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Apology…

Today	I	will	not	talk	about	loop	quantum	gravity	

However,	my	motivation	for	the	current	work	originates	from	it

What	happens	to	spin	networks’	quanta	of	space	
(which	can	be	visualized	as	`fuzzy	twisted	geometries’)	
when	canonical	quantization	is	carried	out	on	a	null	hypersurface,	
where	constraint-free	data	are	accessible?	(Sachs,	Rendall,	…)
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We define and investigate a quantization of null hypersurfaces in the context of loop quantum gravity on
a fixed graph. The main tool we use is the parametrization of the theory in terms of twistors, which has
already proved useful in discussing the interpretation of spin networks as the quantization of twisted
geometries. The classical formalism can be extended in a natural way to null hypersurfaces, with the
Euclidean polyhedra replaced by null polyhedra with spacelike faces, and SU(2) by the little group ISO(2).
The main difference is that the simplicity constraints present in the formalism are all first class, and the
symplectic reduction selects only the helicity subgroup of the little group. As a consequence, information
on the shapes of the polyhedra is lost, and the result is a much simpler, Abelian geometric picture. It can be
described by a Euclidean singular structure on the two-dimensional spacelike surface defined by a foliation
of spacetime by null hypersurfaces. This geometric structure is naturally decomposed into a conformal
metric and scale factors, forming locally conjugate pairs. Proper action-angle variables on the gauge-
invariant phase space are described by the eigenvectors of the Laplacian of the dual graph. We also identify
the variables of the phase space amenable to characterize the extrinsic geometry of the foliation. Finally, we
quantize the phase space and its algebra using Dirac’s algorithm, obtaining a notion of spin networks for
null hypersurfaces. Such spin networks are labeled by SO(2) quantum numbers and are embedded
nontrivially in the unitary, infinite-dimensional irreducible representations of the Lorentz group.
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I. INTRODUCTION

Null hypersurfaces play a pivotal role in the physical
understanding of general relativity. We are interested in
understanding how null hypersurfaces can be described
within loop quantum gravity (LQG) and their dynamical
properties. Research in the dynamics of loop quantum
gravity is mostly concerned with the evolution of spacelike
hypersurfaces, in the spirit of the Arnowitt-Deser-Misner
(ADM) canonical approach it is rooted on. It is commonly
described by the spin foam formalism, or its embedding in
group field theory. One considers transition amplitudes
between fixed graphs, and then refines or sums over the
graphs. The boundary data assigned on the graphs are
typically taken to be spacelike; however, the spin foam
formalism is completely covariant, and in principle one can
consider arbitrary configurations. Some results on timelike
boundaries have appeared in [1,2], but null configurations
have received little attention so far.1 To extend the descrip-
tion to null boundary data, the first step is to understand
what null data mean from the viewpoint of LQG variables
on a fixed graph. In this paper, we point out a natural
answer suggested by the recent description of LQG in terms
of twistors and twisted geometries [4–12].

Twistors describing LQG in real Ashtekar-Barbero var-
iables satisfy a certain incidence relation [11], determined by
the time-like vector used in the 3þ 1 splitting of the
gravitational action. Such constrained incidence relation is
the twistor’s version of the discretized (primary) simplicity
constraints presenting in the Plebanski action for general
relativity. The idea of this paper is to describe discrete null
hypersurfaces by taking the vector appearing in the incidence
relation to be null. The first consequence of this choice is that
the usual group SU(2) is replaced by ISO(2), the little group
of a null vector. Furthermore, the primary simplicity con-
straints are all first class, and only the SO(2) helicity
subgroup survives the symplectic reduction: the translations
are pure gauge. This fact has an appealing counterpart in
particle theory: as well-known, the representations of mass-
less particles only depend on the spin quantum number, the
translations being redundant gauges. In our setting, the
gauge orbits have the geometric interpretation of shifts
along the null direction of the hypersurface.
In the next section, we briefly review polyhedra with

spacelike faces in null hypersurfaces, and how they can be
described in terms of bivectors satisfying the closure and
simplicity constraints. In particular, we provide a gauge-
invariant set of variables allowing us to reconstruct a unique
null polyhedron starting from its bivectors. Because of the
special isometries present due to the existence of null
directions, such gauge-invariant variables are a little more
subtle than the scalar products that one may immediately
think of by analogy with the Euclidean case. In Sec. 3, we
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We study the canonical structure of the real first order formulation of general relativity on a null foliation.
We use a tetrad decomposition which allows us to elegantly encode the nature of the foliation in the norm of
a vector in the fiber bundle. The resulting constraint structure shows some peculiarities. In particular, the
dynamical Einstein equations propagating the physical degrees of freedom appear in this formalism as
second class tertiary constraints, which puts them on the same footing as the Hamiltonian constraint of
Ashtekar’s connection formulation. We also provide a framework to address the issue of zero modes in
gravity, in particular, to study the nonperturbative fate of the zero modes of the linearized theory. Our
results give a new angle on the dynamics of general relativity and can be used to quantize null
hypersurfaces in the formalism of loop quantum gravity or spin foams.
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I. INTRODUCTION

Null hypersurfaces play a pivotal role in the physical
understanding of general relativity, from the characteriza-
tion of gravitational radiation and exact solutions [1–5] to
the structure of isolated horizons and black holes [6].
Therefore, it is natural to ask whether one gets some
interesting results if they are used for the canonical
formulation, namely, if one performs the 3þ 1 decom-
position and the canonical analysis with respect to a
foliation of spacetime which is not spacelike, as usual,
but lightlike or null. This is the idea of the light-front
approach, which has been put forward by Dirac [7] and has
been extensively developed in the context of QCD and field
theories in Minkowski spacetime leading to interesting
results in describing their quantum properties (see [8–10]
for reviews).
In the context of gravity less has been done in this

direction, although already in his pioneering work [1]
Sachs showed that using a double-null foliation the con-
straints imposing diffeomorphism invariance simplify,
and constraint-free data can be accessed as the conformal
structure of the two-dimensional spacelike metric
embedded in the hypersurface. This remarkable feature
could in principle be used to reduce the canonical dynamics
to physical degrees of freedom only, which would obvi-
ously have a tremendous impact for both the classical
theory and quantization attempts.
Partial success using a null foliation in general relativity

is hindered by the more complicated canonical structure
caused by the fact that the induced metric on a null
hypersurface is degenerate. In particular, there is no natural
projector nor induced affine connection. One way to
address this difficulty is to use the double-null foliation
of Sachs, which was promoted later into a 2þ 2 formalism
[11], where one picks up two independent null directions

