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The BKL Paradigm
Near a spacelike (cosmological) singularity, Einstein
equations should simplify ) BKL decoupling: @x � @t?
[BKL � Belinskii, Khalatnikov, Lifshitz (1972)]

Dimensional reduction to one (time) dimension !
effective dynamics near singularity from gradient
expansion? ! billiards, chaotic oscillations, etc.
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Another (old) paradigm

Cosmological evolution as `geodesic motion' in the
moduli space of 3-geometries [Wheeler, DeWitt,...] :

M � G(3) =
f spatial metrics gij (x)g

f diffeomorphismsg

Can we understand and `simplify' M by means of an
embedding into a group theoretical coset G=K(G)?

The prototype example: moduli space of solutions of
Einstein equations with two commuting Killing vectors

M = A(1)
1 =K (A(1)

1 ) ; A(1)
1 � \SL(2; R)c:e: = Geroch group

Uni�cation of space-time, matter and gravitation:
con�gur ation space M for quantum gravity should
consistently incorporate matter degrees of freedom.
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Hidden symmetries
Reduction of SUGRA11 to D = 11� n [Cremmer, Julia (1979)]

n Scalar Coset En=K (En)

1 GL(1)=1
2 GL(2)=SO(2)
3 SL(3) � SL(2)=U(2)
4 SL(5)=SO(5)
5 SO(5; 5)=SO(5) � SO(5)
6 E6=USp(4)
7 E7=SU(8)
8 E8=(Spin(16)=Z2)
9 E9=K (E9)

10 E10=K (E10)
11 E11=K (E11)

y

y

yy

y

y

y

y

y N. (1987)

y Julia('85), DHN('02)

y West (2001)
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) E10 from dimensional reduction to D = 1?

However: L = L
�
gij (t ); A ij k (t )

�
is only invariant under GL (10; R) n T120 ... but:

Effective dynamics of diagonal metric degrees of freedom is
governed by cosmological billiards in Weyl chamber of E10!
[Damour, Henneaux, hep-th/0012172; DHN, hep-th/0212256]

motivates BASIC CONJECTURE: M = E10=K (E10)

Dynamics of supergravity (or
some M theoretic extension)

Null geodesic motion on
E10=K (E10) coset space

are equivalent! [DHN, hep-th/0207267]

SUGRA eqs. of motion
+ canonical constraints

1 -component geodesic eqn.
and coset constraints
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Hence, not a bona �de dimensional reduction, but rather:
± Recovery of spatial dependence via gradient expansion à la BKL?
± Gradient expansion �= height (or level) expansion?

± inde®nite KMA (more than!) `large enough' to accommodate x -dependence

Thus: does space `de-emerge' at cosmological singularity?

Conversely (main open problem): how can space-time �eld
theory emerge out of geodesic E10=K (E10) � -model?
± Signi®cance of non-gradient degrees of freedom: physical or auxiliary?
± (Quantum) dynamics and (quantum) canonical constraints?

± Decoupling via small (tension) parameter? (Cf. � 0 ! 0 limit in string theory)

Here: non-covariant Hamiltonian (gauge �x ed) formulation
± (Appropriately truncated) eqs. of motion match perfectly up to ` = 3, mismatches beyond

± Idem for supersymmetric extension (Rarita Schwinger equation)

Quantization: as in canonical (WDW) quantum gravity

E 10 and K ( E 10 ) : re-inventing M theory? – p.6/31



Hence, not a bona �de dimensional reduction, but rather:
± Recovery of spatial dependence via gradient expansion à la BKL?
± Gradient expansion �= height (or level) expansion?

± inde®nite KMA (more than!) `large enough' to accommodate x -dependence

Thus: does space `de-emerge' at cosmological singularity?

Conversely (main open problem): how can space-time �eld
theory emerge out of geodesic E10=K (E10) � -model?
± Signi®cance of non-gradient degrees of freedom: physical or auxiliary?
± (Quantum) dynamics and (quantum) canonical constraints?

± Decoupling via small (tension) parameter? (Cf. � 0 ! 0 limit in string theory)

Here: non-covariant Hamiltonian (gauge �x ed) formulation
± (Appropriately truncated) eqs. of motion match perfectly up to ` = 3, mismatches beyond

± Idem for supersymmetric extension (Rarita Schwinger equation)

Quantization: as in canonical (WDW) quantum gravity

E 10 and K ( E 10 ) : re-inventing M theory? – p.6/31



Hence, not a bona �de dimensional reduction, but rather:
± Recovery of spatial dependence via gradient expansion à la BKL?
± Gradient expansion �= height (or level) expansion?

