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Basic motivation

.. What is a gravitational subsystem?



Coarse-graining and GR

* In any realistic experiment, the environment is split into subsystems that
evolve for sufficient time in controlled isolation. Such subsystems are
characterised by a relatively small number of coarse grained observables.

* One of the main conceptual difficulties in classical and quantum GR is that
there is no obvious such coarse graining on the ADM phase space. Some
manifestations of this difficulty:

- Averaging problem in cosmology [Buchert, Carfora, Wald, Green, Wiltshire,...].
- Problem of time in QG [Rovelli, Smolin, Kuchat, Thiemann,...].

- How to effectively build Dirac observables for GR? What is a thermodynamical
ensemble of spacetimes? [Rovelli, Dittrich, Kuchaft, Thiemann,...].

« Main strategy here: revers the problem and build the entire phase space
from the bottom up.



Subsystem Hamiltonians

» Consider a system coupled to its environment.

S = / [Pd@ — HY[P,Ql+

+pdq — H[p,ql — Vp,q| P, Q]|.

* The subsystem is characterised by

- symplectic structure g = dp A dq.

- Hamiltonian Hglp, q|J] = HS[p,q] + V|p, q|J].

» Hamilton's equations contain explicit dependence on the environment.

S[Hs] = Q5(6.0) + 500, J=(P.Q).




quasi-local energy

... let us now consider the problem in gravity



Which subsystems?

Two important points that determine the subsystem: < ) >
AN
N

- Choice must be made for how to extend
the boundary of the partial Cauchy
hypersurface X into a worldtube .

VS.

- Flux of gravitational radiation across the
worldtube of the boundary must be

prescribed as an external source J
(background field, c-number). fluz

Emerging field of quasi-local observables in LQG: [Riello, Pranzetti, Dittrich, Freidel, Bodendorfer, ww, Corichi,...]



Subsystems bounded by null surfaces

Choice here: identify gravitational subsystems with compact regions of
spacetime that are bounded by null surfaces.

o edge modes

- Induced metric: ¢’ gqp = 2m My .
M)

- free data: J = [my] : mq ~ 9T my,.

- gauge conditions: non-affinity «x, and
choice of foliation of the null
hypersurface (i.e. a choice of time
variable u).

- free corner data (edge modes): conformal
factor, out and ingoing expansion, outgoing shear, plus
one additional spin coefficient (NP scalar 7).

[Bondi, Sachs, Penrose, Winicour, Goldberg, Robinson, Soteriou, Reisenberger, ...]



Bulk plus boundary fields

Bulk fields: tetrad, Plebanski 2-form, self-dual connection,
1 ,
2AB = A ANeg“

FAB :dAAB —|—AA0/\ACB.

Boundary fields: dyadic one-forms, spin frame,
e = —i 0 du + kA0 m + ik m,

(K20 kat? = 1.

Covariant derivative: [ma]

Dt = At + ¥ [A% g]E5.
Conformal boundary conditions:

dm|] xm < mAd§m| =0,
dlu] = 0.




Bulk plus boundary action

Variation of the coupled bulk plus boundary action for given boundary conditions
returns the bulk plus boundary equations of motion.

* Einstein equations in the bulk.

* Boundary equations of motion: (i) gluing conditions and (ii) gauge fixing for u.
(i) ©yXap = (E(Adu — k(Am) A fB)m,

(ii) mAMmAkaDI? —ce. =0 < uis an affine parameter.

S[A, e|(k,0), m] = S;G [/ﬂ Sap A FAP 4 [V (badu — kam) A D(t4m)| + ce.



Symplectic structure, gauge symmetries

* Resulting symplectic structure has bulk plus boundary terms:

Oy = ! /ZABAdAAB —7{ (EAdu—kAm)/\d](EAm) + cc.
87TG D o

* Gauge symmetries are null directions: Qs = dOx : QO5(dgauge,-) = 0.

- Diffeomorphisms that vanish at the boundary §¢[-] = Z[] : §“U = 0.

- U(1) flag rotations 84 [¢*, k%, m] = %[EA,—kA,Qma]

- Simultaneous SL(2,C) gauge transformations of bulk plus boundary fields.

10



Tangent vectors to covariant phase space

Tangent vectors § € TPy, to the covariant phase space are linearised solutions

of the bulk plus boundary field equations that must also satisfy boundary
conditions m A dm =0, du = 0.

* A generic diffeomorphism will not satisfy this condition, e.g. m A Zem # 0.

* Define field variation d¢ via a projection d¢|-] = pr(Ze|]).

for all 0 € THs; QE((Sg,Cs) - Qz(ffg,(g).
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Quasi-local charges

» Charges obtained by integrating Hamilton's equations (X, d) = —9[0].