and foliates spacetime by the two-dimensional spacelike
surfaces orthogonal to both directions. In this framework
the Hamiltonian formulation in metric variables was carried
out in [12]. Its key feature is that the Hamiltonian constraint
is second class, and does not generate gauge symmetries.
This can be intuitively understood because the condition
that the hypersurface is null acts as a gauge-fixing con-
dition, and is consistent with the fact that there are no local
infinitesimal deformations mapping a null hypersurface
into a neighboring null hypersurface. The presence of
second class constraints makes the canonical formulation
quite complicated, and neither the reduced phase space has
been constructed nor the Dirac brackets explicitly evalu-
ated, revealing the symplectic structure to be quantized.
The canonical analysis of general relativity is simplified

using Ashtekar variables [13,14], that is, a densitized
cotriad and a self-dual Lorentz connection. The light-front
formulation in Ashtekar variables was constructed in
[15,16] and further investigated using the 2þ 2 formalism
in [17–19]. These formulations expose additional features
of the light-front theory, including the nice property that the
first class part of the constraint algebra forms a Lie algebra,
with proper structure constants, given by the semidirect
product of the hypersurface diffeomorphisms and the
internal symmetry group. However, a difficulty with this
approach is posed by the reality conditions needed for
Lorentzian signature [20,21]. These conditions become
especially problematic at the quantum level where no
consistent way of implementing them has been found so
far.1 A way to avoid this complication is to work with real
connection variables, as it is done in the modern approaches
to quantum gravity via loop and spin foam techniques
[25–27]. Therefore, it would be desirable to extend the

1See [22–24] for some attempts in this direction.
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…this	question	sent	me	down	a	rabbit	hole	full	of	wonders…

…	and	great	collaborators,	Zhang,	Alexandrov,	Wieland,	Ashtekar,	De	Paoli,	Oliveri,	Odak,	Freidel,	
Pranzetti,	Rignon-Bret…



Overview

Today’s	talk	will	focus	on	one	of	the	most	classics	and	at	the	same	time	deep	questions	of	GR:	
how	do	we	define	gravitational	energy?	
do	gravitational	waves	carry	energy?

1. Introduction	to	the	problem	(broad)	
2.Energy	of	gravitational	waves	at	future	null	infinity	(work	with	Abhay)	
3.Localized	energy	of	gravitational	waves	at	future	null	infinity	(work	with	Antoine)	



I - Hamiltonians generators 

and radiation



Energy	and	boundary	conditions

In	classical	mechanics,	conservative	systems	admit	an	elegant	definition	of	energy	as	the	
Hamiltonian	generator	of	time	translations	

<latexit sha1_base64="dGcnLGvGwdi03uAh0TWxEkX6i64="></latexit>

i@t! = dH
<latexit sha1_base64="PquC9MiwJe94+H8UZcVL6jFAlBw="></latexit>

H = K + V

In	field	theory,	conservation	may	depend	on	boundary	conditions

e.g.	a	relativistic	scalar	field	has	wave	solutions	that	can	exit/enter	
a	finite	region	thus	making	the	system	dissipative
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What	can	we	say	in	the	presence	of	dissipation	caused	for	instance	by	outgoing	waves?	
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Typical	set-up	for	conservation	is	to	send	the	time-like	boundary	to	infinity,		
with	fall-off	conditions	so	that	the	fields	vanish	
Then
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In	the	presence	of	outgoing	or	incoming	flux,		
the	symplectic	form	is	not	conserved	in	time

This	situation	makes	also	the	notion	of	HVF	tricky:	
there	are	non-HVF	which	carry	useful	physical	information!	
e.g.	symmetries	producing	normal	deformations	of	the	corner	S

The	presence	of	non-HVFs	is	nothing	deep:	if	the	system	is	dissipative,	one	can	not	expect	vector	
fields	whose	motion	is	sensitive	to	the	dissipation	to	be	Hamiltonian



Different	phase	spaces

To	make	the	description	simpler,	let	us	assume	that	the	boundary	is	null
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<latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+ <latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

If	N	is	a	region	of	future	null	infinity,	then	Σ	are	partial	Cauchy	slices

<latexit sha1_base64="H2PITxHzfu+5cvNnz9AxHcK6MVs="></latexit>

⌦N
<latexit sha1_base64="FtrQt4OmZuOl2W2y8LbBZiJ0+9I="></latexit>

⌦⌃1

<latexit sha1_base64="qLsUI/iOzAJfNVJxkA/eqdRyIyY="></latexit>

⌦⌃0•										contains	the	Cauchy	data	on	
<latexit sha1_base64="KxGx9zbvOGxquIpdldfhomyOUek="></latexit>

⌃0

<latexit sha1_base64="eQkWAHSzvwhw0xz4bznf3TNCVUA="></latexit>

⌃0 [N

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N•										contains	the	radiative	data	on	

•										contains	the	Cauchy	data	on	

<latexit sha1_base64="VG2ECh1S3urO1bmoBm9CM9ZM5mM="></latexit>

⌃0

<latexit sha1_base64="vnkw6rsh2+934tCzBL41ksYwfK8="></latexit>

⌃1

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N

Obtained	integrating	the	current	
<latexit sha1_base64="pHwjCHOmO8Tb2RE7LwuWxHpblQE="></latexit>

⌦⌃ =

Z

⌃
!

<latexit sha1_base64="q/xUzGi+wZBbjFkhvHbhh+nv1I8="></latexit>

⌦N =

Z

N
!

<latexit sha1_base64="2/VXU4bXsylSUQZ0kgDL84oEDxE="></latexit>

! = �✓



Different	Hamiltonian	generators

<latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+ <latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

If	N	is	a	region	of	future	null	infinity,	then	Σ	are	partial	Cauchy	slices

<latexit sha1_base64="H2PITxHzfu+5cvNnz9AxHcK6MVs="></latexit>

⌦N
<latexit sha1_base64="FtrQt4OmZuOl2W2y8LbBZiJ0+9I="></latexit>

⌦⌃1

<latexit sha1_base64="qLsUI/iOzAJfNVJxkA/eqdRyIyY="></latexit>

⌦⌃0•										contains	the	Cauchy	data	on	
<latexit sha1_base64="KxGx9zbvOGxquIpdldfhomyOUek="></latexit>

⌃0

<latexit sha1_base64="eQkWAHSzvwhw0xz4bznf3TNCVUA="></latexit>

⌃0 [N

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N•										contains	the	radiative	data	on	

•										contains	the	Cauchy	data	on	

<latexit sha1_base64="VG2ECh1S3urO1bmoBm9CM9ZM5mM="></latexit>

⌃0

<latexit sha1_base64="vnkw6rsh2+934tCzBL41ksYwfK8="></latexit>

⌃1

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N

Obtained	integrating	the	current	
<latexit sha1_base64="pHwjCHOmO8Tb2RE7LwuWxHpblQE="></latexit>

⌦⌃ =

Z

⌃
!

