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Loop quantum gravity

General relativity formulated as gauge theory in Ashtekar
variables (A i

a; E b
j ) (gauge group SO(3): triad rotations), subject

to additional constraints imposing general covariance.

E a
i E b

i = qab det q ; Ai
a = � i

a + 
K i
a

with spin connection

� i
a = � � ijk eb

j (@[aek
b] + 1

2ec
kel

a@[ce
l
b])

and extrinsic curvature K i
a.
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General relativity formulated as gauge theory in Ashtekar
variables (A i

a; E b
j ) (gauge group SO(3): triad rotations), subject

to additional constraints imposing general covariance.
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a = � i

a + 
K i
a

with spin connection

� i
a = � � ijk eb

j (@[aek
b] + 1

2ec
kel

a@[ce
l
b])

and extrinsic curvature K i
a.

Usual dif�culty of quantum gravity: metric itself as physical �eld
to be quantized, not as �xed background.

Even “free” Hamiltonians non-quadratic in metric dependence,
no manageable perturbation analysis.
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Loop variables

Way out: Non-perturbative, background independent
quantization. De�ne holonomies and �uxes

he(A) = P exp
Z

e
A i

a� i _eadt ; FS(E ) =
Z

S
d2ynaE a

i � i

with tangent vector _ea to spatial curve e, co-normal na to surface
S and Pauli matrices � i .

Fields are integrated without using background metric, form
linear algebra to be represented on Hilbert space providing
basis of loop quantum gravity.
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Loop variables

Way out: Non-perturbative, background independent
quantization. De�ne holonomies and �uxes

he(A) = P exp
Z

e
A i

a� i _eadt ; FS(E ) =
Z

S
d2ynaE a

i � i

with tangent vector _ea to spatial curve e, co-normal na to surface
S and Pauli matrices � i .

Fields are integrated without using background metric, form
linear algebra to be represented on Hilbert space providing
basis of loop quantum gravity.

Holonomies serve as creation operators of geometrical
excitations: Start with constant state as functional of
connections. Multiplying with holonomies for a given set of
curves creates dependence on A i

a along graph.
Strongly excited for macroscopic geometry.
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Properties

Discrete spectra of �ux operators, thus discrete spatial ge ometry
(area, volume, . . . ).

Important consequences for representation of other operators.

States subject to constraints:

�! Gauss constraint G[� i ]: only metric information, removes
additional degrees of freedom of triad (except orientation).
Solved by gauge invariant multiplication of holonomies creating
states.

�! Diffeomorphism constraint D[N a]: spatial independence of
coordinates. Solved by averaging spatial action.

�! Hamiltonian constraint H [N ]: completes space-time
covariance. Most important for dynamics, most dif�cult to s olve.
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Dynamics

[Thiemann]

H [N ] =
1

16�
G

Z

�
d3xN

�
� ijk F i

ab
E a

j E b
kp

j det E j

� 2(1 + 
 � 2)(A i
a � � i

a)(A j
b � � j

b)
E [ a

i E b]
jp

j det E j

�
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Extrinsic curvature:

K i
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 � 1(A i

a� � i
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A i
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d3xF i
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Types of quantum corrections

Main effects of loop quantization in general regimes:

1a. Graph states, changed by gravitational Hamiltonian. Lattice
re�ned during evolution in addition to changes of gravitational
excitation level.

1b. Higher order corrections from holonomies, spatially
non-local and non-linear in curvature.

2. Inverse powers of metric components receive quantum
corrections, some classical divergences removed.

In addition:

3. Genuine quantum corrections through back-reaction of
�uctuations on expectation values, as in any interacting quantum
theory.

All contribute to effective equations.
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Holonomies

Holonomies quantize F i
ab, curvature integrated along extended

loop: higher order terms, higher spatial derivatives.
Generates excitations of geometry, new degrees of freedom.

+-

j

j

1/2
2

1

2

1

S 2

1

j +s  /2

j +s  /2

s =   1I
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Holonomies

Holonomies quantize F i
ab, curvature integrated along extended

loop: higher order terms, higher spatial derivatives.
Generates excitations of geometry, new degrees of freedom.