± inde®nite KMA (more than!) `large enough' to accommodate x -dependence

Thus: does space `de-emerge' at cosmological singularity?

Conversely (main open problem): how can space-time �eld
theory emerge out of geodesic E10=K (E10) � -model?
± Signi®cance of non-gradient degrees of freedom: physical or auxiliary?
± (Quantum) dynamics and (quantum) canonical constraints?

± Decoupling via small (tension) parameter? (Cf. � 0 ! 0 limit in string theory)

Here: non-covariant Hamiltonian (gauge �x ed) formulation
± (Appropriately truncated) eqs. of motion match perfectly up to ` = 3, mismatches beyond

± Idem for supersymmetric extension (Rarita Schwinger equation)

Quantization: as in canonical (WDW) quantum gravity

E 10 and K ( E 10 ) : re-inventing M theory? – p.6/31



Hence, not a bona �de dimensional reduction, but rather:
± Recovery of spatial dependence via gradient expansion à la BKL?
± Gradient expansion �= height (or level) expansion?

± inde®nite KMA (more than!) `large enough' to accommodate x -dependence

Thus: does space `de-emerge' at cosmological singularity?

Conversely (main open problem): how can space-time �eld
theory emerge out of geodesic E10=K (E10) � -model?
± Signi®cance of non-gradient degrees of freedom: physical or auxiliary?
± (Quantum) dynamics and (quantum) canonical constraints?

± Decoupling via small (tension) parameter? (Cf. � 0 ! 0 limit in string theory)

Here: non-covariant Hamiltonian (gauge �x ed) formulation
± (Appropriately truncated) eqs. of motion match perfectly up to ` = 3, mismatches beyond

± Idem for supersymmetric extension (Rarita Schwinger equation)

Quantization: as in canonical (WDW) quantum gravity

E 10 and K ( E 10 ) : re-inventing M theory? – p.6/31



Hence, not a bona �de dimensional reduction, but rather:
± Recovery of spatial dependence via gradient expansion à la BKL?
± Gradient expansion �= height (or level) expansion?

± inde®nite KMA (more than!) `large enough' to accommodate x -dependence

Thus: does space `de-emerge' at cosmological singularity?

Conversely (main open problem): how can space-time �eld
theory emerge out of geodesic E10=K (E10) � -model?
± Signi®cance of non-gradient degrees of freedom: physical or auxiliary?
± (Quantum) dynamics and (quantum) canonical constraints?

± Decoupling via small (tension) parameter? (Cf. � 0 ! 0 limit in string theory)

Here: non-covariant Hamiltonian (gauge �x ed) formulation
± (Appropriately truncated) eqs. of motion match perfectly up to ` = 3, mismatches beyond

± Idem for supersymmetric extension (Rarita Schwinger equation)

Quantization: as in canonical (WDW) quantum gravity

E 10 and K ( E 10 ) : re-inventing M theory? – p.6/31



Hence, not a bona �de dimensional reduction, but rather:
± Recovery of spatial dependence via gradient expansion à la BKL?
± Gradient expansion �= height (or level) expansion?

± inde®nite KMA (more than!) `large enough' to accommodate x -dependence

Thus: does space `de-emerge' at cosmological singularity?

Conversely (main open problem): how can space-time �eld
theory emerge out of geodesic E10=K (E10) � -model?
± Signi®cance of non-gradient degrees of freedom: physical or auxiliary?
± (Quantum) dynamics and (quantum) canonical constraints?

± Decoupling via small (tension) parameter? (Cf. � 0 ! 0 limit in string theory)

Here: non-covariant Hamiltonian (gauge �x ed) formulation
± (Appropriately truncated) eqs. of motion match perfectly up to ` = 3, mismatches beyond

± Idem for supersymmetric extension (Rarita Schwinger equation)

Quantization: as in canonical (WDW) quantum gravity

E 10 and K ( E 10 ) : re-inventing M theory? – p.6/31



De�nition of E10

E10 is the Kac±Moody group with Kac±Moody Lie algebra
g � e10 of rank 10 de�ned via the Dynkin diagram

