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General Relativity: A beautiful encoding of gravity in geometry. But, as a
consequence, space-time itself ends at singularities. Big Bang thought of
as the Beginning (also in in�ationary scenarios) and black hole singularities as
the End.

Artist's conception of the Big-Bang

But general expectation: theory is pushed beyond its domain of
applicability. Must incorporate Quantum Physics.
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Goal of the talk: Show that in simple models Physics does not stop at
singularities. Quantum geometry extends its life. Rather startling
perspectives on the nature of space-time. While not full quantum gravity,
models encompass physically most interesting singularities.

Idea: Retain the gravity $ geometry duality by encoding new physics in
Quantum Riemannian Geometry. Will focus on the Big Bang; Black holes will be

discussed in some detail in Taveras' talk on Tuesday.

Organization:
1. Conceptual Setting
2. FRW Models
3. Origin of the Singularity Resolution
4. Summary (Including BHs).
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1. Conceptual Setting

Some Long-Standing Questions expected to be answered by Quantum
Gravity Theories from �rst principles:

? How close to the big-bang does a smooth space-time of GR make
sense? (Onset of in�ation?)

? Is the Big-Bang singularity naturally resolved by quantum gravity?
(answer is `No' in the Wheeler-DeWitt theory)

? Is a new principle/ boundary condition at the Big Bang essential?
(e.g. The Hartle-Hawking `no-boundary proposal'.)

? Is the quantum evolution across the `singularity' deterministic?
(answer `No' e.g. in the Pre-Big-Bang and Ekpyrotic scenarios)

? What is on the `other side'? A quantum foam? Another large, classical
universe? ...
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Some Long Standing Questions (contd)

? How does one extract physics from solutions to the Hamiltonian
constraint (e.g. WDW equation)? dynamics from the frozen formalism?
Dirac observables? Emergent time?
(Scale factor —natural candidate in the Misner parametrization— not single-valued

in closed models.)

? Can one have a deterministic evolution across the singularity and
agreement with GR at low curvatures, e.g., recollpase in the closed
models?
(Background dependent perturbative approaches have dif�c ulty with the �rst while

background independent approaches, with second (Green and Unruh))

In LQC, these issues have been resolved for several minisuperspaces.

Emerging Scenario: Physical sector of the theory can be constructed in
detail. Continuum a good approximation till curvature attains Planck scale.
In simplest models: Vast classical regions bridged deterministically by
quantum geometry. No new principle needed.
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The Big Bang in LQC

Artist's depiction. In loop quantum cosmology our post-big-bang branch of the universe is

joined to a pre-big-bang branch by a quantum bridge.
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Issue of singularity Resolution

� What does one mean by singularity resolution in quantum gravity?
Dif�cult in general but reasonably unambiguous in homogene ous models:
Need
i) Physical Hilbert space (Beyond solutions to constraints!)

ii) A complete set of Dirac observables (Can be relational; but should know about

the classical singularity).

iii)If possible, precise notions of states which can be taken to be
semi-classical away from the singularity (Beyond WKB type-approximations.)

� Notions such as “the wave function vanishes at the singularity” or
“spreads out” not enough by themselves.

� In simple models these steps have now been completed in LQC. The
scalar �eld serves as `emergent time'. Dirac observables wh ich are
classically singular (eg matter density) at the big bang have a dynamically
induced upper bound on the physical Hilbert space.

� Three tools: i) Numerical evolution in exact LQC; ii) Systematically
derived effective equations; iii) Simpli�ed but exactly so luble models.
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2. A Detailed Model

A concrete Example: k = 1 FRW model with a massless scalar �eld � .
Instructive because every classical solution is singular; scale factor not a
good global clock; More stringent tests because of the classical
re-collapse. Provides a foundation for more complicated models.
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Older Quantum Cosmology (DeWitt, Misner, Wheeler . . . 70's)

� Since only �nite number of DOF a(t); � (t), �eld theoretical dif�culties
bypassed; analysis reduced to standard quantum mechanics.