+-

j

j

1/2
2

1

2

1

S 2

1

j +s  /2

j +s  /2

s =   1I

Discrete structure is built up and being re�ned as universe
expands, affects coef�cients of effective equations.
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Inverse densitized triad

Poisson bracket quantized to commutator, eigenvalues in terms
of �ux Ev =

R
Sv

d2yE(y) for E a
i = E� a

i changed by factor

� (Ev) = (2 �
` 2
P)� 1

p
jEv j

� q
jEv + 2 �
` 2

P j �
q

jEv � 2�
` 2
P j

�

= 1 + 1
4 �
` 4

P=E2
v + O(`8

P=E4
v )
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Strong quantum effects
at small excitation scale:
� = Ev=`2

P < 1.

Perturbatively corrected
coef�cients in effective
Hamiltonian even at larger
scales.
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Quantum back-reaction

Interacting systems: spreading wave packet back-reacts on
expectation values.
Canonical derivation, illustrated by anharmonic oscillator

Ĥ =
1

2m
p̂2 + V (q̂) =

1
2m

p̂2 +
1
2

m! 2q̂2 +
1
3

� q̂3
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Quantum back-reaction

Interacting systems: spreading wave packet back-reacts on
expectation values.
Canonical derivation, illustrated by anharmonic oscillator

Ĥ =
1

2m
p̂2 + V (q̂) =

1
2m

p̂2 +
1
2

m! 2q̂2 +
1
3

� q̂3

Expectation values couple to �uctuation (� q)2 = h(q̂ � h q̂i )2i ,
requiring quantum correction:

d
dt

ĥqi =
1
i~

h[q̂;Ĥ ]i =
1
m

ĥpi

d
dt

ĥpi =
1
i~

h[p̂; Ĥ ]i = � m! 2ĥqi � � ĥq2i

= � m! 2ĥqi � � ĥqi 2 � � (� q)2

= � V 0(ĥqi ) � � (� q)2
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Dynamical �uctuations

Fluctuations are themselves dynamical:

d
dt

(� q)2 =
d
dt

(ĥq2i � h q̂i 2) =
1
i~

h[q̂2; Ĥ ]i � 2ĥqi
d
dt

ĥqi

=
1
m

ĥqp̂ + p̂q̂i �
2
m

ĥqihp̂i =
2
m

Cqp
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Dynamical �uctuations

Fluctuations are themselves dynamical:

d
dt

(� q)2 =
d
dt

(ĥq2i � h q̂i 2) =
1
i~

h[q̂2; Ĥ ]i � 2ĥqi
d
dt

ĥqi

=
1
m

ĥqp̂ + p̂q̂i �
2
m

ĥqihp̂i =
2
m

Cqp

Requires covariance Cqp = 1
2 ĥqp̂ + p̂q̂i � h q̂ihp̂i , evolving as

d
dt

Cqp =
1
m

Cqp + m! 2(� q)2 + 6 � ĥqi (� q)2 + 3 � G0;3

with higher moment G0;3 = h(q̂ � h q̂i )3i = ĥq3i � 3ĥqi (� q)2 � h q̂i 3

of third order (skewness).

All in�nitely many moments coupled in interacting system.
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Low energy effective action

To �rst order in ~ and second in an adiabatic approximation,
formulated as a second order equation for q:

 

m + ~U 000(q)2

32m2 ! 5 (1+ U 00( q )
m! 2 )

5
2

!

•q +
~

�
4m! 2 U 000(q)U 0000(q)

�
1+ U 00( q )

m! 2

�
� 5U 000(q)3

�

128m3 ! 7 (1+ U 00( q )
m! 2 )

7
2

_q2

+ m! 2q + U0(q) + ~U 000(q)

4m! (1+ U 00( q )
m! 2 )

1
2

= 0

with general anharmonic potential U(q).
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with general anharmonic potential U(q).

Agrees with 1-particle irreducible low energy effective action
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Z
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General procedure [MB, Skirzewski: math-ph/0511043]

Basic principle of quantum back-reaction of spreading state
more widely applicable than 1-particle irreducible effective
action, in particular to canonical quantizations such as loop
quantum gravity.

Requirement for feasibility: relation to free system where
quantum variables decouple. Realized if [�; Ĥ ] linear in basic
operators.

Linear system: basic variables Ĵ i together with Hamiltonian Ĥ
form a linear commutator algebra.

Quantum Cosmology – p.12



General procedure [MB, Skirzewski: math-ph/0511043]

Basic principle of quantum back-reaction of spreading state
more widely applicable than 1-particle irreducible effective
action, in particular to canonical quantizations such as loop
quantum gravity.