1 2 3 4 5 6 7 8 9

10

y y y y y y y y y

y

y ( )
Aij

Cartan matrix

Chevalley±Serre presentation: Generators hi ; ei ; f i for
i = 1; : : : ; 10 with relations

[hi ; hj ] = 0; [ei ; f j ] = � ij hi ;

[hi ; ej ] = Aij ej ; [hi ; f j ] = � Aij f j ;

(adei )1� A ij ej = 0; (ad f i )1� A ij f j = 0:

hi span Cartan subalgebra h; ei and f i : positive and negative simple root generators
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KeyProperties

Root space decomposition: � 2 Q(E10) = I I1;9

g� =
�

x 2 g : [h; x] = � (h)x for h 2 h
	

Real roots (� 2 = 2) and imaginary roots (� 2 � 0)

Weyl group: W+ (E10) = PSL2(OZ) [KN+Feingold (2007)]

Invariant bilinear form ! Action Principle

hhi jhj i = Aij ; hei jf j i = � ij ; h[x; y]jzi = hxj[y; z]i :

[No other polynomial Casimir for dim g = 1 ! action is (essentially) unique!]

Triangular decomposition ! Computability

g = e10 = n� � h � n+ ; with n� :=
L

� ? 0 g�
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CompactsubalgebraK (e10)

Chevalley involution ! on e10 is de�ned by

! (ei ) = � f i ; ! (f i ) = � ei ; ! (hi ) = � hi

and extends to all of e10 by ! ([x; y]) = [! (x); ! (y)].

Fixed point set

k10 � K (e10) =
�

x 2 e10 : ! (x) � � xT = x
	

is a subalgebra of e10, called the compact subalgebra.

! generalizes compact subalgebra of �nite dimensional
Lie algebras (in split real form; e.g. so(n) � gl(n))

However: k10 is not a Kac-Moody algebra [KN, hep-th/0506238]
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Sketchof Root Space

No closed formula known for dimensions of root spaces (� root multiplicities), but
computable recursively (in principle...). Multiplicities grow exponentially with � � 2 .

To get a handle at least on low-lying generators choose a space-like slicing of the
hyperboloid. This means analyzing e10 w.r.t. a ®nite-dimensional regular subalgebra.
Level decomposition: � =

P
j mj � j + `� 0 with � j 2 subalgebra, ` = `level'.
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Level decomposition:A9 � e10

1 2 3 4 5 6 7 8 9

10, `

y y y y y y y y y

y

y ( ) sl(10) � A9 � e10

` A9 module Tensor
0 [100000001]� [000000000] K a

b

1 [000000100] Eabc

2 [000100000] Ea1:::a6

3 [010000001] Ea1:::a8 ja9

These are just the representations corresponding to the
bosonic �elds of D = 11 SUGRA and their magnetic duals.
At level ` = 3: dual graviton ha1:::a8 ja9

(with h[a1:::a8 ja9] = 0)
[For more representations, see: Fischbacher,N. hep-th/0301017]
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Level decomposition:A8 � A1 � e10

1 2 3 4 5 6 7 8,` 9

10

y y y y y y y y y

y

y ( ) gl(9) � sl(2) � e10
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Level decomposition:A8 � A1 � e10

1 2 3 4 5 6 7 8,` 9

10

y y y y y y y y y

y

y ( ) gl(9) � sl(2) � e10

` A 8 � A 1 module Tensor

0 ([10000001]; 1) � ([00000000]; 3) K a
b; Ji (a = 1; : : : ; 9; i = 1; 2; 3)

1 ([00000010]; 2) E ab
� (� = 1; 2)

2 ([00001000]; 1) E a1 :::a 4

3 ([00100000]; 2) E a1 :::a 6 �

4 ([01000001]; 1) E a1 :::a 7 j a8

4 ([10000000]; 3) E a1 ::: a8 i
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Level decomposition:A8 � A1 � e10

1 2 3 4 5 6 7 8,` 9

10

y y y y y y y y y

y

y ( ) gl(9) � sl(2) � e10

` A 8 � A 1 module Tensor

0 ([10000001]; 1) � ([00000000]; 3) K a
b; Ji (a = 1; : : : ; 9; i = 1; 2; 3)

1 ([00000010]; 2) E ab
� (� = 1; 2)