� Quantum States: 	( a; � ); â	( a; � ) = a	( a; � ) etc.
Quantum evolution governed by the Wheeler-DeWitt differential equation.

k=1, FRW: � (a
@
@a

)2	( a; � ) + C1 a4	( a; � ) = C2 a3 Ĥ � 	( a; � )

Without additional assumptions, singularity is not resolved.
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Older Quantum Cosmology (DeWitt, Misner, Wheeler . . . 70's)

� Quantum States: 	( a; � ); â	( a; � ) = a	( a; � ) etc.
Quantum evolution governed by the Wheeler-DeWitt differential equation

k=1, FRW: � (a
@
@a

)2	( a; � ) + C1 a4	( a; � ) = C2 a3 Ĥ � 	( a; � )

Without additional assumptions, singularity is not resolved.

� In LQC, situation is very different due to the Quantum Riemannian
Geometry. How is this possible? In QM we have von Neumann's
uniqueness theorem!

� A key assumption of the theorem fails in LQG ) von-Neumann's
uniqueness result naturally bypassed (AA, Bojowald, Lewandowski).
New Quantum Mechanics! (H 6= L 2(R) but rather H = L 2( �RBohr ).)

Novel features precisely in the deep Planck regime.
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Results

Assume that the quantum state is semi-classical at a late time and evolve
backwards and forward. Then:

� The state remains semi-classical till very early and very late times,
i.e., till R � �=lp 2 or � � 0:02� Pl . ) Space-time can be taken to be
classical during the in�ationary era.

� In the deep Planck regime, semi-classicality fails. But quantum
evolution is well-de�ned through the Planck regime, and remains
deterministic unlike in other approaches. No new principle needed.
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Results
Assume that the quantum state is semi-classical at a late time and evolve
backwards and forward. Then:

� The state remains semi-classical till very early and very late times,
i.e., till R � �=lp 2 or � � 0:02� Pl . ) Space-time can be taken to be
classical during the in�ationary era.

� In the deep Planck regime, semi-classicality fails. But quantum
evolution is well-de�ned through the Planck regime, and remains
deterministic unlike in other approaches. No new principle needed.

� Big bang replaced by a quantum bounce. A new `repulsive force' due to
quantum geometry. For k=0, Friedmann equation replaced by
(_a=a)2 = (8 �G= 3)[� � �=� crit ] where � crit � 0:82� Pl .
Bounce robust; not tied to states which are semi-classical at late times.
On the physical Hilbert space, � sup =

p
3=16� 2
 3G2~ � 0:82� Pl !

� No unphysical matter. Notion of semi-classicality precise (� Coherent
States). Unlike in WKB methods, �uctuations under full cont rol. Notion of
semi-classicality very weak.
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� k=1 Effective Friedmann Eq:

(_a=a)2 = (8 �G= 3)(� � � 1(v)) [(� 2(v) � � )=� crit ]

with � crit � 0:82� Planck

� Recollapse: � (v) = � 1(v); � min = (3 =8�Ga 2
max )

�
1 + O(`4

Pl =a4
max )

�

For p� = 5 � 103 ~, amax � 25̀ Pl , Agreement with the classical Friedmann
formula to one part in 105. For macroscopic universes, LQC prediction on
recollapse indistinguishable from the classical Friedmann formula.
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� k=1 Effective Friedmann Eq:

(_a=a)2 = (8 �G= 3)(� � � 1(v)) [(� 2(v) � � )=� crit ]

with � crit � 0:82� Planck

� Recollapse: � (v) = � 1(v); � min = (3 =8�Ga 2
max )

�
1 + O(`4

Pl =a4
max )

�

For p� = 5 � 103 ~, amax � 25̀ Pl , Agreement with the classical Friedmann
formula to one part in 105. For macroscopic universes, LQC prediction on
recollapse indistinguishable from the classical Friedmann formula.

� Bounces: � (v) = � 2(v); � max = � crit
�
1 + O(`2

Pl =a2
min )

�

For p� = 5 � 103 ~, amin � 5:9`Pl ; � max equals � crit to within 2%. For
large universes, the two are indistinguishable.

