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■ Introduction
◆ Loop quantum-gravity-phenomenology
◆ The construction of the U(1) effective gauge

theory

■ Non-duality extension of the modified
electrodynamics

■ Higher order Myers and Pospelov model
■ Perturbative method for higher order

Lagrangians
■ Higher order extension of the Chern-Pontryagin

theory
■ Final remarks
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Loop quantum gravity phenomenology

What has been obtained?
■ The standard Field Theories are modified by

◆ Lorentz and Parity violating terms, suppressed
by Planck scales

◆ Deformed dispersion relations
◆ The inclusion of a minimal lenght

[R.Gambini, J.Pullin, PRD 59(1999),124021; PRL 84 (2000), J. Alfaro,H. Tecotl, L.

Urrutia; H. Sahlmann, T. Thiemann, CQG 23(2006)]

■ Nevertheless, modified quantum field theories
are fine tunned
◆ Radiative corrections are of the order of the

free parameters of the Standard Model [ J. Collins,

A. Perez, D. Sudarsky, L. Urrutia and H. Vucetich, PRL 93(2004), 191301]

■ No agreement of which is the correct
semmiclassical approximation
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Loop quantum gravity phenomenology

The construction of such effective theories can be
summarized in the following steps
1) From the ADM split of the action one obtains a
Hamiltonian constraint (for U(1) gauge fields),

SM → HM =

∫
d3xN(x)

qab√
q

[
Ea(x)Eb(x) +Ba(x)Bb(x)

]

2) The Hamiltonian is promoted to operator acting
on the kinematic Hilbert space of loop quantum
gravity [T. Thiemann, CQG 15(1998), 839-873; CQG 15(1998), 1281-1314 ]

ĤM = κ
∑

vertex,v

ǫJKLǫRNP ĈiLĈiP

(
Φ̂JK(E)Φ̂RN(E)

+eΦ̂JK(B)eΦ̂RN (B)
)

[J. Alfaro, H. Tecotl and L. Urrutia PRD 65(2002), 103509 ]
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Loop quantum gravity phenomenology

3) Make expansion of the fields around vertices
and use states that respects invariance under
space rotations to compute expectation values.
Here invariant tensors as ǫabc appears

Heff
M =

1

2
( ~E2 + ~B2) + g( ~E · ∇ × ~E + ~B · ∇ × ~B)

→ At this level one has dynamics defined by
{Ea(x), Ab(y)} = δb

aδ(x− y)
→ The theory is invariant under the interchange of
E and B
A generalization is possible considering odd
permutation of indices in the resulting rotational
invariant tensor
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Schematically, the Hamiltonian can be expanded
to each power in the segment s of the triangulation
inside the expectation value of a state |ψ〉

〈ψ|
(
∑

v,n

Ĥ(n)
grav(Ĉ) × Ĥ

(n)
matter(Φ̂E(v), Φ̂B(v))

)
|ψ〉

and in the box regions

=
∑

x∈Box,n

〈H(n)
grav(Ĉv)〉 ×H

(n)
matter(ΦE(x(v)),ΦB(x(v)))

considering the rescaling s ∼ ℓP ,
√
V ∼ ℓ

3/2
P and for

the gravitational connection A ∼ 1
L

, one arrives to

Heff =

∫
d3x

∑

n=0

R(n) ×H(n)(E(x), B(x), ℓP ,L)
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At first order

H
(1)
M =

∫
d3xRabc

[
g1E

a(x)∇bE
c(x) + g2B

a(x)∇bB
c(x)

]

note that Rabc = ǫabc, and therefore

Heff
M =

1

2
( ~E2 + ~B2) + (g1

~E · ∇ × ~E + g2
~B · ∇ × ~B)

where |g1| = |g2|
→ The generalization consists in considering a
relative menus sign between the electric and
magnetic first correction
→ The Hamiltonian is no more invariant under
interchange of E and B
Is there any other theory that give rise to these
kind of terms???
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Myers and Pospelov Model

Higher order theories have been proposed to
account for quantum gravity effects. They are
given by the free field Lagrangians [R. Myers and M.