2 ([00001000]; 1) E a1 :::a 4

3 ([00100000]; 2) E a1 :::a 6 �

4 ([01000001]; 1) E a1 :::a 7 j a8

4 ([10000000]; 3) E a1 ::: a8 i

! Representations corresponding to bosonic �elds of
D = 10, type IIB SUGRA and their magnetic duals.
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Level decomposition:A8 � A1 � e10

1 2 3 4 5 6 7 8,` 9

10

y y y y y y y y y

y

y ( ) gl(9) � sl(2) � e10

` A 8 � A 1 module Tensor Interpretation

0 ([10000001]; 1) � ([00000000]; 3) K a
b; Ji gravity, axion/dilaton

1 ([00000010]; 2) E ab
� F1,D1

2 ([00001000]; 1) E a1 ::: a4 D3

3 ([00100000]; 2) E a1 ::: a6 � NS5,D5

4 ([01000001]; 1) E a1 ::: a7 j a8 KK monopole

4 ([10000000]; 3) E a1 ::: a8 i NS7,D7,?

! Representations corresponding to bosonic �elds of
D = 10, type IIB SUGRA and their magnetic duals.
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Versatility of E10 (& E11)

The one-dimensional E10 � -model uni�es

y y y y y y y y y

y

y

z

sl(10) � e10

D = 11SUGRA
[DHN; West 2002]

y y y y y y y y y

y

z

y

so(9; 9) � e10

mIIA D = 10SUGRA
[Kleinschmidt, Schnakenburg, West 2003]
[Kleinschmidt, N. 2004]

y y y y y y y y y

y

z

sl(9) � sl(2) � e10

IIB D = 10SUGRA
[Kleinschmidt, Schnakenburg, West 2003]
[Kleinschmidt, N. 2004]

These are the (maximal) low energy theories of the
`M-theory diagram', now all part of a single model.
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Summary: kinematics

E10 contains all known S; T; U dualities as subgroups

Correct bosonic multiplets of D = 11 SUGRA as well
as all lower dimensional maximal supergravities

Idem for half-maximal theories:

type I , DE10
y y y y y y y y

yy

Einstein-Maxwell , BE10
y y y y y y y y y

y

@
�

Embeddings of maximal rank-10 hyperbolic algebras:

type I � IIA , DE10 � E10

type I � Einstein-Maxwell , DE10 � BE10

NB: These embeddings are not in the textbooks!
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Dynamics: bosonicLagrangian

Decompose Cartan form for V(t) 2 E10=K (E10)

@tVV� 1(t) = Q(t) + P(t) ; Q 2 k10 ; P 2 e10 	 k10

) essentially unique coset Lagrangian (n(t)= lapse)

L =
1

2n
hPjP i :

invariant under local K (E10) and global E10:

V(t) ! k(t)V(t)g ) P! kPk� 1 ; Q! kQk� 1 + @tkk� 1

Equations of motion: null geodesic on E10=K (E10)

n@t(n� 1P) =
�
Q; P

�
; hPjP i = 0:
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Example: A9 � E10

With @t VV� 1 =
P

` � 0 P ( ` ) � E ( ` ) (schematically) and truncation P ( ` ) = 0 for ` > 3 )

Equations of motion up to ` = 3 (a; b = 1; : : : ; 10) [DHN; DN, hep-th/0410245]

nD (0) (n� 1P (0)
ab ) = �

1
4

�
P (1)

acd P (1)
bcd �

1
9

� ab P (1)
cde P (1)

cde

�

�
1

2 � 5!

�
P (2)

ac 1 ::: c5 P (2)
bc1 ::: c5

�
1
9

� ab P (2)
c1 :::c 6 P (2)

c1 :::c 6

�

+
4

9!

�
P (3)

ac 1 ::: c7 j c8
P (3)

bc1 :::c 7 j c8
+

1

8
P (3)

c1 ::: c8 j a P (3)
c1 ::: c8 j b

�
1
8

� ab P (3)
c1 :::c 8 j c9

P (3)
c1 ::: c8 j c9

�

nD (0) (n� 1P (1)
abc ) = �

1
6

P (2)
abcdef P (1)

def +
1

3 � 5!
P (3)

abcd 1 ::: d5 j d6
P (2)

d1 ::: d6

nD (0) (n� 1P (2)
a1 ::: a6 ) =

1
6

P (3)
a1 :::a 6 cde P (1)

cde

nD (0) (n� 1P (3)
a1 ::: a8 j a9

) = 0 (with P (3)
[a1 ::: a8 j a9 ] = 0):

This is a consistent truncation of E10 =K (E10 ) coset dynamics: solutions of truncated

theory are also solutions of the full theory.