<latexit sha1_base64="q/xUzGi+wZBbjFkhvHbhh+nv1I8="></latexit>

⌦N =

Z

N
!

Ashtekar-Streubel	’81,	Iyer-Wald	’94,	Wald-Zoupas	‘99
In	general,	for	a	symmetry	ξ	we	have

<latexit sha1_base64="Cb8hAkI1A32XHrotVcSLWmbffTw="></latexit>

I⇠! = �j⇠ � di⇠✓

<latexit sha1_base64="2/VXU4bXsylSUQZ0kgDL84oEDxE="></latexit>

! = �✓

<latexit sha1_base64="n9Ulo/4DNHFrieItmCixmzEVhr8="></latexit>

j⇠ = I⇠✓ � i⇠Lwhere is	the	Noether	current

e.g.	for	a	scalar	field	in	Minkowski,	ξ	is	a	Killing	vector,	and	jξ	the	e-m	tensor

•															is	the	total	energy-momentum	flux	across

•															is	the	total	energy-momentum	on	
<latexit sha1_base64="KxGx9zbvOGxquIpdldfhomyOUek="></latexit>

⌃0

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N
<latexit sha1_base64="eYjjFciTm6tCNvApR/GFyZBEIgY="></latexit>Z

N
j⇠

<latexit sha1_base64="no/3Zg5DVMZgf8s2Z22hqyWimSE="></latexit>Z

⌃0

j⇠



Different	Hamiltonian	generators

<latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+ <latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="VG2ECh1S3urO1bmoBm9CM9ZM5mM="></latexit>

⌃0

<latexit sha1_base64="vnkw6rsh2+934tCzBL41ksYwfK8="></latexit>

⌃1

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N

In	general,	for	a	symmetry	ξ	we	have

<latexit sha1_base64="Cb8hAkI1A32XHrotVcSLWmbffTw="></latexit>

I⇠! = �j⇠ � di⇠✓
<latexit sha1_base64="n9Ulo/4DNHFrieItmCixmzEVhr8="></latexit>

j⇠ = I⇠✓ � i⇠Lwhere is	the	Noether	current

e.g.	for	a	scalar	field	in	Minkowski,	ξ	is	a	Killing	vector,	and	jξ	the	e-m	tensor

•															is	the	total	energy-momentum	flux	across

•															is	the	total	energy-momentum	on	
<latexit sha1_base64="KxGx9zbvOGxquIpdldfhomyOUek="></latexit>

⌃0

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N
<latexit sha1_base64="eYjjFciTm6tCNvApR/GFyZBEIgY="></latexit>Z

N
j⇠

<latexit sha1_base64="no/3Zg5DVMZgf8s2Z22hqyWimSE="></latexit>Z

⌃0

j⇠

•															is	the	total	energy-momentum	flux	across

•															is	the	total	energy-momentum	on	
<latexit sha1_base64="DY2YBB7GOAXxqBxWMDT9GCva/80="></latexit>

I⇠⌦⌃

<latexit sha1_base64="tBiuqS5BsbdSq2NvcfPP4dgwlJs="></latexit>

I⇠⌦N

<latexit sha1_base64="KxGx9zbvOGxquIpdldfhomyOUek="></latexit>

⌃0

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N

If	we	can	discard	the	`non-integrable’		term		
(namely	a	non	exact	1-form	in	field	space)	
then	these	quantities	are	the	Hamiltonians,	and	the	symmetry	a	HVF

<latexit sha1_base64="/NbmxgkQQNTk4OaFnAwKz0yLCRc="></latexit>

i⇠✓

Ashtekar-Streubel	’81,	Iyer-Wald	’94,	Wald-Zoupas	‘99



Different	Hamiltonian	generators

<latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+ <latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="VG2ECh1S3urO1bmoBm9CM9ZM5mM="></latexit>

⌃0

<latexit sha1_base64="vnkw6rsh2+934tCzBL41ksYwfK8="></latexit>

⌃1

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N

In	general,	for	a	symmetry	ξ	we	have

<latexit sha1_base64="Cb8hAkI1A32XHrotVcSLWmbffTw="></latexit>

I⇠! = �j⇠ � di⇠✓
<latexit sha1_base64="n9Ulo/4DNHFrieItmCixmzEVhr8="></latexit>

j⇠ = I⇠✓ � i⇠Lwhere is	the	Noether	current

e.g.	for	a	scalar	field	in	Minkowski,	ξ	is	a	Killing	vector,	and	jξ	the	e-m	tensor

•															is	the	total	energy-momentum	flux	across

•															is	the	total	energy-momentum	on	
<latexit sha1_base64="KxGx9zbvOGxquIpdldfhomyOUek="></latexit>

⌃0

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N
<latexit sha1_base64="eYjjFciTm6tCNvApR/GFyZBEIgY="></latexit>Z

N
j⇠

<latexit sha1_base64="no/3Zg5DVMZgf8s2Z22hqyWimSE="></latexit>Z

⌃0

j⇠

Ashtekar-Streubel	’81,	Iyer-Wald	’94,	Wald-Zoupas	‘99

<latexit sha1_base64="Aa0tx0Wy39zOvGKgDUDk3GWwAL4="></latexit>

i⇠✓ = ⇡�� i⇠✏N

Examples	of	integrability:	
•vanishes	for	ξ	tangent	to	the	corner	
•vanishes	if	π=0	or	δφ=0	(stationary/cons.	b.c.)	

here



Different	Hamiltonian	generators

<latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+ <latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="VG2ECh1S3urO1bmoBm9CM9ZM5mM="></latexit>

⌃0

<latexit sha1_base64="vnkw6rsh2+934tCzBL41ksYwfK8="></latexit>

⌃1

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N

In	general,	for	a	symmetry	ξ	we	have

<latexit sha1_base64="Cb8hAkI1A32XHrotVcSLWmbffTw="></latexit>

I⇠! = �j⇠ � di⇠✓
<latexit sha1_base64="n9Ulo/4DNHFrieItmCixmzEVhr8="></latexit>

j⇠ = I⇠✓ � i⇠Lwhere is	the	Noether	current

e.g.	for	a	scalar	field	in	Minkowski,	ξ	is	a	Killing	vector,	and	jξ	the	e-m	tensor