* Simplest Dirac observables: generators of boundary dilations and tangential
diffeomorphisms.

A

- boundary dilations: )[4, k4, m] = > (¢4, —k*,0], mAmAdA=0.

- tangential bulk plus boundary diffeomorphisms: &% : £%|ss € T

boundary dilations | K,[€] = 1671TG ]{ A(nal? — cc.),
: : A
tangential diffeos Je|€] = 87TG (naDat* — cc.).

*where we introduced the abbreviation 14 = ({adu — kam) A m.
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Special vector tfields

It is instructive to evaluate the charge on area-preserving vector fields on
u=const. cross sections of the null boundary £% = 2iml*m¥ D, f € TG,

1

Je; €] = - AnG

%m/\mfjm qu-&(k)ﬁ(g) .
€

*note: U, : cp%u(FABkAEB) = —Vypg (MAM).
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Quasi-local Hamiltonian

» Smoothly extend the null flag ¢“ inside,

define the null vector
[ma]

— A/
€4 =104 e 0.

 Define the field variation é (its projection
onto P is Hamiltonian).

_ 1
S04 == 2Dt + Zﬁ(@,

boundary translation { §,, [kA: = 9D kA — %19(@,

dp|m] := £adm.

S [e] = iv (AT,

bulk translation < A 4
5H[A B] = fJF B-

\

P edge modes
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Expansion as quasi-local Hamiltonian

* The quasi-local Hamiltonian is given by
the expansion (plus an irrelevant
constant).

o edge modes

1

Hs, = v A .
> 87TG %@E (E)m "

* The u-translations are integrable on Py :

1
0|Hyx| = Qx(6,0y) — e 7{92 Tym /\V(Smj— cc.].

vanishes on Ps,
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What does this all
have to do with LOG?



Action with Barbero-Immirzi term

* |In the Palatini formalism, the addition of a term 7eSOLdeRa bed does not change the

equations of motion in the interior. But it does change the boundary field theory.

* Bulk plus boundary action

1 v+1
8rG v

S|A,e|(k,l),m] =

* Bulk plus boundary symplectic structure

1 oyl AB A -
@E—SWG N [/EEAB/\d]A +7ilmm/\d](€ m)}—kce.

[/ ZAB/\FAB—F/ (fAdu—kAm)/\D(fAm,) -+ cc.
M N
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Boundary symplectic structure

* Introduce fiducial dyadic basis:

mAIm=0:m=e“m,,

d’Q, = im, A m,.

» Canonical conjugate boundary variables:

ZA _ GCDEA,
. I ~v+1 5

p— k wd Qo.
AT G y A
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Boundary reality condition

* Generators of complexified U(1) transformations

null dilatations

%)\ WAEA—FCC)
€

U(1) flag rotations

* Reality conditions on the area two-form implies a constraint:

K —~L =0.

7{ gb WAZA — CC.).
@
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LQG boundary states

 Consider a Schrodinger quantisation of the
boundary phase space.
- States are functionals on configuration space.

- LQG assumption: geometry excited only in a
superposition of punctures.

* Momentum smeared around a puncture acts as
an ordinary derivative

/l]SﬁA\Df)[é] = —ia??f(é(zl), . L(zN)),
%,
/UEﬁL,\Iff)[é] = i F(U(z1), - L(2n)).

* Irreducible unitary representations of SL(2,C) labelled by homogenous functions

(K +iL)f(0) = (p+ik)f(£), (p, k) ER X Z/2
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LQG quantisation of area

K = ~L condition implies p = ~yj restriction on allowed SL(2,C) representations.

Each puncture carries discrete eigenvalues ot area-flux:

spectrum of area flux = 8w hGvy x Z/2.

Typical wave functions are of the form:

F(0) = (= iXan APA) 79700 Ay,

These are the same type of wave functions that appear in LQG [Freidel, Speziale,
Bianchi, Dona, Dupuis, Levine, Girelli, ww].
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Summary and conclusion

Loop gravity spinor representation can be understood from the quantisation of
gravitational boundary (edge) modes that arise at the boundary of causal regions.

In addition, quantum discreteness of area also compatible with conventional Fock
space quantization in the continuum. [1,2,3]:

* Entire construction is manifestly Lorentz covariant.

* When applied to three dimensions, new connection between CFTs and gravity [3].

» Fundamental boundary variables are the same that underpin twistor string theory
and amplitudes [Arkani-Hamed, Cachazo, Penrose, Mason, Skinner, Adamo].

[1] ww, New boundary variables for classical and quantum gravity [...], Class. Quantum Grav. 34 (2017)]
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