E 10 and K ( E 10 ) : re-inventing M theory? – p.16/31
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This is a consistent truncation of E10 =K (E10 ) coset dynamics: solutions of truncated

theory are also solutions of the full theory.
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Corr espondencewith SUGRA11

Bosonic D = 11 supergravity equations [Cremmer, Julia, Scherk 1978]

EAB � RAB �
1
3

FAC D E FB
C D E +

1
36

� AB FC D E F F C D E F = 0

M B C D � D A F AB C D +
1

576
� B C D E 1 ::: E 8 FE 1 ::: E 4 FE 5 ::: E 8 = 0

and Bianchi identities: D [A FB C D E ] = R[AB C ]D = 0

Then with the identi®cation n = N e� 1 and (r.h.s. always at ®xed spatial point x = x0)

D (0) P (0)
ab = Rtime deriv ativ es

ab

P (1)
abc = N F0abc

P (2)
a1 ::: a6 = �

1
4!

N � a1 :::a 6 b1 ::: b4 Fb1 :::b 4

P (3)
a1 ::: a8 j a9

=
3
2

N � a1 ::: a8 bc ~
 bcj a9

the two sets of dynamical equations coincide! (recall P (3)
[a1 ::: a8 j a9 ] = 0 , ~
 ab j b = 0 )

Dynamical equations for mIIA and IIB similarly from level decompositions w.r.t. ®nite
dimensional subgroups D 9 � SO(9; 9) � E10 and A 8 � A 1 � SL (9) � SL (2) � E10 .
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Constraints: an intriguing link

Conserved E10 current J = nVP V� 1 (� Noether charge associated with global E 10 ):

J =
1
9!

J m 0 j m 1 :::m 8
( � 3) Fm 0 j m 1 ::: m 8

+
1
6!

J m 1 ::: m 6
( � 2) Fm 1 ::: m 6 +

1
3!

J mnp
( � 1) Fmnp

+ J n
(0) m K m

n +
1
3!

J(1) mnp E mnp +
1
6!

J(2) m 1 ::: m 6 E m 1 ::: m 6 + : : :

Consider Sugawara-like (/ J 
 J ) expressions [DKN, hep-th 0709.2691]

L m 1 ::: m 10 ; n 0 j n 1 ::: n 7
( � 6) = J n 0 j m 1 :::m 8

( � 3) J m 9 j m 10 n 1 :::n 7
( � 3)

L m 1 :::m 10 ;n 1 ::: n 5
( � 5) = J n 1 ::: n 4 m 1 m 2

( � 2) J m 3 :::m 10
( � 3)

L m 1 ::: m 10 ;n 1 n 2
( � 4) =

21
5

J n 1 m 1 ::: m 5
( � 2) J n 2 m 6 ::: m 10

( � 2) + J n 1 m 1 m 2
( � 1) J n 2 j m 3 ::: m 10

( � 3)

(with appropriate antisymmetrizations) to re-express canonical constraints:

L m 1 :::m 10 ; n 0 j n 1 ::: n 7
( � 6) / � m 1 :::m 10 � n 1 :::n 7 pq r Rpq r n 0 Bianchi (I)

L m 1 :::m 10 ;n 1 ::: n 5
( � 5) / � m 1 :::m 10 � n 1 :::n 5 p1 :::p 5 D p1 Fp2 ::: p5 Bianchi (II)

L m 1 ::: m 10 ;n 1 n 2
( � 4) / � m 1 :::m 10 M 0n 1 n 2 Gauss constraint

L m 1 :::m 9
( � 3) / � m 1 :::m 9 n E0n Momentum constraint
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Towards higher levels

A9 spectrum of E10 at higher levels contains in�nite series
of gradient representations (with outer multiplicity � = 1):

` A9 module Tensor
3k + 1 [k00000100] Ea1:::ak

b1b2b3

3k + 2 [k00100000] Ea1:::ak
b1:::b6

3k + 3 [k10000001] Ea1:::ak
b1:::b8 jb9

related (non-locally) to spatial gradients (/ @a1 � � � @ak )?

Af�ne truncation = dimensional reduction to D = 2
[Associated degrees of freedom = higher order dual potentials à la Geroch]

BUT: out of 4400752653representations for ` � 28
only 28 qualify as gradient representations......

