution of the
bursts, signifying their cosmological origin, could also
be considered as evidence for the model. In case many
events were measured, it would be important to ensure
that there is no correlation with the mean cosmic-ray flux
(varying with the solar activity) at the satellite location.
Let us turn to something that has been observed.

III. FAST RADIO BURSTS

Fast Radio Bursts are intense isolated astrophysical
radio signals with a duration of milliseconds. A small
number of these were initially detected only at the Parkes
radio telescope [39–41]. Observations from the Arecibo
Observatory have confirmed the detection [42]. The fre-
quency of these signals is in the order of 1.3 GHz, namely
a wavelength of

�observed ⇠ 20 cm. (7)

These signals are believed to be of extragalactic origin,
mostly because the observed delay of the signal arrival
time with frequency agrees quite well with the dispersion
due to a ionized medium, expected from a distant source.
The total energy emitted in the radio by a source is esti-
mated to be of the order 1038 erg. The progenitors and
physical nature of the Fast Radio Bursts are currently
unknown [42].
There are three orders of magnitude between the pre-

dicted signal (5) and the observed signal (7). But the
black-to-white hole transition model is still very rough. It
disregards rotation, dissipative phenomena, anisotropies,
and other phenomena, and these could account for the
discrepancy.
In particular, astrophysical black holes rotate: one may

expect the centrifugal force to lower the attraction and
bring the lifetime of the hole down. In turn, this should
allow larger black holes to be exploding today, and signals
of larger wavelength. Furthermore, we have not taken the
astrophysics of the explosion into account. (The total
energy (3) available in the black hole according to the
theory is largely su�cient –9 orders of magnitude larger–
than the total energy emitted in the radio estimated by
the astronomers.)
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Dark matter candidate ?

• Fast Radio Bursts and White Hole Signals, A Barrau, CR, F 
Vidotto, Phys. Rev. D 90, 127503 (2014), 1409.4031 
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Characteristic flattening of the red shift 

→  Distortion of the shape of the

gamma-cosmic rays background

Phenomenology from the B2W transition of primordial BH’s? 
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• Small black/white hole stability and dark matter,  
CR, F Vidotto, Universe 2018, 4(11), 127, 1805.03872  

• Quantum-gravity phenomenology with primordial black holes,  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I.  The false dogma 

The number of internal states of a real black is not bounded by the area. 

II.  The A, B and C regions: three distinct physical problems  

A: Tunnel to an anti-trapped region (white hole).   
C: Bounce.    
A: Formation of WH horizon. 

III.  The likely scenario 

At the end of its life in a time m3 (or m2?), a black hole quantum tunnels into  
a (likely long living; m4?) anti-trapped spacetime region (or “white hole”)  
in the same space region as the BH. 
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