Requirement for feasibility: relation to free system where
quantum variables decouple. Realized if [�; Ĥ ] linear in basic
operators.

Linear system: basic variables Ĵ i together with Hamiltonian Ĥ
form a linear commutator algebra.

For perturbations around linear systems, semiclassical
approximation allows decoupling of almost all quantum
variables, but not always adiabatic expansion.
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Isotropic cosmology

Linear system available for cosmology? Friedmann equation
c2p

p = 1
2p� 3=2p2

� with variables c = _a (extrinsic curvature),

p3=2 = a3 (volume, p: densitized triad, assumed positive).

Solving for p� yields jp� j / jcpj =: H , which can be interpreted
as Hamiltonian generating the �ow in the variable � : internal
time.
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Isotropic cosmology

Linear system available for cosmology? Friedmann equation
c2p

p = 1
2p� 3=2p2

� with variables c = _a (extrinsic curvature),

p3=2 = a3 (volume, p: densitized triad, assumed positive).

Solving for p� yields jp� j / jcpj =: H , which can be interpreted
as Hamiltonian generating the �ow in the variable � : internal
time.

Classical and quantum variables decoupled:

dc
d�

= c ;
dp
d�

= � p

d
d�

(� c)2 = 2(� c)2 ;
d

d�
Ccp = 0 ;

d
d�

(� p)2 = � 2(� p)2

solved by c(� ) = c1e� , p(� ) = c2e� � , (� c)2(� ) = c3e2� ,
Ccp(� ) = c4 and (� p)2(� ) = c5e� 2� .
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Loop quantum cosmology [gr-qc/0608100]

Loop formulation: Holonomies as basic operators, not

connection; dsinc instead of c, Ĥ = \psinc non-quadratic.

Introduce Ĵ = p̂ceic , linear Ĥ = � 1
2 i (Ĵ � Ĵ y)

(�nite shift operator: difference equation fundamentally).

But non-canonical variables (p̂; Ĵ ), centrally extended sl(2; R)
algebra

[p̂; Ĵ ] = ~Ĵ ; [p̂; Ĵ y] = � ~Ĵ y ; [Ĵ ; Ĵ y] = � 2~p̂ � ~2
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Loop quantum cosmology [gr-qc/0608100]

Loop formulation: Holonomies as basic operators, not

connection; dsinc instead of c, Ĥ = \psinc non-quadratic.

Introduce Ĵ = p̂ceic , linear Ĥ = � 1
2 i (Ĵ � Ĵ y)

(�nite shift operator: difference equation fundamentally).

But non-canonical variables (p̂; Ĵ ), centrally extended sl(2; R)
algebra

[p̂; Ĵ ] = ~Ĵ ; [p̂; Ĵ y] = � ~Ĵ y ; [Ĵ ; Ĵ y] = � 2~p̂ � ~2

Equations of motion

dp
d�

= � 1
2(J + �J ) ;

dJ
d�

= � 1
2(p + ~) =

d �J
d�

with complete exact solutions

p(� ) = 1
2(c1e� � + c2e� ) � 1

2~ ; J (� ) = 1
2(c1e� � � c2e� ) + iH
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Fluctuations [Nature Phys. 3 (2007) 523]

Classical reality condition J �J = p2 for J = pexp(ic).
This is related to the physical inner product: exp(ic) quantized to
a unitary operator.
Implies c1c2 = H 2 + O(~), bouncing solution (with e2� = c2=c1)

p(� ) = H cosh(� � � ) � 1
2~ ; J (� ) = � H (sinh(� � � ) � i )
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Classical reality condition J �J = p2 for J = pexp(ic).
This is related to the physical inner product: exp(ic) quantized to
a unitary operator.
Implies c1c2 = H 2 + O(~), bouncing solution (with e2� = c2=c1)

p(� ) = H cosh(� � � ) � 1
2~ ; J (� ) = � H (sinh(� � � ) � i )

Uncertainties:

d
d�

(� p)2 = � 2CpJ ;
d

d�
(� J )2 = � 2CpJ

d
d�

CpJ = � 1
2(� J )2 � 3

2(� p)2 � 1
2(p2 � J �J + ~p + ~2=2)