Decomposition w.r.t. D9 � E10: gradient representations
w.r.t. xi and `dual' coordinates ~xi (i = 1; : : : ; 9).
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Fermionsand K (E10)

Fermions should transform in spinorial irreps of K (E10)
[as for e.g. K (E7) � SU(8) and K (E8) � Spin(16)=Z2]

K (E10) not a Kac±Moody algebra ! standard tools
and results (e.g. in representation theory) not available

(Unfaithful) Dirac representation (= 32)

J (0)
� � =

1
4

� bc � bc � ; J (1)
� � =

1
12

� abc � abc � ; etc:

(Unfaithful) Rarita-Schwinger representation (= 320)

(J (0)
� 	) a = � ab 	 b +

1

4
� bc � bc 	 a

(J (1)
� 	) a =

1
12

� bcd � bcd 	 a +
2
3

� abc � b	 c �
1
6

� bcd � a
bc 	 d ; etc:

Open problem: faithful representations [even for K (E9)].
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Similar formulas exist for K (En) 8n
[but RS representation reducible for n = 9, i.e. K (E 9): 	 a = ~	 a + � a 	 ]

Unfaithful representations ) K (E10) is not simple!
, Ideals iV := f x 2 k10 j x � v = 0 8v 2 Vg � k10

codim iV < 1 , but elements of i?V are distributions

K (E10) Versatility (I): IIA and IIB spinors from 32 and
320 spinor representations via [KN, hep-th/0603205]

SO(9) � SO(9) � K (D 9) � K (E10 )

SO(9) � SO(2) � K (A 8 � A 1) � K (E10 )

K (E10) Versatility (II): idem for K (E9) � K (E10)
In particular: explicit realization of all K (E 9) generators on fermions � !

generalized evaluation map in terms of current algebra realization of E9 and K (E9).

[Samtleben,N., hep-th/0407055; KN+Palmkvist, hep-th/0611314]
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Fermions: dynamics

[DKN, hep-th/0512163; dBHP, hep-th/0512292]

D = 11 Rarita Schwinger equation

� B ( bD A 	 B � bD B 	 A ) = 0 ; bD A := D A (! ) +
1

144

�
� A

B C D E � 8� B
A � C D E �

FB C D E

can be re-written in K (E10) covariant form:

(Dt 	) a =
�

D t �
1

3!
Q(1)

bcd J bcd
(1) �

1

6!
Q(2)

b1 ::: b6
J b1 :::b 6

(2) �
1

9!
Q(3)

b0 j b1 :::b 8
J b0 j b1 ::: b8

(3) � : : :
�

	 a

with J(i ) in unfaithful 320 representation.
[Idem for SUSY variation of fermionic degrees of freedom]

K (E10) versatility extends to dynamical equations:
— Matching reproduces bosonic `dictionary' for SUGRA11

— Different `slicings' of K (E 10 ) reproduce RS equations for mIIA and IIB
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Higher order corrections

Quartic and higher order corrections in Weyl tensor and four-form ®eld strengths can be

associated with negative imaginary roots of E10 by computing associated wall forms, e.g.

ER4 , � � � 10 = � [10; 7; 14; 21; 18; 15; 12; 9; 6; 3]

with � 2 = � 10 and ht(� ) = � 115 for leading quartic contribution in curvature.

Idem for mixed corrections: R2(D F )2, etc. [Damour, N., hep-th/0504153]

Corollar y: Corrections of the form RM (D F )N are compatible with E 10 root lattice only if

M + N = 3k + 1, such that e.g. R3k +1 corresponds to k� 10 .

Restriction known from string theory, e.g. [Russo, Tseytlin, hep-th/9707134] .

� 10 = fundamental weight dual to exceptional node of Dynkin diagram.

Idem for other theories (IIA, type I, etc.): higher order corrections can be associated
with dominant weights not on `gravity line'. [DHHKN, hep-th/0604143]

Open question: does the E 10 root lattice encode complete information also about
kinematical (algebraic) structure of higher order corrections?

E 10 and K ( E 10 ) : re-inventing M theory? – p.23/31
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Summary

The `maximally extended' hyperbolic KM algebra E10

incorporates and unites many relations between
maximal supergravity theories, generalizing known
duality symmetries (including af�ne Geroch group)

provides a concise algorithmic scheme via `geodesic'
� -model and triangular (and level) decomposition.

yields same information as maximal supersymmetry:
± correct supermultiplets of SUGRA11 and all D < 11 maximal supergravities
± in particular: self-duality of 5-form ®eld strength in IIB;
± unique (bosonic) action, Chern±Simons couplings;
± no cosmological constant in D = 11;

± (partial) information about R4; R7; : : : corrections?