•															is	the	total	energy-momentum	flux	across

•															is	the	total	energy-momentum	on	
<latexit sha1_base64="KxGx9zbvOGxquIpdldfhomyOUek="></latexit>

⌃0

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N
<latexit sha1_base64="eYjjFciTm6tCNvApR/GFyZBEIgY="></latexit>Z

N
j⇠

<latexit sha1_base64="no/3Zg5DVMZgf8s2Z22hqyWimSE="></latexit>Z

⌃0

j⇠

Ashtekar-Streubel	’81,	Iyer-Wald	’94,	Wald-Zoupas	‘99

<latexit sha1_base64="Aa0tx0Wy39zOvGKgDUDk3GWwAL4="></latexit>

i⇠✓ = ⇡�� i⇠✏N

Examples	of	integrability:	
•vanishes	for	ξ	tangent	to	the	corner	
•vanishes	if	π=0	
notice	that	this	is	a	`dense’	subset	
We	can	make	this	intuition	rigorous	if	we	define	a	topology		
on	the	radiative	phase	space	induced	by	a	``momentum”-norm	
c	obtain	the	generator	on	the	full	phase	space	by	continuity

here



Integrability	via	topology
Ashtekar-Streubel	’81,	Ashtekar-S	‘24

In	general,	for	a	symmetry	ξ	we	have

<latexit sha1_base64="Cb8hAkI1A32XHrotVcSLWmbffTw="></latexit>

I⇠! = �j⇠ � di⇠✓
<latexit sha1_base64="n9Ulo/4DNHFrieItmCixmzEVhr8="></latexit>

j⇠ = I⇠✓ � i⇠Lwhere is	the	Noether	current

<latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+ <latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="VG2ECh1S3urO1bmoBm9CM9ZM5mM="></latexit>

⌃0

<latexit sha1_base64="vnkw6rsh2+934tCzBL41ksYwfK8="></latexit>

⌃1

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N

This	integrability	discussion	is	valid	beyond	the	scalar	field,	and	quite	general



Integrability	via	topology
Ashtekar-Streubel	’81,	Ashtekar-S	‘24

In	general,	for	a	symmetry	ξ	we	have

<latexit sha1_base64="Cb8hAkI1A32XHrotVcSLWmbffTw="></latexit>

I⇠! = �j⇠ � di⇠✓
<latexit sha1_base64="n9Ulo/4DNHFrieItmCixmzEVhr8="></latexit>

j⇠ = I⇠✓ � i⇠Lwhere is	the	Noether	current

Examples: ξ	tangent	to	the	cross-sections;											θ	vanishes

The	Hamiltonian	exists	if	
<latexit sha1_base64="613NKJWMIj2e3nm41NSCKuwxl90="></latexit>

i⇠✓ = �B

doesn’t	move	the	corner,	HVF	by	inspection Hamiltonian	in	a	weak	sense:	
the	charges	are	generators		
only	for	perturbations	around	
the	stationary	solutions

<latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+ <latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>

I+

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="VRVc74MDepgSkjcDYJmsJcykUx0="></latexit>

i+

<latexit sha1_base64="cSc9QDuHQpPlx5Uj5MldJBR62IM="></latexit>

i0

<latexit sha1_base64="TQtqhLSSyMmTUBI0paJYmSjmdZE="></latexit>

i�

<latexit sha1_base64="bR+xKSZblLUDjjyhPDtv7S9303U="></latexit>

I�

<latexit sha1_base64="VG2ECh1S3urO1bmoBm9CM9ZM5mM="></latexit>

⌃0

<latexit sha1_base64="vnkw6rsh2+934tCzBL41ksYwfK8="></latexit>

⌃1

<latexit sha1_base64="j3H9yylQYgqYzc44AXIBnzl9tmQ="></latexit>

N

This	integrability	discussion	is	valid	beyond	the	scalar	field,	and	quite	general



Integrability	via	topology
Ashtekar-Streubel	’81,	Ashtekar-S	‘24

In	general,	for	a	symmetry	ξ	we	have

<latexit sha1_base64="Cb8hAkI1A32XHrotVcSLWmbffTw="></latexit>

I⇠! = �j⇠ � di⇠✓
<latexit sha1_base64="n9Ulo/4DNHFrieItmCixmzEVhr8="></latexit>

j⇠ = I⇠✓ � i⇠Lwhere is	the	Noether	current

Examples: ξ	tangent	to	the	cross-sections;											θ	vanishes

The	Hamiltonian	exists	if	
<latexit sha1_base64="613NKJWMIj2e3nm41NSCKuwxl90="></latexit>

i⇠✓ = �B

More	general	procedure	at	N:		
•endow	the	radiative	phase	space	with	a	topology;		
•if	this	is	such	that														on	a	dense	subset,		
•then	extend	by	continuity	to	define	the	Hamiltonian	generator	everywhere	in	the	phase	

doesn’t	move	the	corner,	HVF	by	inspection Hamiltonian	in	a	weak	sense:	
the	charges	are	generators		
only	for	perturbations	around	
the	stationary	solutions

<latexit sha1_base64="P78HE6RRPIOu/8CSwyIuczHP93k="></latexit>
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This	integrability	discussion	is	valid	beyond	the	scalar	field,	and	quite	general

c	in	the	presence	of	radiations,	surface	charges	at									provide	Hamiltonians	only	in	a	weak	sense	
whereas	their	fluxes	across	N	provide	Hamiltonians	for	the	full	radiative	phase	space
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In	the	case	studied,	it	reproduces	the	same	results	as	the	Wald-Zoupas	procedure



II - General relativity



Gravitational	energy

General	covariance	prevents	the	definition	of	a	local	gravitational	energy	density	

The	intuitive	reason	is	that	by	the	equivalence	principle	we	can	locally	set	to	zero	the	gravitational	field		
(metric	locally	flat	with	zero	first	derivatives),		
hence	any	candidate	energy	momentum															would	vanish,		
and	if	it	is	a	tensor	it	would	then	vanish	in	any	coordinate	system
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Ways	out:

•Use	pseudo-tensors	(Landau-Lifshitz,	PN	and	PM	expansions)	
•Use																:	Belinfante	tensor	
•Use	asymptotic	symmetries/observables	constructed	using	Hamiltonian/Noether	methods	
•…
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here	the	problem	is	solved	by	a	class	of	`quasi-local’observables:	surface	integrals



Bondi	energy-loss	formula

The	question	for	GWs	was	considered	settled	by	Bondi’s	energy-loss	formula:	
a	coordinate-independent	statement	on	the	amount	of	energy	carried	away	by	GWs