Allows precise determination of properties of dynamical
coherent states.
For H � ~ solution given by (� p)2 � ~H cosh(2(� � � 2))
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Interactions [MB, Hern ández, Skirzewski: 0706.1057]

Effective equation with non-zero potential:

dp
d�

= �
J + �J

2
+

J + �J
(J � �J )2 p3V(� )

+3
p3(J + �J )
(J � �J )4 ((� J )2 + (� �J )2 � 2CJ �J )V (� )

� 6
p2(J + �J )
(J � �J )3

(CpJ � Cp �J )V (� ) + 3
p(J + �J )
(J � �J )2

(� p)2 V (� )

�
2p3

(J � �J )3 ((� J )2 � (� �J )2)V (� )+
3p2

(J � �J )2 (CpJ + Cp �J )V (� )

together with equations for J and �uctuations as independent
variables.
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Lorentz violation?

Dynamics changes, classical symmetries may not be preserved.
Equations have to satisfy consistency requirements:
Anomaly freedom in space-time gauge symmetries becomes
non-trivial in inhomogeneous situations.

Direct treatment:

Quantum commutator [Ĥ [N ]; Ĥ [M ]] of correct form?

Which semiclassical state for effective Hamiltonian hĤ i ?
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Lorentz violation?

Dynamics changes, classical symmetries may not be preserved.
Equations have to satisfy consistency requirements:
Anomaly freedom in space-time gauge symmetries becomes
non-trivial in inhomogeneous situations.

Direct treatment:

Quantum commutator [Ĥ [N ]; Ĥ [M ]] of correct form?

Which semiclassical state for effective Hamiltonian hĤ i ?

Canonical effective procedure:

First compute effective constraints, then check effective
constraint algebra.

Properties of dynamical coherent state determined order by
order in semiclassical expansion (just like interacting vacuum in
perturbative quantum �eld theory).
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Gravitational waves [MB, G. Hossain: 0709.2365]

Example: Propagation of gravitational waves compared to light.
Hamiltonian (for inverse volume correction)

HG =
1

16�G

Z

�
d3x� (E a

i )
E c

j E d
kp

jdet E j

�
� i

jk F i
cd � 2(1 + 
 2)K j

[cK
k
d]

�

implies linearized wave equation

1
2

�
1
�

•hi
a + 2

_a
a

�
1 �

2ad�= da
�

�
_hi

a � � r 2hi
a

�
= 8 �G � i

a

for tensor mode hi
a on cosmological background with scale

factor a and source-term � i
a.

Dispersion relation for gravitational waves:

! 2 = � 2k2

� > 1 from perturbative corrections: super-luminal?
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Causality

Compare with electrodynamics, Hamiltonian:

HEM =
Z

�
d3x

�
� EM (qcd)

2�
p

q
E aE bqab + � EM (qcd)

p
q

16�
FabFcdqacqbd

�

wave equation

@t
�
� � 1

EM @t Aa
�

� � EM r 2Aa = 0

dispersion relation
! 2 = � EM � EM k2

Also “super-luminal” compared to classical speed of light.

Anomaly-freedom:
� 2 = � EM � EM

from effective constraint algebra, physically not super-luminal.
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Summary

General scheme for effective equations available, applicable to
canonical quantum gravity. Crucial ingredient: solvable model
without quantum back-reaction.
Important information on dynamical coherent states.

Quantum back-reaction not yet included in inhomogeneous
equations, but important for covariance of higher derivative
terms (in space and time).
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Summary

General scheme for effective equations available, applicable to
canonical quantum gravity. Crucial ingredient: solvable model
without quantum back-reaction.
Important information on dynamical coherent states.

Quantum back-reaction not yet included in inhomogeneous
equations, but important for covariance of higher derivative
terms (in space and time).

Contributions to fundamental issues:

Possible consequences of physical inner product by reality
conditions.

Cancellation of anomalies in effective constraint algebra.

Covariance (or low energy Lorentz symmetries) respected by
quantization?

Quantum Cosmology – p.20


	Loop quantum gravity
	Loop variables
	Properties
	Dynamics
	Types of quantum corrections
	Holonomies
	Inverse densitized triad
	Quantum back-reaction
	Dynamical fluctuations
	Low energy effective action
	General procedure {�ootnotesize [MB, Skirzewski: math-ph/0511043]}
	Isotropic cosmology
	Loop quantum cosmology {�ootnotesize [gr-qc/0608100]}