K (E10) = R symmetry ! 1 -dim. SUSY algebra?
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Outlook

New mechanism for (de-)emergence of space-time?
± Space from Lie algebra
± Time `operationally' from Wheeler-DeWitt equation

± General covariance as an emergent property?

! new perspectives for background independence?

Quantization: wave function of the universe as a
modular form over E10(Z)? [Ganor, hep-th/9903110] .

Any relation to zero tension limit of string theory?

Further exploration of these links could lead to
important advances in physics and mathematics.

Thank you for your attention
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SL(n) decompositionsfor En ; n � 9

� ! ®eld representations arising in dimensional reduction of D = 11 supergravity on Tn

[for n � 8 see e.g. Cremmer,Julia,Lu ,P ope, hep-th/9710119]

En n` � 4 � 3 � 2 � 1 0 1 2 3 4

E5 10 � (24� 1) � 10

E6 1 � 20 � (35� 1) � 20 � 1

E7 7 � 35 � (48� 1) � 35 � 7

E8 8 � 28 � 56 � (63� 1) � 56 � 28 � 8

E9 � � � � 80 � 84 � 84 � (80� 1� 1) � 84 � 84 � 80 � � � �

The level decompositions of the global E n hidden symmetries in D = 11 � n dimensions
under the gravity SL (n) subgroup. For ` = 0, the adjoint of SL (n) always combines with

the singlet into the adjoint of GL (n), in the af®ne case also extended by the derivation d.

For inde�nite case (n � 10) the number of representations
`explodes': e.g. the hyperbolic algebra E10 has already
4400752653representations of SL(10) up to level ` � 28!
[For tables of representations, see: Fischbacher,N. hep-th/0301017]
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Fermions (I)

expected to transform in spinorial representation of K (E10)
[as for e.g. K (E7) � SU(8) and K (E8) � Spin(16)=Z2]

h
J ab ; J cd

i
= 4� bcJ ad � � bcJ ad + � ad J bc � � ac J bd � � bdJ ac

h
J a1 a2 a3 ; J b1 b2 b3

i
= J a1 a2 a3 b1 b2 b3 � 18� a1 b1 � a2 b2 J a3 b3

h
J a1 a2 a3 ; J b1 :::b 6

i
= J [a1 j a2 a3 ]b1 ::: b6 � 5! � a1 b1 � a2 b2 � a3 b3 J b4 b5 b6

h
J a1 :::a 6 ; J b1 :::b 6

i
= � 6 � 6! � a1 b1 � � � � a5 b5 J a6 b6 + : : :

h
J a1 a2 a3 ; J b0 j b1 :::b 8

i
= � 336

�
� b0 b1 b2

a1 a2 a3
J b3 ::: b8 � � b1 b2 b3

a1 a2 a3
J b4 ::: b8 b0

�
+ : : :

h
J a1 :::a 6 ; J b0 j b1 :::b 8

i
= � 8!

�
� b0 b1 ::: b5

a1 :::a 6
J b6 b7 b8 � � b1 ::: b6

a1 ::: a6
J b7 b8 b0

�
+ : : :

h
J a0 j a1 :::a 8 ; J b0 j b1 :::b 8

i
= � 8 � 8!

�
� a1 :::a 8

b1 ::: b8
J a0 b0 � � a1 :::a 8

b0 b1 ::: b7
J a0 b8 � � a0 a1 ::: a7

b1 ::: b8
J a8 b0

+8 � a0
b0

� a1 ::: a7
b1 ::: b7

J a8 b8 + 7� a1
b0

� a0 a2 ::: a7
b1 :::b 7

J a8 b8
�

+ : : :

with J ab := K a
b � K b

a ; J abc := E abc � Fabc , etc.
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Mor eon K (E10)

K (E10) not a Kac±Moody algebra ! standard tools
and results (e.g. in representation theory) not available

Chevalley-Serre-like presentation for xi � ei � f i

1� A ijX

m =0

C( m )
ij (ad xi )m xj = 0 (e.g. [x10 ; [x10 ; x7 ]] + x7 = 0)