Considered	historically	as	`theoretical	proof’	that	GWs	exist,		
in	the	sense	that	they	can	carry	energy,	

it	is	the	first	of	a	series	of	flux-balance	laws	that	allow		
the	reconstruction	and	physical	interpretation	of	a	GW	signal
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FIG. 1: A depiction of future null infinity, I+ (in light blue) that constitutes the future boundary
of space-time and has topology S2⇥R. The (yellow) outgoing null surface u = u1 in the asymptotic
region of space-time intersects I+ in a 2-sphere cross-section. The null tetrad (`a, na

,m
a
, m̄

a) and
the metric qab on r = const 2-spheres in the interior have limits ˚̀a, n̊a

, m̊
a
, ˚̄ma and q̊ab respectively

on I+. The figure also depicts the typical waveform produced by a CBC.

waveforms. In Minkowski spacetime we can choose the u = const surfaces to be the light
cones emanating from points of a time-like geodesic. Then `

a is shear-free. In asymptotically
Minkowskian spacetimes, shear � of `a falls-o↵ as 1/r2 and

�
�(u, ✓,') := � lim

r!1
r
2
�
m

a
m

bra`b

�
⌘ (h�

+ + ih
�
⇥)(u, ✓,') (2.2)

is well-defined on I+, where, in the last step we have expressed �
� in terms of the commonly

used waveforms h�
+ ⌘ rh+ and h

�
⇥ ⌘ rh⇥. (Because of the ‘ma

m
b’ factor, �� has spin weight

+2, while the more commnonly used combination h
�
+ � ih

�
⇥ = �̄

� has spin-weight -2.) The
shear tensor ��

ab at I
+, given by

�
�
ab(u, ✓,') = �

�
�
� ˚̄ma˚̄mb + �̄

�
m̊am̊b

�
(u, ✓,'), (2.3)

is a symmetric, traceless tensor field, transversal to the null normal to I+ –i.e. satisfies
�
�
abn̊

a = 0– and has spin weight zero. It captures the two Transverse-Traceless or radiative
modes of the gravitational field in full, non-linear GR. Its time derivative is the Bondi news
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But	what	do	we	even	mean	by	the	energy	E	here?
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•The	LHS	and	RHS	can	be	uniquely	identified	as	Hamiltonians	
•This	viewpoint	offers	a	starting	ground	for	a	rich	series	of	recent	developments,		
ranging	from	the	phenomenology	of	GW	to	theoretical	GR	to	more	generally	the	role	of	boundary	
symmetries	in	gauge	theories	and	gravity

But	what	do	we	even	mean	by	the	energy	E	here?
It	is	a	surface	integral,	hence	a	notion	of	`global	energy’



Surface	charges
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Surface	charges

In	gravity	(and	gauge	theories)	the	Noether	current	is	exact	on-shell,
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•bulk	diffeomorphisms	(or	gauge	transf)	are	degenerate	directions	
				g	pure	gauge

•boundary	diffeomorphisms	(or	gauge	transf)	are	not:	
				g	possible	symmetries	(depends	on	boundary	conditions	and	what	diffeos	are	allowed)

Example	of	spatial	infinity:	under	the	ADM	fall-off	conditions,	there	are	left-over	diffeos	
compatible	with	the	b.c.	at						that	span	the	Poincare	group
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The	`improved	generator’	of	Regge-Teitelboim																				
is	really	just	this	Hamiltonian	generator
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Identifying	fluxes
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•The	ADM	case	study	is	particularly	simple,	because	in	this	case	the	fall-off	conditions	imply	that	
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	this	also	means	that																									namely	the	system	is	conservative				
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•But	in	the	limit	to	Scri	instead,																										and			
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there	is	flux	and	the	system	is	dissipative

Ideally,	we	would	like	to	identify	the	non-radiative	subset	
of	the	phase	space	as	the	set	of	solutions	for	which	
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Identifying	fluxes
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Two	alternative	procedures:

•Wald-Zoupas:	narrow	down	a	preferred					with	a	list	of	requirements
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•Ashtekar-S:	the	choice	of	topology		
that	makes	the	Hamiltonian	integrable	in	the	radiative	phase	space	
also	selects	a	preferred	
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In	the	examples	studied,	the	results	match	(BMS,	NEH,	general	null	hypersurfaces)



here																	are	affine	coordinates	on	Scri,	and																																										are	symmetry	vector	fields

BMS	fluxes

When	applied	to	the	BMS	symmetries,	we	obtain	the	Ashtekar-Streubel	flux

can be derived as ‘generalized Hamiltonians’ [?] (but see [?, ?, ?] for more explicit derivations and
comments), their algebra closes without cocycles [?, ?], and their fluxes provide proper Hamiltonians
on the radiative phase space [?, ?]. To write them explicitly, it is convenient to pick a�ne coordinates
(u, xA) on I , so that the normal is n = @u, and the BMS symmetry vector fields are ⇠ = f@u+Y

A
@A.

Here f = T + u

2DY , with T = T (xA) and Y
A = Y

A(xB) super-translations and conformal Killing
vectors of the 2-sphere, and D is the covariant derivative on the 2-spheres, corresponding to g in the
Newman-Penrose formalism. We then have

Q
BMS
⇠

=
1

8⇡G

I

S

(2fM⇢ + Y
A
PA)✏S , (1.1) {qBMS}{qBMS}

where

M⇢ := �Re( 2 � �N), m
A
PA = �

✓
 1 + �g�̄ +

1

2
g(��̄)

◆
, (1.2) {Qbms}{Qbms}

The notation used refers to the Newman-Penrose formalism,1 and the shear � is associated with the
u-foliation of I . See e.g. [?] for details. The main quantity of interest for us here is the news
Nab = 2£n�ab � ⇢habi, where ⇢ab is Geroch’s tensor and h, i stands for trace-free (In terms of the
conventional Bondi mass aspect defined as 2M = @⌦guu in bulk Bondi coordinates with conformal
factor ⌦ = 1/r, we have M⇢ = M+ 1
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@⌦gab) The key property used in computing
the flux and the charge algebra is [?]

£⇠⇢ab = �2DaDbḟ . (1.3) {lierho}{lierho}

Is this the 3d or 2d derivative that one needs? we said that it is di↵erent... I only write 2D
derivative, but I think the di↵ernce is not ilmportant here, since ḟ is time independent ?