Pospelov, PRL 90(2003), 211601]

Lscalar = ∂µΦ∗∂µΦ −m2Φ∗Φ + gsΦ
∗∂3

0Φ

Lphoton = −1

4
FµνF

µν + gpEi∂0Bi

Lferm = Ψ̄ (iγµ∂µ −m) Ψ + gf Ψ̄γ
0 (η1 + η2γ5) ∂

2
0Ψ

Consequences of higher order terms
→ Phase space is increased
→ Hamiltonian is not positive defined
→ The evolution is not unitary
→ Ghosts in the Feynman integral
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In order to deal with this kind of quantum field theo-
ries one can apply a perturbative scheme to reduce
phase space and produce positive Hamiltonians
The method consist in
1) Iterating the equations of motion. This way one
finds higher order time derivatives in terms of lower
ones
2) The original higher symplectic form is
approximated with first time derivatives
3) Redefinition of the fields in order to diagonalize
the symplectic form
→ One obtains an approximate (effective)
Hamiltonian positive defined
→ The expansion parameter remains analytic in all
steps



Non duality
Extension
Myer and Pospelov
Model
Higher order
Chern-Pontryagin
term

Quantum Gravity in the Southern Cone IV- Uruguay 0’7 - p. 13/21

Higher order Chern-Pontryagin term

We consider the Lagrangian

L = −1

4
FµνF

µν + g
∂P
∂t

where P = −1
4
FµνF̃

µν is the Chern-Pontryagin
term and g is a small constant of the order of
Planck scales.
Using the Gauss-Ostrogradski equations for higher
time derivative theories

∂L
∂Aσ

− ∂λ
∂L

∂(∂λAσ)
+ ∂µ∂λ

∂L
∂(∂µ∂λAσ)

= 0

we arrive to the non-modified equations of motion

∂λF
λσ = 0
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We perform the canonical analysis defining
momenta’s using the expressions

πα =
∂L
∂Äα

pα =
∂L
∂Ȧσ

− ∂r
∂L

∂(∂rȦσ)
− ∂

∂t

∂L
∂Äσ

We arrive to

π0 = 0

πi = g∇× Ai

p0 = 0

pi = F0i + g∇× Ȧi
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The symplectic structure is defined by the
canonical Poisson brackets

{A0(x), p
0(y)} = δij {Ai(x), p

j(y)} = δij

{Ȧ0(x), π
0(y)} = δij {Ȧi(x), π

j(y)} = δij

We can identify the set of primary constraints

χ0 = p0 − ∂kπ
k ≈ 0 χ1 = π0 ≈ 0

ϕi
2 = πi − g∇× Ai ≈ 0

ϕi
3 = pi − F0i − g∇× Ȧi ≈ 0

Let us consider the canonical Hamiltonian
Hc = πiÄi + piȦi − L, which gives

Hc = piȦi +
1

2

(
F0iF

0i + (∇× A)2
)

+ gǫijkȦi∂jȦk
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Adjoining the primary constraints with the
Lagrange multipliers σ we define the total
Hamiltonian

HT = piȦi +
1

2
(F0iF

0i + (∇× A)2) + gǫijkȦi∂jȦk

+σ0χ0 + σ1χ1 + σi
2ϕ

i
2 + σi

3ϕ
i
3

Now we require the set of constraints to have
vanishing Poisson bracket with HT . The evolution
of {χ1, HT} = 0 and χ0 produces the secondary
constraint

{χ0, HT} = ∂kp
k ≈ 0

which we define as χ2 = ∂kp
k ≈ 0, it can be

checked that {χ2, HT} = 0
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and by the evolution of

{ϕk
2, HT} = −ϕk

3 + σk
3

{ϕk
3, HT} = ∇×∇× Ak − σk

2

the Lagrange multipliers are σk
3 = ϕk

3 and
σk

2 = ∇×∇×Ak Therefore the total Hamiltonian is

HT = piȦi +
1

2
(F0iF

0i + (∇× A)2) + gǫijkȦi∂jȦk

+σ0χ0 + σ1χ1 + σi
2ϕ

i
2 + σi

3ϕ
i
3 + σ4χ4

We identify the second class constraints

{ϕi
2, ϕ

j
3} = δij
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And the first class

{χ0, χ1, χ2}
→ The degrees of freedom remain the same as
the usual Maxwell theory
→ Second class constraints modify the symplectic
structure
Finally, the symplectic structure can be written as

Ωpert = dpi(x) ∧ (dAi + g∇× dAi) + O(g2)
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Using the redefinition

Āi = Ai + g∇× Ai

this transformation is unique modulus canonical
transformations. The Hamiltonian in the new
variables is

Hpert =
1

2
(p2 + B̄2) + g(p · ∇ × p− B̄ · ∇ × B̄) + O(g2)

with

{pi(x), Āj(y)} = δi
jδ(x− y)

→ We note the same corrected terms as in the
loop quantum gravity modifications
→ However, the components of the
electromagnetic tensor are known in this approach
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Summary

■ We have constructed the Non-dual extension of
modified electrodynamics

■ We have shown that a perturbative scheme
produces the same corrected terms

■ The perturbative reduction gives good
Hamiltonians for higher order Lorentz invariant
theories, analytic in the expansion parameter

■ Effective Hamiltonians from loop quantum
gravity may preserve Lorentz symmetry if one
accepts that the redefined gauge fields are
components of the electromagnetic tensor F

■ Similar arguments apply when adding fermions
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