(Unfaithful) Dirac representation (= 32)

J (0)
� � =

1
4

� bc � bc � ; J (1)
� � =

1
12

� abc � abc � ; etc:

(Unfaithful) Rarita-Schwinger representation (= 320)

(J (0)
� 	) a = � ab 	 b +

1
4

� bc � bc 	 a

(J (1)
� 	) a =

1

12
� bcd � bcd 	 a +

2

3
� abc � b	 c �

1

6
� bcd � a

bc 	 d ; etc:

Open problem: faithful representations [even for K (E9)].
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Similar formulas exist for K (En) 8n
[but RS representation reducible for n = 9, i.e. K (E 9): 	 a = ~	 a + � a 	 ]

Unfaithful representations ) K (E10) is not simple!
, Ideals iV := f x 2 k10 j x � v = 0 8v 2 Vg � k10

codim iV < 1 , but elements of i?V are distributions

K (E10) Versatility (I): IIA and IIB spinors from 32 and
320 spinor representations via [KN, hep-th/0603205]

SO(9) � SO(9) � K (D 9) � K (E10 )

SO(9) � SO(2) � K (A 8 � A 1) � K (E10 )

K (E10) Versatility (II): idem for K (E9) � K (E10)
In particular: explicit realization of all K (E 9) generators on fermions � !

generalized evaluation map in terms of current algebra realization of E9 and K (E9).

[Samtleben,N., hep-th/0407055; KN+Palmkvist, hep-th/0611314]
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SO(9) � SO(9) � K (D 9) � K (E10 )

SO(9) � SO(2) � K (A 8 � A 1) � K (E10 )

K (E10) Versatility (II): idem for K (E9) � K (E10)
In particular: explicit realization of all K (E 9) generators on fermions � !

generalized evaluation map in terms of current algebra realization of E9 and K (E9).

[Samtleben,N., hep-th/0407055; KN+Palmkvist, hep-th/0611314]
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Fermions: dynamics

Rewrite D = 11 Rarita Schwinger equation

� B ( bD A 	 B � bD B 	 A ) = 0 ; bD A := D A (! ) +
1

144

�
� A

B C D E � 8� B
A � C D E �

FB C D E

in K (E10) covariant form:

(Dt 	) a =
�

D t �
1
3!

Q(1)
bcd J bcd

(1) �
1
6!

Q(2)
b1 ::: b6

J b1 :::b 6
(2) �

1
9!

Q(3)
b0 j b1 :::b 8

J b0 j b1 ::: b8
(3) � : : :

�
	 a

� D t 	 a �
1
12

Q(1)
b1 b2 b3

� b1 b2 b3 	 a �
2
3

Q(1)
ab1 b2

� b1 	 b2 +
1
6

Q(1)
b1 b2 b3

� a
b1 b2 	 b3

�
1

2 � 6!
Q(2)

b1 :::b 6
� b1 ::: b6 	 a �

1
180

Q(2)
b1 :::b 6

� a
b1 ::: b5 	 b6 +

1
72

Q(2)
ab1 ::: b5

� b1 ::: b4 	 b5

�
2

3 � 8!

�
Q(3)

b0 j b1 ::: b8
� a

b1 ::: b8 	 b0 + 8Q(3)
a j b1 ::: b8

� b1 :::b 7 	 b8

+2 Q(3)
cj cb1 ::: b7

� b1 ::: b7 	 a � 28Q(3)
cj cb1 :::b 7

� a
b1 ::: b6 	 b7

�
+ : : : :
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Level decomposition:D9 � e10

1 2 3 4 5 6 7 8 9,`

10

y y y y y y y y y

y

y ( ) D9 � so(9; 9) � e10

SO(9; 9) = expected T duality of D = 10 superstring upon reduction to one dimension

` D 9 module Representation

0 [010000000]� [000000000] M I J ; T (I ; J = 1; : : : ; 18)

1 [000000010] EA (A = 1; : : : ; 256)

2 [001000000] E I J K

SO(9) diag � SO(9) � SO(9) � SO(9; 9)

Under this group ` = 1 decomposes as 256 s ! 9 + 84 + 126 + 36 + 1, i.e. all

anti-symmetric tensors of odd degree: C ( p) with p = 1; 3; 5; 7; 9. These are just the RR

potentials (together with their duals) of massive IIA supergravity. NSNS ®elds on ` = 0; 2.
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