The charges (1.2) coincide respectively with Geroch’s super-momentum [?] and with Dray-Streubel’s
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and was proven in [?] to match the Ashtekar-Streubel flux [?]. These charges and their fluxes were
identified long ago based on their physical properties. The Wald-Zoupas insight is that they are also
singled out by the covariance and stationarity requirements, which select the symplectic potential [?]2
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If we introduce Bondi coordinates in the bulk, and use the standard parametrization gAB =
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This flux is completely covariant, hence it can be computed between arbitrary cross-sections. It is
however customary to consider simple cross-sections of constant u. For these, the above fluxes can be

1We drop for notational simplicity the apex � commonly used to mark that these are the asymptotic values of the
actual bulk quantities.

2As recently pointed out, the same selection can be independently obtained using topology arguments which allow
one to interpret the flux as a Hamiltonian generator for the radiative phase space associated with the region of I .
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£⇠⇢ab = �2DaDbḟ . (1.3) {lierho}{lierho}

Is this the 3d or 2d derivative that one needs? we said that it is di↵erent... I only write 2D
derivative, but I think the di↵ernce is not ilmportant here, since ḟ is time independent ?
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£⇠⇢ab = �2DaDbḟ . (1.3) {lierho}{lierho}

Is this the 3d or 2d derivative that one needs? we said that it is di↵erent... I only write 2D
derivative, but I think the di↵ernce is not ilmportant here, since ḟ is time independent ?
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£⇠⇢ab = �2DaDbḟ . (1.3) {lierho}{lierho}

Is this the 3d or 2d derivative that one needs? we said that it is di↵erent... I only write 2D
derivative, but I think the di↵ernce is not ilmportant here, since ḟ is time independent ?
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Geroch	super-momentum	‘77

Dray-Streubel	angular	momentum	‘84

Applied	to	Scri,	the	procedure	gives:
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`hard	flux’ `soft	flux’
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(memory	effects)

•For	DY=0	we	have	the	angular	momentum	flux,	and	for	pure	DY	the	center-of-mass	flux

Specializing	to	Y=0:

Specializing	to	T=0:

•For	T=1	we	recover	Bondi’s	energy	loss	formula,		
•For	arbitrary	T	it	is	generalized	to	arbitrary	flux	of	super-momentum	



A	beautiful	synergy	of	results

In	a	domain	as	thorny	as	that	of	observables	in	general	relativity,		
it	is	quite	remarkable	to	find	such	a	strong	synergy	of	results,	with	different	methods	being	
applicable	to	very	different	systems,	and	giving	the	same	answers!

Summarizing,	it	is	possible	to	obtain	fluxes	and	charges	at	Scri	using	two	different	methods:	
•the	Wald-Zoupas	procedure	
•the	Hamiltonian	integration	of	Ashtekar-Streubel	’81,	refined	to	finite	regions	of	Scri	in	our	paper	
in	both	cases	identifying	the	fluxes	is	the	`easy’	part,	and	finding	the	charges	requires	more	work

I	didnt	have	time	to	cover:	the	geometrical	description	of	Scri	can	be	entirely	given	in	terms	of	
weakly	isolated	horizons	(Ashtekar-Fairhurst-Krishnan,Lewandowski,Booth,Khera,Kolanowski…)		

This	leads	to	a	common	description	of	both	Scri	and	black	hole/cosmological	horizons,	
even	though	they	are	physical	completely	different!	

The	key	to	the	common	language	yet	completely	different	physics	is	that	while	they	share	the	same	
geometry,		black	hole	and	cosmological	horizons	satisfy	Einstein’s	equations,	whereas	at	Scri	it	is	
the	conformal	Einstein’s	equations	that	are	valid	

7

In the terminology used in the literature [1, 2, 5–8] an NEH h, equipped with an equiva-
lence class [k̄a] of null normals satisfying Lk̄!̄a =̂ 0 is said to be a Weakly Isolated Horizon.
WIHs have been extensively studied in the literature on mechanics of quasi-local horizons
(see, e.g., [1, 25]) and on characterization of horizon geometries using multipoles (see, e.g.,
[3, 21]). Since integral curves of any of our null normals k̄a are a�nely parametrized null
geodesic –i.e. since !̄ak̄a =̂ 0– the resulting WIH is said to be extremal. The properties
(1-4) reviewed above show that any NEH can be naturally endowed with the structure of
an extremal WIH. This is the class of the WIHs we will work with.

TheWIH geometry is encoded in the triplet (q̄ab, [k̄
a
], D̄). q̄ab and !̄a are time-independent.

However, they do not determine D̄ uniquely. In fact, D̄ is generically time-dependent ! Be-
cause of this key feature, WIHs cannot be regarded as stationary horizons. Let us analyze
the time dependence of D̄. Properties discussed under points (2) and (3) above imply that
if a 1-form h̄a is ‘horizontal’ –i.e. satisfies h̄ak̄a =̂ 0, then the action D̄ak̄b of D̄ is completely
determined by q̄ab and is time independent: (Lk̄D̄a � D̄aLk̄)h̄b =̂ 0. Thus, the time depen-

dence of D̄ is encoded in the action D̄a|̄b on any 1-form |̄b on h satisfying |̄bk̄
b
=̂� 1. Now,

k̄
b
D̄a|̄b =̂ !̄b which is again time-independent. However, the rest of D̄a|̄b is not. To evaluate

this time dependence, let us consider any 1-form ¯̄|b in a neighborhood of h whose pull-back
to h is |̄b and use the fact that D̄a|̄b is the pull-back to h of r̄a¯̄|b to relate curvature of D̄
to that of r̄. Then it it follows that the ‘time derivative’ of D̄ is given by

˙̄Da|̄b : =̂ (Lk̄D̄a � D̄aLk̄)|̄b =̂ D̄a!̄b + !̄a!̄b + k̄
c
R̄c ab

d |̄d (2.3)

where, on the right hand side, the indices a, b are pulled back to h. Expanding the Riemann
tensor of ḡab in terms of the Weyl and Schouten tensors, Cabcd and S̄ab = R̄ab � 1

6R̄ ḡab,

recalling that |̄bk̄
b
=̂ � 1, and using condition (iii) of Definition 1, namely, R̄a

bk̄
a
= ↵k̄

b
, one

obtains
˙̄Da|̄b =̂ D̄a!̄b + !̄a!̄b + k̄

c
C̄c ab

d |̄d +
1

2

�
S̄
 ab
+ (↵ � 1

6
R̄) q̄ab

�
. (2.4)

On a generic WIH, none of the terms on the right side are zero, whence D̄ has time de-

pendence. By contrast, on isolated horizons (IHs), ˙̄D =̂ 0 by definition [26]; IHs are much
more restrictive. In particular, as we saw, one can always choose a null normal on an NEH
to endow it with the structure of a WIH, but generically there is no null normal that can
endow it with an IH structure. Stationary or Killing horizons are even more restrictive than
IHs because the full 4 metric ḡab and its derivative operator r̄ as well as curvature tensors
–not just q̄ab and D̄– is now time independent on h. Finally, let us we note an interesting
fact that will be useful especially in our analysis of I +. Suppose we are given a space-time
(M̄, ḡab) that admits a WIH h. Then, h is also a WIH in a conformally related space-time
(M̄, ḡ0ab = µ2ḡab) for a smooth, non-zero conformal factor µ if and only if Lk̄µ =̂ 0 for any
null normal k̄

a
to h. Thus, the property that a sub-manifold h is a WIH is shared by a

conformal family of 4-metrics, related by a conformal factor that is time independent on h.
Of course, the two WIH-geometries would be distinct because (q̄0ab, D̄

0) 6= (qab, D̄).