� For a universe which attains vmax � 1 Mpc, vmin � 6 � 1016cm3 �
10115`3

Pl ! Quantum geometry modi�cations of matter terms play no role.
Rather, the origin of the bounce lies in a quantum non-locality on the
geometry side of Einstein's Eq.
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3. Origin of Singularity Resolution: LQC vs WDW
� In LQG the canonically conjugate variables are:
A i

a , SU(2) gravitational connections and, E a
i , orthonormal triads.

Spatial homogeneity and isotropy implies
? Aa = c�! i

a � i| {z }
�xed

, E a = p�ea
i � i

| {z }
�xed

–c � _a
–holonomy: he(c) = cos�c 1 + sin �c _ea�! i

a � i

(Almost periodic in c )
– jpj = a2 .
– p ! � p changes only the orientation of the triad.
Large gauge transformation; leaves physics invariant.

? Canonically conjugate pairs:
c; p for gravity �; p � for matter

� Loop quantum cosmology:
Key strategy:
Do not naively set H = L 2(R; dc) and ĉ	( c) = c	( c); p̂	( c) = � i~d	

dc .
Rather, Follow full theory. â	( a; � ) = a	( a; � ) etc.
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New Quantum Mechanics

Gravitational Sector:

� States: 	( p) =
P

i 	 i jpi i jj 	 jj2 =
P

i j	 i j2

Note: < p i jpj > = � ij (Kronecker delta, not Dirac!)

� Operators: p̂	( p) = p	( p) (self-adjoint);
\expi�c 	( p) = 	( p + � ) (unitary)

But no connection operator ĉ !

� Von-Neumann theorem bypassed. New Quantum Mechanics possible.
Representation indeed inequivalent to Schrödinger's, i.e. to the WDW
kinematics.
This kinematic structure mimics that of the full LQG.

� On any semi-�nite time interval (� � o; 1 ), WDW theory excellent
approximation if in LQC we shrink the area gap suf�ciently.
However approximation non-uniform in � o; WDW theory cannot
approximate LQC for all times no matter how small the area gap.
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4. Summary

� In LQG, the interplay between geometry and physics is elevated to
quantum level. Physics does not end at singularities.

� In k = 1 and k = 0 FRW models with or without � , complete control on
the physical sector of the theory. LQC evolution deterministic across the
classical big bang and big crunch for all quantum states. For states which
are `semi-classical at late times,' detailed numerical and effective
descriptions & comparison between the two. For the k = 0 model, exactly
soluble models have established that the bounce occurs for hV̂ i for all
states.

� Universes with amax � 25̀ Pl already semi-classical! Repulsive force of
quantum geometry arises and dies very quickly but makes dramatic
changes to classical dynamics.

� Challenge to background independent theories: Detailed recovery of
classical GR at low curvatures/densities (Green and Unruh). Met in
cosmological models.
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Examples of Open Issues

� Even within these simplest models, LQC has not been systematically
derived from LQG. One closely mimics full LQG but not all the way
because one breaks diff invariance in cosmology by `gauge �x ing'.
Personal viewpoint: The current status of LQC is analogous to that of the
Bohr atom. Captured some essential features but the real picture much
more involved.

� Resolution of BH singularities has a qualitatively new element:
CGHS Models

– p. 24



CGHS Black Hole
The old and the new Penrose diagrams

� In contrast to the cosmological models, a region in which no smooth
classical metric can approximate quantum geometry. But semi-classical
regions in the distant past and distant future. Genuine quantum bounce.
What is the key factor that distinguishes the two cases?
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Supplement: Von Neumann Uniqueness Theorem

Finite number of degrees of freedom ) Quantum Mechanics.
If x; p is the canonically conjugate pair, [x̂; p̂] = i Î .
If Û(� ) = ei� x̂ and V̂ (� ) = ei� p̂, then Û(� ) V̂ (� ) = ei�� V̂ (� ) Û(� ).

von Neumann's uniqueness theorem: There is a unique IRR of
Û(� ); V̂ (� ) by 1-parameter unitary groups on a Hilbert space satisfying:
i) commutation relations; and ii) Weak continuity in �; � .
This is the standard Schrödinger representation.
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