Remark: As noted above, a general WIH is an NEH equipped with equivalence classes [k̄a]
of null normals –where k̄0 a ⇡ k̄a i↵ k̄0 a = ck̄a for a positive constant c– for which Lk̄!̄a =̂ 0.
Then it follows that !̄ak̄a = , a constant on h [1]. WIHs are naturally divided into two
classes: the extremal WIHs, considered so far, on which  = 0, and, non-extremal WIHs on
which  6= 0. The main di↵erences between these two cases are: (i) On the extremal WIHs,



III - Localised energy



Energy-loss	and	memory

<latexit sha1_base64="7YPDbs68bYn872iIQJ5YXtVtKDg="></latexit>I

S2

TM✏S �
I

S1

TM✏S = � 1

32⇡G

Z

N
T (NabN

ab � 4DaDbN
ab)✏N

Let	us	look	again	at	the	super-translation	flux-balance	law:

The	soft	term	vanishes	for	l=0,1:	the	global	translations	have	a	strictly	negative	flux	
and	this	is	crucial	for	the	unambiguous	interpretation	of																as	the	total	energy

T	is	an	arbitrary	function	on	the	sphere;	choosing	a	Bondi	frame,	we	can	decompose	it	
in	spherical	harmonics;	then	l=0,1	correspond	to	the	4	global	translations,		
and	l>1	are	super-translations	(this	characterisation	is	foliation-dependent)
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T	is	an	arbitrary	function	on	the	sphere;	choosing	a	Bondi	frame,	we	can	decompose	it	
in	spherical	harmonics;	then	l=0,1	correspond	to	the	4	global	translations,		
and	l>1	are	super-translations	(this	characterisation	is	foliation-dependent)

c	for	a	gravitational	system,	it	is	only	possible	to	characterise	the	global	loss	of	energy	(and	
momentum).	Localized	energy	density	appears	to	be	still	an	elusive	concept,		
even	with	the	additional	universal	structure	available	at	Scri

How	about	Bondi’s	bucket	then?	can’t	we	identify	how	much	energy	flows	through	it	
and	be	available	to	heat	it	up?

Consider	then	a	profile	for	T	peaked	on	some	given	point	of	the	sphere:	
it	will	contain	arbitrary	l>1	modes,	hence	the	corresponding	mass	multipole	does	NOT	have	a	
negative-definite	flux
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Modified	super-momentum	charge
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At	this	point,	observe	that	the	soft	term	is	a	total	time	derivative:		
it	is	actually	possible	to	move	it	on	the	LHS	and	include	it	in	the	definition	of	the	charge!	

The	resulting	modified	super-momentum	would	have	negative	energy	flux	for	every	mode	

It	would	then	be	possible	to	talk	about	energy	loss	of	a	localised	multipole	in	an	unambiguous	way

Such	a	modification	has	been	considered	in	the	past	(Dain-Moreschi	‘02,	`nice	cuts’)

but	the	obvious	problem	is	that	the	resulting	charges	are	not	Hamiltonian.		

We	have,	after	all,	just	argued	that	they	are	identified	uniquely…

<latexit sha1_base64="wdxda3MsQm7R5Si42QlqP/D/uwI="></latexit>I
T (M +DaDb�

ab)✏S



The	fluxes	and	charges	we	constructed	are	indeed	unique,	once	the	symplectic	structure	is	given	

But	the	field	equations	only	determine	the	symplectic	2-form	up	to	corner	terms

•examples:		
EH	vs	ADM	(Brunett-Wald	’90)	
metric	vs	tetrads	(De	Paoli-S	’16)	

•see	general	discussion	in	Harlow-Wu,	Freidel-Geiller-Pranzetti,	Margalef-Bentabol-Barbero-
Villasenor,	…

•Used	also	for	extended	BMS	(`super-rotations’)	(Campiglia-Pereza	‘20)		
(see	Campiglia’s	talk	at	Loops	’22)

Is	there	a	`corner	deformation’	of	the	symplectic	2-form	that	turns	the	standard	BMS	charges	
into	these	ones	with	strictly	negative	flux?

Symplectic	freedom

We	claim	that	the	answer	is	yes

To	construct	it,	we	need	to	disentangle	the	vacuum	structure	of	the	phase	space



Vacuum	directions
Ashtekar	’81

The	radiative	phase	space	at	Scri	can	be	described	using	connections	
but	the	connection	knows	more	than	just	the	radiation:	also	the	shear	associated	with	any	cross	
section	of	Scri

(shear	occurs	also	in	vacuum:	shearing	null	geodesic	congurences	in	Minkowski)	

at	Scri,	any	super-translation	creates	shear	without	the	need	for	radiation

g	vacuum	directions



Vacuum	directions
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The	radiative	phase	space	at	Scri	can	be	described	using	connections	
but	the	connection	knows	more	than	just	the	radiation:	also	the	shear	associated	with	any	cross	
section	of	Scri

(shear	occurs	also	in	vacuum:	shearing	null	geodesic	congurences	in	Minkowski)	

at	Scri,	any	super-translation	creates	shear	without	the	need	for	radiation

g	vacuum	directions

Picking	a	choice	of	origin,	say	zero	shear	for	a	chosen	cross-section,		
we	can	parametrize	all	vacuum	connections	as	a	certain	operator	acting	on	a	choice	of	`bad	cut’	
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aka	super-translation	field	(Compere-Fiorucci-Ruzziconi)	aka	super-translation	Goldstone	(Strominger)

Using	this	parametrization,	we	can	define	what	was	called	`covariant’	shear	in	CFR’18	:

to determine the constant of integration c, we use Einstein/Bianchi if Im( 2) = 0 then
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We conclude that the relative shear
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is super-translation invariant. And furthermore transforms homogeneously with weight 1 under con-
formal transformations (in any definition, or the class II one?)

Then talk about �̂ and cov shear
We have two way to think about the relative shear. In the original way [?],

�
� is a unique reference

solution
Maybe it is not really like this. To parametrize

�
� =

�
�(u0) I secretly introduced a reference solution

already, fixed once and for all, namely
�
�0 = 0. But

�
� is not super-ranslation ivariant, so this is not a

st invariant statement, in otehr words it is a choice like any other one. Depends on l, that is.
The general formula (2.8) is not very common in the literature, because it is usually convenient to

further restrict the freedom in choosing the auxiliary background structures. For instance, one could
restrict the conformal frames to be round spheres only, namely ‘Bondi frames’. Then ⇢habi = 0. This
is always possible and would not change the symmetry group nor the physics in any way, but it is not
very convenient in practice, because checking conformal invariance of the physical expressions becomes
more complicated: one cannot do arbitrary conformal transformations but has to take into account
the non-trivial functional dependence that conformal transformations relating round spheres must
have (namely, correspond to Lorentz boosts on the celestial sphere). Alternatively, one could choose
to work with Lie-dragged auxiliary vectors only, which is also always possible. Then ⌧a = 0. This is
a much nicer restriction, because conformal invariance can be studied with unconstrained conformal
transformations. There is still a price to pay though, one cannot take l to transform homogeneously
under the conformal transformations (2.1), because this would not preserve the Lie dragging. This is
actually not a big deal, first because it only a↵ects l, and second because l is anyways only defined
up to internal Lorentz transformations of n’s little group, so one can use this freedom to identify the
transformed l which is still hypersurface orthogonal and Lie dragged:

l = �du ! l
0 = �du

0 = !l � @Aũ dx
A +

1

2!
@Aũ@

A
ũ n. (2.13)

This corresponds to a ‘class II’ transformation with parameter a = �!�1£mũ (in the notation of [?]
for internal tetrad rotations), followed by a rescaling with parameter !. Understanding conformal
transformations as acting in this way on l, we can consistently set ⌧a = 0. Therefore Nab = 2£n�ab �
⇢habi, or in terms of NP scalars, N = ��̇ � b

2 , where b := m̄
A
m̄

B
⇢AB is the inscrutable notation used

in [?] for the spin-2 weighted projection of Geroch’s tensor. If one chooses both Bondi frames and Lie
dragged l, then Nab = 2£n�ab, or in terms of NP scalars, N = ��̇. bars missing maybe here We will
come back below to why it is an acceptable restriction, but not the second one because only shear-less
cross sections.

This is the general relation between the news tensor and the shear of the foliation associated with
l. The news is given by the time derivative of the shear plus the non-Lie dragging of the auxiliary
vector defining the shear, plus the Geroch tensor. This formula is consistent with [?, ?] which assume

6



Localized	energy	density

Crucially,	
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ḡ2 + b

2

◆�
�
� = 0 ) �

� =

✓
g2 + b

2

◆
u0 �

b̄

2
u. (2.11)

We conclude that the relative shear

Sab := (Dha �
�
Dha)lbi = �ab �

�
�ab = �ab �

u

2
⇢ab +

✓
DhaDbi +

1

2
⇢habi

◆
u0 (2.12)

is super-translation invariant. And furthermore transforms homogeneously with weight 1 under con-
formal transformations (in any definition, or the class II one?)

Then talk about �̂ and cov shear
We have two way to think about the relative shear. In the original way [?],

�
� is a unique reference

solution
Maybe it is not really like this. To parametrize

�
� =

�
�(u0) I secretly introduced a reference solution

already, fixed once and for all, namely
�
�0 = 0. But

�
� is not super-ranslation ivariant, so this is not a

st invariant statement, in otehr words it is a choice like any other one. Depends on l, that is.
The general formula (2.8) is not very common in the literature, because it is usually convenient to

further restrict the freedom in choosing the auxiliary background structures. For instance, one could
restrict the conformal frames to be round spheres only, namely ‘Bondi frames’. Then ⇢habi = 0. This
is always possible and would not change the symmetry group nor the physics in any way, but it is not
very convenient in practice, because checking conformal invariance of the physical expressions becomes
more complicated: one cannot do arbitrary conformal transformations but has to take into account
the non-trivial functional dependence that conformal transformations relating round spheres must
have (namely, correspond to Lorentz boosts on the celestial sphere). Alternatively, one could choose
to work with Lie-dragged auxiliary vectors only, which is also always possible. Then ⌧a = 0. This is
a much nicer restriction, because conformal invariance can be studied with unconstrained conformal
transformations. There is still a price to pay though, one cannot take l to transform homogeneously
under the conformal transformations (2.1), because this would not preserve the Lie dragging. This is
actually not a big deal, first because it only a↵ects l, and second because l is anyways only defined
up to internal Lorentz transformations of n’s little group, so one can use this freedom to identify the
transformed l which is still hypersurface orthogonal and Lie dragged:

l = �du ! l
0 = �du

0 = !l � @Aũ dx
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Localized	energy	density

The	resulting	flux	contains	only	the	hard	term

The	resulting	charge	is	not	the	one	proposed	by	Dain-Moreschi,	which	we	prove	is	not	covariant,	
but	contains	extra	terms	that	depend	explicitly	on	the	vacuum	solution

Crucially,	
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Conclusions

In	the	paper	with	Abhay,	we	showed	that	the	geometry	of	Scri	can	be	put	on	the	same	footing	as	
that	of	black	hole	and	cosmological	horizons:	they	are	all	examples	of	weakly	isolated	horizons	

•Their	dramatically	different	physics	can	be	understood	from	the	different	implementation	of	
Einstein’s	equations	

•Unified	description	for	fluxes	and	charges	
•The	selection	of	fluxes	and	charges	that	comes	from	a	preferred	symplectic	potential	in	the	Wald-
Zoupas	approach	can	also	be	understood	as	a	choice	of	topology	on	the	radiative	phase	space

While	the	fluxes	and	charges	are	unique	once	the	symplectic	structure	is	given,		
we	can	entertain	the	possibility	of	modifying	it	by	a	corner	term	
In	the	paper	with	Antoine,	we	showed	that	by	doing	so,	it	is	possible	to	modify	the	super-
momentum	charge	so	that	the	flux	is	negative-definite	for	all	multipoles	

•There	is	a	unique	covariant	corner	term	that	can	be	added	to	the	radiative	phase	space	so	that	the	
flux	contains	only	the	hard	term	

•This	provides	an	avenue	for	a	notion	of	localized	energy	density	of	GWs


